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Abstract

We consider the estimation of the multi-period optimal portfolio obtained by maximiz-
ing an exponential utility. Employing Jeffreys’ non-informative prior and the conjugate
informative prior, we derive stochastic representations for the optimal portfolio weights
at each time point of portfolio reallocation. This provides a direct access not only to the
posterior distribution of the portfolio weights but also to their point estimates together
with uncertainties and their asymptotic distributions. Furthermore, we present the poste-
rior predictive distribution for the investor’s wealth at each time point of the investment
period in terms of a stochastic representation for the future wealth realization. This in
turn makes it possible to use quantile-based risk measures or to calculate the probability
of default. We apply the suggested Bayesian approach to assess the uncertainty in the
multi-period optimal portfolio by considering assets from the FTSE 100 in the weeks after
the British referendum to leave the European Union. The behaviour of the novel portfolio
estimation method in a precarious market situation is illustrated by calculating the pre-
dictive wealth, the risk associated with the holding portfolio, and the default probability

in each period.
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1 Introduction

In portfolio theory, the mean-variance paradigm introduced by Markowitz (1952) is still a popu-
lar reference for understanding the relationship between systematic risk, return and investment
behaviour. A portfolio is determined here by using the asset expected returns and their covari-
ances. As a starting point, Markowitz (1952) was vastly extended in the following 70 years.
While Markowitz (1952) focused only on a single investment period, the multi-period solution
was introduced in Markowitz (1959). Merton (1969) showed that the mean-variance multi-
period setting in the continuous time case is equivalent to expected utility maximization for an
exponential utility function. The multi-period optimal portfolio choice problems for different
utility functions were considered by Mossin (1968), Samuelson (1969), Elton (1974), Brandt
and Santa-Clara (2006), Basak and Chabakauri (2010).

While these studies focus on the continuous time case, Li and Ng (2000), Canakoglu and
Ozekici (2009), Bodnar, Parolya, and Schmid (2015a,b) presented the results in the discrete
time case for the quadratic utility function and the exponential utility function. In particular,
Bodnar, Parolya, and Schmid (2015b) derived an analytical expression for the multi-period
optimal portfolio weights under the assumption of non-tradable predictable variables and a
VAR(1)-structure which are described as linear combinations of the precision matrix (inverse
covariance matrix) and the expected return vector. While this setting allows for flexibility in
building trading strategies under quite unrestrictive assumptions, there are still shortcomings:
(i) since the parameters of the asset return distribution, namely the mean vector and the
covariance matrix, are unknown quantities, the optimal portfolio weights cannot be constructed
in practice and they are obtained by replacing the unknown parameter of the asset return
distribution by the corresponding estimates; (ii) although the distributional properties of the
estimated optimal portfolio weights and corresponding inference procedures were derived in
a number of literature studies for the single-period investment strategies (see, e.g., Gibbons,
Ross, and Shanken (1989), Shanken (1992), Shanken and Zhou (2007), Okhrin and Schmid
(2006), Bodnar and Schmid (2008, 2011), Bodnar and Schmid (2009)), the problem with the
overlapping estimation windows appears to be very crucial under the multi-period setting; (iii)
due to the multivariate structure, the determination of the joint distribution of the estimated
multi-period optimal portfolio weights is a challenging task.

To tackle all these three challenges, we opt for a Bayesian approach. The Bayesian approach
is a well established method for building trading strategies in a single-period optimal portfolio
choice problem, starting with Winkler (1973) and Winkler and Barry (1975) and continued

until this day. For an overview, see, e.g., Brandt (2010) where also Bayesian portfolio methods



are discussed, or Avramov and Zhou (2010). As Avramov and Zhou (2010) pointed out, the
Bayesian setting is a realistic description of human decision making processes and information
utilization. Both past events and experiences influence the beliefs of market participants at
least up to a certain degree how an investment will develop. The investor beliefs are modeled
via a prior distributions which represents the relevant information regarding the behaviour
of the asset returns. While there is a plenty of possibilities to specify the prior, we focus
on the non-informative diffuse prior and the informative conjugate prior (see, e.g., Zellner
(1971), and Gelman, Carlin, Stern, and Rubin (2014)) not only for computational reasons
but mainly because of their popularity in the financial literature (c.f., Barry (1974), Brown
(1976), Klein and Bawa (1976), Frost and Savarino (1986), Aguilar and West (2000), Rachev,
Hsu, Bagasheva, and Fabozzi (2008), Avramov and Zhou (2010), Sekerke (2015), Bodnar,
Mazur, and Okhrin (2017)). Furthermore, their application allows to derive the corresponding
posterior distributions in the closed-form what enables us to access important risk measures
and to construct credible sets.

The obtained posterior distributions of the optimal portfolio weights under both employed
priors are presented in terms of their stochastic representations. A stochastic representation is
a well established tool in computational statistics (c.f., Givens and Hoeting (2012)) and in the
theory of elliptically contoured distributions (see, e.g. Gupta, Varga, and Bodnar (2013)) which
was already used in Bayesian statistics by Bodnar, Mazur, and Okhrin (2017). It turns out
that the derived stochastic representations are very powerful, allowing us to access not only the
posterior distribution of the multi-period optimal portfolio weights, but also to determine the
predictive distribution for the wealth at each point of the holding period. Therefore, we are able
to access the quantiles for the posterior predictive wealth distribution and can calculate the risk
associated with the portfolio at every point over the lifetime of a portfolio, besides analytical
Bayesian estimates for the weights together with their uncertainties. Besides these pleasing
properties, the developed stochastic representations are highly efficient from a computational
point of view since Markov-Chain Monte-Carlo methods are not longer needed. In addition to
the derivation of these results, we illustrate this method and its properties on real data. We
test the model in an exhaustive study using data from the FTSE 100, where the portfolios
cover the time of Great Britains referendum to leave the European Union on 23.6.2016, more
commonly regarded as “Brexit”, where a slim majority of British voters decided to leave the
European Union. Although this result was regarded as the less likely option in advance, it
was regarded as the option with the least favourable effects on the British economy and should
therefore have an effect on a portfolio covering this period.

The remaining paper is structured in the following way. In Section 2, we briefly review the
solution of the multi-period optial portfolio choice problem with exponential utility derived in

Bodnar, Parolya, and Schmid (2015b). The stochastic representations for the optimal portfolio



weights under both priors are presented in Theorems 1 and 2 (Section 2.2), which are use
to derive the corresponding Bayes estimates for the weights (Theorem 3) together with their
covariance matrix (Theorem 4) as well as to prove the posterior asymptotic normality (Theorem
5). In Section 2.3, we obtain the posterior predictive distribution for the wealth during the
holding period which is provided in terms of stochastic representation in Theorem 6 under both
employed priors. In Section 3, the suggested Bayesian approach is applied to the Brexit-data
by calculating the asymptotic distributions for the optimal portfolio weights, determining the
credible sets for the portfolio wealth and specifying the default probabilities at each time point.
Section 4 summarizes the main results of the paper, while all technical proofs are moved to the

appendix (Section 5).

2 Bayesian analysis of multi-period optimal portfolios

2.1 Analytical solution of the multi-period optimization problem

Let X = (X¢1, Xio, -ory ka)T be a random vector of returns on k assets taken at time point .
Throughout the paper we assume that the asset returns X;, Xo, ... are infinitely exchangeable
and multivariate centered spherically symmetric. This assumption, in particular, implies (see,
e.g., Bernardo and Smith (2000, Proposition 4.6)) that the asset returns are independently
and identically distributed given mean vector g and covariance matrix 3 with the conditional
distribution given by X|p, 3 ~ Ny (p, X) (k-dimensional normal distribution with mean vector
p and covariance matrix X). It is noted that the imposed assumption imply that neither
the unconditional distribution of the asset returns is normal nor that they are independently
distributed. Moroever, the unconditional distribution of the asset returns appears to be heavy-
tailed which is usually observed for financial data.

The quantities g and 3 denote the parameters of the asset returns distribution where 3 is
assumed to be a k x k dimensional positive definite matrix. We consider a multi-period portfolio
choice problem with the allocation of initial wealth at time point ¢ = 0 and with the subsequent
update of the portfolio structure at time points t € {1,2,...,T}. Let vi = (v, ...,0¢) " stand
for the vector of portfolio weights determined at time ¢ and let 7, be the return on the risk-
free asset in period t. We assume that short-selling is allowed, i.e. the weights could also
be negative. The vector v, specifies the structure of the portfolio related to the risky assets,
whereas the part of the wealth equal to 1 — 17v; is invested into the risk-free asset where 1
denotes the k-dimensional vector of ones. Then the investor’s wealth in period ¢ is expressed

as

Wt = Wt,1(1 + (1 — 1TVt,1)7°f7t + V;I—_lxt) = Wt,]_(l + Tf,t + VtT_l(Xt — Tf,t]-))'



An investor seeks to maximize the utility of the final wealth, i.e. U(Wr), where U(x) =
—exp(—~yx) is the exponential utility function and the coefficient of absolute risk aversion,
v > 0, determines the investor’s attitude towards risk. The optimization problem is given by

V(0,Wy) = max Eo[U(Wr)] (1)

tvstizo
where the maximum is taken with respect to all weights vy,..., vy_; which specify the portfolio
structure during the initial period of investment as well as during all consequent reallocations.
The solution of (1) is derived in the recursive way starting from the last period by applying

Bellman equations at 0, 1, ... T'— 1. The optimization problem at time point 7" — ¢ is then

given by
V(T - t, WT—t) = mj{in'. ET—t rg;agc ET—t—H [U(WT)]
{vstotr s {VS}S;T—t+1
= maxBr [V(T =t + L Wr— (rr—e + Wi Xt = rpr-e01)))]

subject to the terminal condition U(Wr) = — exp(—yWr) with wy_;11 as the optimal portfolio
weights in period T'—t+1. For details on this method, see e.g. Pennacchi (2008), while Bodnar,
Parolya, and Schmid (2015b) determine an analytical solution of (1) under the exponential

utility. The latter results are summarized in Proposition 1.

Proposition 1. Let X;, t = 0,...,T be a sequence of conditionally independently and identically
distributed vectors of k risky assets with X|p, X ~ Ny (p, X). Let X be positive definite. Then

the optimal multi-period portfolio weights are given by

T
wiy = CX ' (p—rpeal), with Co=(W; [[ Rpi)™ (2)

=142

fort=0,...,T —1 where Ry; =141y, and HiT:TJrl R;i=1.

Although Proposition 1 provides a simple solution of the multi-period portfolio choice prob-
lem, the formula (2) cannot directly be applied in practice since g and ¥ are unknown param-
eters of the asset return distribution. As a result, these two quantities have to be estimated
before the portfolio (2) is constructed. However, the usage the estimated mean vector and the
estimated covariance matrix instead of the population ones does not ensure that the estimated
portfolio weights coincide with true ones. Then two main questions raise: (i) how strongly
deviates the estimated portfolio from the population one? and (ii) is it reasonable to invest
into the estimated portfolio? Both questions have to be treated by using statistical methods
and are very closely connected to the distributional properties of the estimates constructed for
p and 3.

The traditional approach of estimating the portfolio weights relies on the methods from the

conventional statistics where the sample mean vector and the sample covariance matrix are



used. Let X;_,41,...,X; be the observation vectors of asset returns which are considered as
realizations of the corresponding random vectors X;, 7t =t —n+1,...,t. Then the mean vector

and the covariance matrix at time point ¢ are estimated by

%=~ Y x and Si=—— Y (x-x)(x-%)". (3)

i=t—n+1 i=t—n+1

The sample estimate of the multi-period optimal portfolio is obtained by replacing g and ¥ in

(2) by the corresponding estimates from (3). This leads to

T
VAVt == OtSt_l(it — T’f7t+11) with Ct == (’YVVt H Rf,i)_l for t = O, ,T — 1. (4)
i=t+2

Using the findings in Bodnar and Okhrin (2011), we obtain the density function, the mo-
ments and the stochastic representation of the sample multi-period optimal portfolio weights
from the viewpoint of frequentist statistics. These results provide answers on the above two
questions and allow us to characterize the distributional properties of each vector of weights w;
separately. On the other hand, they do not take into account the multi-period nature of the
considered investment procedure. More precisely, it is not possible to provide the characteri-
zation of the whole multi-period optimal portfolio, since the overlapping samples are used and
the dependence structure between the estimated portfolio weights becomes severe.

For that reason, we deal with the problem of estimating the multi-period optimal portfolio
from the viewpoint of Bayesian statistics and consider the portfolio constructed by using (4) as
a benchmark portfolio without investigating its distributional properties in detail. In contrast
to the methods of the frequentist statistics, the application of the Bayesian approach allows
the sequential update of the available information which is a very important property needed

for estimating the multi-period portfolio weights.

2.2 Bayesian estimation of portfolio weights

Let X, = (X4—n+1,...,X¢) denote the observation matrix at time point ¢ which consists of n
asset return vectors from ¢t — n + 1 to . According to Bayes theorem, the beliefs regarding
p and X are updated in the presence of occurring data, yielding the posterior distribution
7(p, X|X¢,) to be proportional to the product of the likelihood function L(xy,|w,3) and the
prior distribution 7(w,¥). The posterior is, then, used to derive Bayesian estimates for the
multi-period optimal portfolio weights as well as their characteristics, like the covariance matrix
and a credible region which is an analogue to a confidence region in the conventional statistics.

The Bayes theorem states that

71 Zlxin) o Lol Z)m(p, D).



The choice of the prior 7(p, X) is an important step in the Bayesian decision process. Al-
though the prior should reflect the investor’s belief regarding the parameters of the asset return
distribution, it also strongly affects the model’s computational properties since it influences
the accessibility of the posterior distribution. Several priors for the mean vector and covari-
ance matrix of the asset returns have been suggested in literature (see, e.g., Barry (1974),
Brown (1976), Klein and Bawa (1976), Frost and Savarino (1986), Rachev, Hsu, Bagasheva,
and Fabozzi (2008), Avramov and Zhou (2010), Sekerke (2015)) with the recent paper of Bod-
nar, Mazur, and Okhrin (2017) summarizing these results. In the following, we choose Jeffreys’
non-informative prior and a conjugate informative prior for both g and 3. These two priors
are widely used in the context of Bayesian inference of optimal portfolios.

The Jeffreys non-informative prior, also known as the diffuse prior, is given by
m(p,B) o BTV (5)
while the cojugate prior is expressed as

uE ~ N (mo, :2) , (6)

3~ IWi(dy, S(;), (7)
where myg, g, dy, Sp are additional model parameters known as hyperparameters. The symbol
IWi(dy, Sp) denotes the inverse Wishart distribution with dy degrees of freedom and parameter
matrix Sg. The prior mean p, reflects our prior expectations about the expected asset returns,
while Sy presents in the model the prior beliefs about the covariance matrix. The other two
hyperparameters ry and dy are known as precision parameters for p, and Sy, respectively. Note
that the prior (6)-(7) corresponds to the well-known conjugate normal-inverse-Wishart model
as discussed by, e.g., Gelman, Carlin, Stern, and Rubin (2014). In this case the posterior is
accessible in an analytical form and moreover, has the same distribution as the prior with
updated hyperparameters.

In Proposition 2, we present the marginal posterior of p as well as the conditional posterior
of 3 given . These results will be later used in the derivation of Bayesian estimates for the
optimal portfolio weights. In the following the symbol #;(d,a, A) stands for the multivariate
k-dimensional t-distribution with d degrees of freedom, location vector a and dispersion matrix
A. In the case of £ =1, a = 0, and A = 1, we use the notation t; to denote the standard

univariate t-distribution with d degrees of freedom.

Proposition 2. Let X; 11, ..., Xy be conditionally independently distributed with X;|pu, X ~
Nip(p, ) fori=t—n+1,...,t withn > k. Then:

(a) Under the diffuse prior (5), the marginal posterior distribution of p is given by

1
I.,L|th ~ tk n — k,it ds 7Std with itd = it and Std = (n — 1)St

7



The conditional posterior distribution of 3 given p is expressed as
S|, xe ~ IWp(n+k+1,8; 4(p)) with S (1) = Sea+n(p —Xpa) (e — it,d)T-

(b) Under the conjugate prior (6) and (7), the marginal posterior distribution of p is given by

1
(n+ 7’0)(71 + d() — 2k

“’Xtﬂl ~ tk (n + dO - 2k7§t76> )St,c> with

nit + ToIly

-X _=% \T
and Si. = Si4+ So+ nro (my — X ) (my — Xy )

it,c:
n—+ro n-+1nro

The conditional posterior distribution of X given p is expressed as

S|, X ~ IWi(n+do+ 1,87 .(n))  with

Sio(r) = Sic+ (n+7o)(p —Xee) (1 — Xic)' .

The proof of Proposition 2 follows from chapter 3 in Gelman, Carlin, Stern, and Rubin
(2014) who presented the expressions of the marginal posterior distributions of p under both
the diffuse and the conjugate priors. Then, the results for the conditional posteriors of 3 are
obtained from the joint posterior distributions using the formulae for the marginal posteriors
for p. It is remarkable that although the results for the marginal posteriors for both g and
3 are widely used in Bayesian inferences and the conditional posteriors for g given 3 have
been considered previously in literature (see, e.g., Sun and Berger (2007)), the results for the
conditional posteriors of ¥ given p have not been discussed nor used. Next, we show that the
last finding allows to derive posterior distributions for functions which includes both g and 3.

In order to assess the risk associated with estimating the optimal portfolio weights, we need
to derive results about the posterior distribution of the weights presented in Proposition 1
which are given as a product of the inverse covariance matrix and the mean vector. Next,
we establish very useful stochastic representations for these weights, endowing the parameters
with their diffuse and conjugate priors. The results are summarized in Theorem 1, where the
stochastic representations are derived for an arbitrary linear combination of optimal portfolio
weights. These findings are later used for calculating the Bayesian estimates of the portfolio
weights (Theorem 3) and their covariance matrix (Theorem 4). It is noted that the application
of the stochastic representation to describe the distribution of random quantities has been used
both in the conventional statistics (see, e.g., Givens and Hoeting (2012), Gupta, Varga, and
Bodnar (2013)) and the Bayesian statistics (c.f., Bodnar, Mazur, and Okhrin (2017)). Later
on, the symbol ” 27 denotes the equality in distribution. The proof of Theorem 1 is presented

in the appendix (Section 5).

Theorem 1. Let L be a p X k-dimensional matriz of constants. Then under the assumption of

Proposition 2 we get:



(a) Under the diffuse prior (5), the stochastic representation of Lwy is given by

Il

Lw, CmLS;d(u)_l(p —Tfee1) Ct\/ﬁ((# - Tf,t+1)TS:,d(M)_1(M —Tiee) LSZd(H)_lLT

1 T )
— LSy,(p) (= rper) (0 —7p211) S;d(u)_ L > Zg,

where 1 ~ X2, 2 ~ Nj(0,1,), and plx ~ ty (n — k,Reg, Sya/(n(n — k))); moreover, n, 7

and p are mutually independent.

(b) Under the conjugate prior (6) and (7), the stochastic representation of Liw, is given by
d * — * — * —
Lw, = CnLS{.(1)" (1t —7p441) + Civ/ <(u —7pae1) Sto() (=) - LS ()T LT
1/2
— LS.() (=) (1 — Tf,t+l)TS:,c(N)_1LT> Z0,

where n ~ X721+d0—k7 zo ~ N,(0,L,), and p|x ~ tp (n + doy — 2k, Xy e, St.e/ (0 + ro)(n + do — 2k)));

moreover, 1, zy and p are mutually independent.

The results of Theorem 1 show that in both cases, i.e., when the mean vector and the covari-
ance matrix are endowed by the diffuse prior and the conjugate prior, the obtained stochastic
representations are very similar and the posterior distributions of the multi-period optimal
portfolio weights from Proposition 1 can be described by three random variables which have
standard univariate/multivariate distributions.

Another important application of Theorem 1 is that the results of this theorem also provide
a hint how these distributions can be accessed in practice via simulations, namely by simulating
samples from the y2-distribution, the normal distribution, and the t-distribution. Although the
derived stochastic representations have some nice computational properties in terms of speed,
they are not computationally efficient. In the following theorem we derive further stochastic
representations under both priors by applying the Sherman-Morrison-Woodbury formula on
the inverse of the posterior scale matrices Sf,;(u) and S; (). The proof of the theorem is
provided in the appendix. Let F(d;,ds) denote the F-distribution with d; and dy degrees of

freedom.
Theorem 2. Under the assumption of Theorem 1 we get:
(a) Under the diffuse prior (5), the stochastic representation of Lwy is given by

1/2
Lwt g Cﬂ’]LCd + Ct\/ﬁ (Ed]:‘llqd]—-‘—r - LCdCJLT> 2o, (8)



with

e = €(Qu) = (Xpa—rp11)' S, (Kea — rpa4al)
2 /kQ/(n —k)
il X,y — 1
b ATk =y et~ e )8

1 kQ/(n—Fk) KQ/(n—k) /. s
+ ﬁl—kk:@/(n—]g) o 1+ kQ/(n— k) ((Xt,d—rf,tﬂl) Std u) ,

kQ/(n —
Co = Cal@u) =S (Kea —rpenl) + } 1+/?@/§< )> -
kQ/(n — k) g 1/2

—1 _
- . ]{3) t,d uuTSt,d/ (Xt,d - Tf7t_|_11>,

14+ kQ/(n
YT, = YuQu)=S,,; - 1 f%% f)l-c)

where n ~ x2, zg ~ Ny(0,1,), Q@ ~ F(k,n — k), and u uniformly distributed on the unit

-1/2 Ta—1/2
Std uu St,d 5

sphere in R¥; moreover, 0, z9, Q, and u are mutually independent.

(b) Under the conjugate prior (6) and (7), the stochastic representation of Lw, is given by
1/2
Lw, £ CmL¢, + Ciy/i (e LYLT —L¢.¢ILT) " 2, (9)
with

€ = €(Q,u)=(X— Tf,t+11)TSt_,§(§t,c —7fe41l)
2 \JkQ/(n+do — 2k)

Vntrel+EkQ/(n+dy— 2k

1 kQ/(n + dy — 2k) kQ/(n+ dy — 2k) _ Ta—1/2.\2
+ n+rol+kQ/(n+dy—2k) 1+kQ/(n+dy—2k) ((Xt,c rrer1l) Sy g 11) )
1 \JkQ/(n+ dy — 2k) e

ViFrol+kQ/(n+dy—2k)"

TSZC (Xte = rpe1l),

) i@c — ,rf’tJrll) St ;/211

Cc - Cd(Q7 ) tc(XtC Tf,H—ll)
kQ/(n + dy — 2k) S—1/2
1+ kQ/(n+dy— 2k)™"

_ kQ/(n+d0—2k) 1/2 1/2
Le Ta@u) =S, -7 kQ/(n + do — 2k) Steluu Sy,

Y

where 1 ~ X2 qo—k» Zo ~ Np(0,L,), Q ~ F(k,n+do — 2k), and u uniformly distributed on

the unit sphere in R¥; moreover, n, zo, Q, and u are mutually independent.

Theorem 2 provides alternative stochastic representations of the optimal portfolio weights
obtained under the diffuse prior and under the conjugate prior. Although more difficult mathe-
matical expressions are present in Theorem 2, they are more computationally efficient than the
ones provided in Theorem 1. Namely, there is no need to calculate the inverse of the matrices

S;4(p) and Sy (p) in each simulation run and instead, we only calculate the inverse of the

10



matrices S; 4 and S;. once for the whole simulation study. This property surely speeds up the
simulation study considerably. Finally, we note that the realizations of the random vector u,
which is uniformly distributed on the unit sphere in R¥, are obtained by drawing z from the
k-dimensional standard normal distribution and calculating u = z/ V2 z.

The results of Theorem 2 are used to derive Bayesian estimates for the weights of the
multi-period optimal portfolio at the initial period of investment as well as at each time of

reallocations. They are presented in Theorem 3.

Theorem 3. Under the assumption of Theorem 1, we get

(a) Under the diffuse prior (5), the Bayes estimate for the optimal portfolio weights at time
point t is given by

Wt,d = E(Wt|Xt,n) = Ct(n - 1)S;;(it,d - Tf7t+1]_) .
(b) Under the conjugate prior (6) and (7), the Bayes estimate for the optimal portfolio weights
at time point t is given by
Wnc = E(Wt‘xtm) = Ct(n + do —k— 1)S;cl(it,c - ’r'f7t+1]_) .

The proof of the theorem is given in the appendix. It is interesting to note that the estimate
for the optimal portfolio weights obtained under the diffuse prior coincides with the expression
derived in Section 2.1 for their frequentist estimate since S;4/(n — 1) = S;.

Finally, we present the expressions for the covariance matrices of the optimal portfolio

weights in Theorem 4 with the proof moved to the appendix. These formulas characterize the

dependencies between the portfolio weight and also allow to access their Bayesian risk.
Theorem 4. Under the assumption of Theorem 1, we get:

(a) Under the diffuse prior (5), the covariance matriz of wy is given by

Vt,d = Var(wt|xt7n) = Ct2 (n - 1)St_,c% (i@d - Tf,t-l—ll)(it,d - Tf7t+11)TS;d1

n+k—2 k-1
ba | S,
where by = n(Xpqg — T f141 l)TS;C} (Xtg — rres1l).

(b) Under the conjugate prior (6) and (7), the covariance matriz of w, is given by

Vt,c = VCLT(Wt‘Xtvn) = Ct2 (n + d() —k— 1)Sil<itvc — Tf,t+11>(it,c — rf7t+1].)TS;Cl

t,c

(<n+d0_k>2+k_2 (”+d0—k)(k—1)b>sl
(n+ro)(n+do—k+2) (n + ro)k e | Sie |

where b, = (n 4 o) (Xt.c — Tf7t+11)TSECI (Xte — Tfe411).
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The results of Theorems 3 and 4 provide the first two moments of optimal portfolio weights
and, consequently, they characterize their mean values, variances, and correlations. Although
different formulas are obtained under the diffuse prior and under the conjugate prior, when the
sample size increases the difference between the corresponding expressions becomes negligible.

More general results are provided in Theorem 5 where it is shown that w; converge to the

same asymptotic normal distribution under the diffuse prior and under the conjugate prior.

Theorem 5. Under the assumption of Theorem 1, it holds that

St_l()u(t - rf,t—i—l]-)()v(t - Tf7t+11)—r§t_1

\/ﬁ(wt — VAVt)|Xt7n i) N(O, OtQ

k—1,, &—1(9 Q-
+ (1 + T(Xt — T+l 1)TSt % — rf,t+11>> S 1})

as n — oo under both the diffuse prior and the conjugate prior where

o 7. — . _ S q- St,d . St,c
X, = lim X; 4= lim X;. and S; = lim = lim ——
n—oo n—oo n—oon — | n—0o0 1, + 1\

and
VAVt = nh—I>noo Wt,d - nh—1>noo Wt,c = Otst_l()uct - Tfat+11)‘
The proof of Theorem 5 is given in the appendix. Its results are in line with the Bernstein-von
Mises theorem (c.f., Bernardo and Smith (2000)) which shows under some regularity conditions
that the posterior distribution converges to the normal one independently of the prior used

when the sample size tends to infinity. In practice, the asymptotic covariance matrix of w; is

approximated by using X; and S; instead of x; and S,.

2.3 Posterior predictive distribution

In this section we derive the posterior predictive distribution of the wealth at time point ¢ + 1,
Wt+1, given the observable data x;,, under the diffuse prior (5) and the conjugate prior(6) and
(7) for the given vector of portfolio weights v; and the current wealth W;. Namely, the aim is

to derive the posterior predictive distribution of
Wipr = Wil + 750 + v, (Xe1 = 75011)) (10)

given information provided by the observation matrix x; ,, i.e.
fnCwlxen) = [ Fgp, (0l B 3007 (1, Bfxe)dpdS,
wx

where 7(p, 3|x; ) is the posterior distribution obtained under the diffuse prior or the conjugate
prior. The symbol WHI denotes a random variable whose distribution coincides with the

posterior predictive distribution of the wealth calculated at time point ¢ + 1.

12



In Theorem 6 we present the stochastic representations of the posterior predictive distri-
bution of Wtﬂ with the proof given in the appendix. The symbol t; stands for the standard

univariate t-distribution with d degrees of freedom.
Theorem 6. Under the assumption of Theorem 1 we get:
(a) Under the diffuse prior (5), the stochastic representation of the posterior predictive distri-

bution of Wyyq is given by

= d _
Wi = W (1 +7pa1 + V] (Kea — 1)

t 13 12
+ \/VTS Vi| —+1/1+
¢ t’dt( n—kyvn—~Lk+1

n(n —k)

where t1 and ty are independent with t1 ~ t,_ and ty ~ t,_p11.

(b) Under the conjugate prior (6) and (7), the stochastic representation of the posterior predic-

tive distribution of Wy 1 s given by

17 d _
Wi = W,y (1 T g1+ VtT (Xte = Tr11)

h t ty
+ VTS CV +\/1+ ’
m(\/(n+ro)(n+do—2k) n+d0—2k\/n—|—d0_2]{;+1))

where t1 and to are independent with t1 ~ t, 14,21 and to ~ tn1dgy—2k+1-

The results in Theorem 6 are very useful in analyzing the behavior of the investor’s wealth
during the whole investment period as well as at the final point 7. It allows: (i) to calculate
with which probability the investor can become bankrupt during the whole investment horizon
at each time point; (ii) to construct the prediction intervals for the wealths at each time
point of the investment period; (iii) to determine risk measures, like Value-at-Risk (VaR) and
conditional VaR (CVaR), of the investment strategy during all times of the future reallocation;
(iv) to specify a region where the final wealth belongs to with a high probability. We illustrate

these results based on real data in Section 3.

3 Empirical study

3.1 Data description

The data used in the empirical study consist of weekly returns on twelve stocks from the FTSE
100, namely Barclays, Glaxo Smith Kline, Standard Life, Marks and Spencer, Burberry Group
ple, HSBC, LLoyds Banking, NEXT plc, Rolls-Royce Holding, The Sage Group, Tesco plc

13
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Figure 1: Development of the gross returns for the twelve assets considered in the portfolio.

and Unilever which represent a variety of branches with strong international activities. Since
the parameters of the asset returns are not usually constant over a longer period of time, we
disregard the use of monthly data which are closer to the normal distribution and choose weekly
returns as a compromise between actuality and the assumption of conditional normality. As a
risk-free rate we use the weekly returns on the three-months US treasury bill.

The portfolio weights are estimated using a rolling window estimation with different sample
sizes of n € {52,78,104,130} corresponding to one year up to two and a half years of weekly
data in steps of six months. The portfolio runs from 6.6.2016 until 5.9.2016 (7" = 13) covering a
precarious market situation due to Great Britains referendum to leave the European Union on
23.06.2016. The gross returns of these assets are given in Figure 1. Especially Barclays suffered
a loss of nearly 10 % in the week after the Brexit decision but also suffered losses in the weeks
prior to the Brexit. HSBC announced that significant parts of her banking operations is moved
from the City of London to different locations as a direct reaction to the referendum and it is
rumoured that Lloyds seeks for a German banking licence as a consequence to the Brexit. The
returns of the Marks and Spencer share were not as affected by the Brexit but the company

reported that consumer confidence would be weakened in the days prior to the Brexit. This
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also implies price uncertainty for domestic consumer products due to a decline of the pound
losing almost a fifth of his value against the dollar after the Brexit vote, which was emphasized
for example by Tesco and Unilever. But Glaxo Smith Kline and Standard Life seem to be
unaffected by the Brexit decision, yielding even positive returns. Rolls Royce, after all, faced
significant losses in the beginning of 2016 and is hit by the Brexit vote severely, since they need
to hedge a huge amount of British pounds against currency fluctuations because most of the

contracts in aerospace are conducted in dollars.

3.2 Posterior distribution of the weights

Due to Theorem 2 it is possible to access the posterior distribution of the weights directly. The

weights can be sampled using the following procedure:
1. Generate independently

e 1 ~ x2 under the diffuse prior or n ~ x? +do—k under the conjugate prior
® Zg ~ ./\[p((), Ip)

e () ~ F(k,n—k) under the diffuse prior or @ ~ F(k,n+dy— 2k) under the conjugate

prior

o Z ~ N,(0,1;)) »u=7Z/VZ'Z

2. Compute the vector of portfolio weights by using the stochastic representation (8) for the

diffuse prior or (9) for the conjugate prior.
3. Repeat steps (1) and (2) B times.

The implementation of this simulation procedure leads to sequences of optimal portfolio
weights of size B at each time point of the investment period, from which using their sample
distribution we approximate the posterior distributions of the weights as well as their important
quantiles from these distributions and the credible sets for portfolio weights. It is remarkable
that all computations can easily be done by generating samples from the well known univariate
distributions and high numerical precision could be achieved by choosing the corresponding
value of B.

In Figures 2 and 3, we analyze the finite-sample behavior of the results presented in Theorem
5. Namely, we investigate the speed of convergence of the posterior distribution of the optimal
portfolio weights to the corresponding asymptotic distribution which is a normal distribution
according to Theorem 5 for both priors. The choice of the hyperparameters my and Sg in the
case of the conjugate prior are of particular interest. According to the Bayesian paradigm, my

and Sy represent the correct belief of the decision maker. In practice, however, there are several
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Figure 2: Histograms of the standardized Glaxo Smith Kline (GSK) weight for the diffuse prior. The hypothesis
that the weight is normally distributed can not be rejected for common significance levels when the sample size

is larger than n = 100.

data driven methods how to replace my and Sy by data-dependent values mg and SO. We make
use of the empirical Bayes approach (see Section 5.2 in the appendix for the derivation of the
formulas) which is applied to the weekly data of the returns on the corresponding assets directly
from the time period before the empirical counterparts of the portfolio weights are estimated,
always with the same time window. Namely, they are given by

(do—k’—l)(n—l)

n

~

my = X,_ and SQZ

Sn—t

with the derivation moved to the appendix (Section 5.2). The prior parameters for ¢ > 1 are
estimated using a rolling window starting in the corresponding period. We set dy equal to the
number of observations in the pres-sample period, i.e., dy = n.

We set B = 10° for draws from the stochastic representations of Theorem 2 and compare
the standardized weight of Glaxo Smith Kline (GSK) calculated for the priod 7" — 1 in the
case of several sample sizes n € {52,78,104,130}. The corresponding histograms are given in
Figure 2 for the diffuse prior and in Figure 3 for the conjugate prior. In both figures we also
present the p-values of the Shapiro-Wilk test, indicating if the standardized weights follow a

standard normal distribution. This hypothesis is rejected for n = 52 and n = 78 in the case of
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Figure 3: Histograms of the standardized Glaxo Smith Kline (GSK) weight for the conjugate prior. The
hypothesis that the weight is normally distributed can not be rejected for common significance levels in the case

of all considered sample sizes.

the diffuse prior for a common significance level of 5 % but it cannot be rejected at this level
for larger sample sizes. Stronger results are obtained in the case of the conjugate prior, where
the null hypothesis cannot be rejected at 5 % level for all considered sample sizes. We therefore

conclude that the approximate distribution of Theorem 5 works reasonably well.

3.3 Wealth development and credibility intervals

Since the main purpose of investing is making money, investors are therefore interested in how
much money they made during an investment period. We focus again on the same investment
period covering the Brexit-referendum as in the previous subsection.

During the lifetime of the portfolio, no bankruptcy occurred. But more importantly, the
stochastic representation for the posterior predictive distribution given in Theorem 6 can be
used to calculate credible intervals for the wealth. By generating B = 10° draws from Theorem
6 and calculating the 95 % credible intervals, we generate upper and lower bounds for the
wealth in the specific period. These intervals together with the predicted and realized wealths
are shown in Figure 4. We observe a difference in the width of the intervals for lower and

larger sample sizes which was expected. The credible intervals are considerably smaller for n

17



Wealths diffuse T =13, k=12

—— n=52
—— n=78
—— n=104

—=— n=130

§ °7 + ++ + ++ +++ + + T- realized W
] HH PHAE 4haa MH te The T T TR e Ty T T
[ 6.6‘.16 2o.é.1e 4.7‘.16 18.;.16 Ol.é.lG 15;3.16 05,9‘115

Date
Wealths conjugate T =13, k = 12
i- + e T I -
: + + t A ¢ ¢ 4 + t4 + o

++++ ++4* otam +‘ . + L] +* A‘ + L] §4* +An ++*

Figure 4: Wealth development and 95% credible intervals for the diffuse prior (above) and for the conjugate
prior (below). The wealth for smaller n is almost always higher compared to a portfolio estimated with larger

n, while the credible intervals are much narrower for larger n.

€ {104,130} compared to smaller n. Note that the sample size has to be sufficiently large in
relation to the number of assets. Otherwise, the credible intervals are inflated due to massive
estimation uncertainty known as the curse of dimensionality.

It might happen that both the diffuse and the conjugate priors do not perform well when the
sample size increases. The reason for the diffuse prior is that the empirical counterparts might
not describe the portfolio running period well, indicating a trade-off between the actuality and
stability of the parameters. This problem is amplified for the conjugate prior since the prior
parameters are determined using even more distant data. While the data-driven approach to the
conjugate prior is somewhat realistic, it is not completely in line with the Bayesian paradigm.
When the expectations and therefore the choice of hyperparameters are closer to the return
behaviour after the Brexit, the results could be improved. Although this is consistent with the
Bayesian paradigm, such an approach is of course not entirely practical but not impractical:
using appropriate forecasting methods, other data driven methods can be applicable as long
as they yield a reliable point estimate. This subjective approach emphasizes the possibility as
well as the necessity to resemble realistic future market behaviour in the prior parameterization

and it is left for future research.
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Figure 5: Default probabilities for the diffuse prior (above) and for the conjugate prior (below).

3.4 Default probability

Due to the accessability of the posterior predictive distribution, we can also calculate the default
probability of our portfolio at each time point, defined as the event that our wealth becomes
negative at this point in time. The predictive probability of default can easily be determined
by calculating the amount of defaults in relation to all draws, in this case B = 10°. The
development of the defaults is given in Figure 5. Again, we find a pattern resembling the
credible intervals of the posterior predictive distribution illustrated in the previous section with
no surprises.

Starting with the diffuse prior, we observe a slightly increased default probability on 27.6.2016,
the week after the Brexit referendum. With the conjugate prior, this default probability is lower
in the same week. Again, the peak for n = 130 of the diffuse prior again resembles the trade-off
between parameter stability and actuality, resulting here in a slightly increased default proba-
bility. The default probability for the conjugate prior is slightly increased in the following week
compared to the diffuse prior, presumably due to parameters relying on a wider estimation

window.
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4 Summary

In this paper we consider the estimation of the multi-period portfolio for an exponential util-
ity function in a Bayesian setting. Since the portfolio weights are given as the product of
two multivariate/matrix-variate random quantities, accessing the distribution of the weights
is a challenging task. By choosing the non-informative and the conjugate prior, the posterior
distributions of the weights have pleasing properties since the conditional distribution of the
precision matrix for a given return vector is an inverted Wishart distribution. With this insight
we could use this well understood distribution (c.f. Muirhead (1982)) to derive stochastic rep-
resentations for the weights which is a direct access to the posterior distribution. Furthermore,
these representations also provide us with Bayesian estimates for the optimal portfolio weights
together with their covariance matrix. In addition to this, we derive the posterior predictive
distribution for the wealth which makes it possible to calculate the quantiles of the portfolio
wealth at each time point of the investment period and it is therefore highly relevant for risk
purposes. The method is then applied to real data from the FTSE 100 covering the period of the
Brexit referendum. With these data we determine the posterior distribution of the weights, the
predictive wealths in each period, the lower wealth quantiles as well as the default probability
in every time period.

It turns out that the use of stochastic representations to generate the posterior distribution
numerically is computationally highly efficient: the representations rely on samples from well
known distributions and no MCMC methods are needed. In the empirical part of Section
3 it was demonstrated that these methods work well and are easy to implement. We have
to emphasize several points: while the non-informative prior will yield results which coincide
with the common frequentist case and is as easily to apply as the classical case, the conjugate
or informative prior is said to involve a potentially large degree of subjectivity — sometimes
implying that the frequentist approach or the non-informative prior would be objective. But
we have to choose the sample size in all of these cases which is naturally a subjective choice with
a huge effect on the performance of the portfolio as we demonstrate in Section 3. This trade-off
between parameter actuality and parameter stability has to be faced by the practitioner. One
advantage of the conjugate prior is of course that we can incorporate our beliefs regarding the
future behaviour of the asset returns in our model which is not possible neither in the frequentist
nor in the non-informative case. This is clearly at the core of every investment decision and
reflects natural decision making. Nevertheless, the hyperparameters have to be chosen carefully
and a rigorous sensitivity analysis is left for future research.

There are still other open research questions regarding the multi-period portfolio choice with
exponential utility function which are left for future research. The present approach can be

extended to the case with predictable variables as discussed in Bodnar, Parolya, and Schmid
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(2015b) in the case of the known parameters of the asset return distribution. This, however, is
much more difficult due to the more complicated structure of the optimal portfolio weights and
the dependence structure of the asset returns. Furthermore, the multi-period optimal portfolios
obtained by using other utility functions can be estimated following the approach suggested in

the paper.

5 Appendix

5.1 Proofs of the theorems

In this part of the paper we present the proofs of the theoretical results. First, we note that
the derived posterior distributions under the diffuse prior and under the conjugate prior in
Proposition 2 have a similar structure. For that reason, we formulate and prove some lemmas

from which the results in both cases of the diffuse prior and the conjugate prior follow.

Lemma 1. Let
Qv y ~IW(ky, SZ(V)) and vy ~t(d,, my,S,/d,),

where S} (v) = v,(Sy + (v — my)(v —m,)") and let M be a p x k-dimensional matriz of
constants. Then the stochastic representation of MQ (v — a) is given by
MQ (v —a) £ nMS;(v) (v —a)
+ Vi ((v—a)TS; ) (v - a) - MS (1) "M — MS;(v) (v — a)(v — a) S () M) 2,

where n ~ X%y_k_l, zy ~ N,(0,L,), and v|y ~ t(d,,my,S,/d,); moreover, n,zg and v are

mutually independent.

Proof of Lemma 1. Since §2* < Qv = v*,y ~ IWy(ky,S;(v*)) and, consequently, Q1 ~
Wi(k, — k —1,8%(v*)7") (c.f., Theorem 3.4.1 in Gupta and Nagar (2000), it holds that (see,
e.g., Theorem 3.2.5 in Muirhead (1982))

2= MQ M ~ Wik, — k-1, V"),

with M = (MT,v* —a)" and V* = MS!(v*)"'M'. Next, we partition =* and V* in the

following way

— [ B EL ) MQ* M7 (v —a)TQ* 'MT
S %) \MO T —a) 00 -a) @ —a)
and
Vv — Vip Vig ) MS; (v*) M’ (v* —a)TS: (W) M
V;l ‘/2*2 MSZ(V*)_I(V* o a) (l/* o a>TSZ<V*)_1<I/* . a) .
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The application of Theorem 3.2.10 in Muirhead (1982) yields

V12V21
Voo

Defining n = Z3%,/V2e and using Theorem 3.2.8 of Muirhead (1982) we get that 1 ~ Xiy_k_l.

— |k —1—=x* —k .
=19 |99 Np<V12‘/22 :22,V11.2:22) with V11.2 = V11 —

Since the X%yfkfl—distribution is independent of ¥ = v* and y (on which the distribution of
=3, depends on by definition of E*), it is also the unconditional distribution of 7 as well as 7 is

independent of both v and y. Thus, the stochastic representation of M ! (v — a) is given by

MQ ' (v —a) £ nMS;(v) (v —a) + \/ﬁ((u — a)TSZ(V)_l(I/ —a) - MSZ(V)_lMT

Y

1/2
— MS:(v) (v —a)(v— a)TSZ(V)_lMT) Zo,

where 1 ~ X% _j_1, zo ~ Np(0,1,), and v|y ~ t; (dy, my,S,/d,); moreover, 1, zo and v are

mutually independent. This completes the proof of the lemma. O

Proof of Theorem 1. The results of Theorem 1 follow from Lemma 1 with M = C;L, ¥ = €,

v=p,a=rs11 and

(a) ky=n+k+1,d,=n—k,v,=n, m, =%X;4, S, = S;a/n, and S;(v) = S; ;,(p) in the case
of the diffuse prior;

(b) ky =n+dy+1,d, =n+dy—2k vy, =n+r, m, =X, S, = S./(n+19), and
S;(v) = S;.(u) in the case of the conjugate prior.

]

Lemma 2. Under the conditions of Lemma 1, we get the following stochastic representation of

MQ (v — a) expressed as
MO (v — a) £ o, MC + v, i (MTMT - MeCT™MT) 2,

with
¢ = €(Qu)=(m,—a)’S; " (m, —a)+ ZW(my —a)'S Y%

1—|—]€Q/dy Y
+ 1 2 ;y—l 2 ;y((my—a) Sy12u) y

- VEQ/d, kQ/d,
¢ = ¢@Qu) =Sy1<my—a>+1+kcg/2ysy”zu—mcég/dysy”?

_ kQ/dy - Ta—
YT = T(Q,U) = Sy1 — msy 1/21111 Sy 1/2,

where 1 ~ X3 1, 20 ~ Np(0,L,), Q@ ~ F(k,dy), and u uniformly distributed on the unit

uuTngl/Q(my —a),

sphere in R*; moreover, 1, zo, Q, and u are mutually independent.
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Proof of Lemma 2. The application of the Sherman-Morrison formula (see, e.g., p.125 in Meyer
(2000)) yields

T et S;l(u —m,)(v — my)TS;1
(Sy + (v —my)(v —my) )" =S~ — 1+ (v —m,)TS; (v — m,)

(11)

Let
871/2(’/ —m,) Ta-1
u= Y and Q =d,(v -m,) S, (v —m,)/k. 12
\/(V - Iny)TS;l(V —m,) ( ) ( )/ 12

Since v|y ~ ty(d,,m,,S,/d,) and that the multivariate t-distribution belongs to the class

of the elliptically contoured distributions, we obtain that u and () are independent, and u is
uniformly distributed on the unit sphere in R* (see Theorem 2.15 of Gupta, Varga, and Bodnar
(2013)). Moreover, from the properties of the multivariate ¢-distribution (see p. 19 of Kotz
and Nadarajah (2004)), we get that @ ~ F(k,d,), i.e., @ has an F-distribution with £ and d,
degrees of freedom.

Hence, the application of the (11) and (12) leads to

_ kQ/dy Ta
(Sy ( )(I/ ) ) 1 _ Syl i kaéﬁdysylﬂuu Sy1/27
(Sy+ (¥ -my)(v-—m,)" )" (v —a)
Sy a) S,'(v —m,)(v—-—m,)'S (v —m, +m, —a)
Y 1+ (v —my)'S; (v —m,)
_ S_l(m —a)+ Sgl(’/ —m,) B S;1(V —m,)(v — my)TSy_l(my —a)
Y Y 1+ (v — my)TSy—l(l/ —m,) 1+ (v— my)TSgl(l/ —m,)
VEQ/d kQ/d,
_ -1 VY q—1/2 /2, Tq-1/2 .
S, (m, )+1+kQ/dySy u— 1+kQ/dS uu S, /*(m, — a),
and
(v—a)' (S, + (v —my) (v —m,) )" (v - a)
m, —a)'S;?u\/kQ/d
= (my—a)TSy_l(my—a)—i-Q( Y )8, Q/dy
1+ kQ/d,
kQ/d, kQ/d, Ta-1/2,.)\2
1+ kQ/d, 1+kQ/d, ((my —2)7s, ")
Putting the above results together we obtain the statement of the lemma. O

Proof of Theorem 2. The results of Theorem 2 are obtained by using Lemma 2 with M = C}L,
YX=Qv=p,a=rs41 and

(a) ky=n+k+1,dy=n—k,v,=nmy—a=X4—7rs:111, S, = S;4/n, and S (v) = S} ;, (1)

in the case of the diffuse prior;

(b) ky=n+dy+1,d,=n+dy—2k,vy=n+ro, my—a=%X,,.—rp111, S, =8,./(n+ry),
and S} (v) = S} .(u) in the case of the conjugate prior.
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O

Proof of Theorem 3. The proof of the theorem is based on the stochastic representations ob-

tained in Theorem 2. Let 1 be an arbitrary k-dimensional vector of constants.

(a) Using that 7, zg @, and u are independent and that E(zg) = 0, in the case of the diffuse

prior we get
E(lth|Xt,n) = CtE(n)lTE(Cd)

with E(n) = n and

_ kQ/(n _
E(Calxen) = Sia(Xea—rpenl) + (1 k) )St,;ﬂ) E(u)
kQ/(n — k) 172 12
E<1+kQ/( )S E(uu')S, ;" (Xea — r1e11)
k1
= S;é (it’d - rf7t+11) ﬁ ]C St (% (Xt d— Tf,t-i—l]-)?

where we use that E(u) = 0 and E(uu’) = 1Iy (see, e.g. Gupta et al. (2013)) as well as
the fact that if @ ~ F(k,n — k), then ﬁ@/ (1 + ﬁ ) ~ Beta ( ) Hence,

k
R )
L+ o«

and, consequently, since 1 was an arbitrary vector, we get

SEIES

E(Wt\xt,n) = Ci(n— 1)Std(xtd — Ty, i+11).

(b) Similar computations as in part (a) leads to
E(Wt’Xt,n) = Ct(n -+ dg —k— 1)Stc (Xt c Tf’t+11)

under the conjugate prior.

]
Lemma 3. Under the assumption of Lemma 2 with M =b' : 1 x k, we get that
VE(BTO (v —a)ly) = (b~ k— Dk, —F) | (1 + ’ &
! ! ! ktdy,  (k+dy)(k+d,+2))

d, 1
* <(k:+dy)(k+dy ) T )kt d, +2)02> Cl]

+ (ky—k—1)

k—1 + (1 1 1 + 1
- - = C | cC
k+d, ko k+d, (k+d)(k+d,+2)) )"

2 2
+ ;
(k+dy)(k + dy + 2)012]
where ¢; =b'S,'b, ¢; = (m, —a)'S,'(m, —a), and ¢;, =b'S ' (m, — a).
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Proof. The proof of the lemma is based on the stochastic representations from Lemma 2. Since

n, Zo, Q, and u are independent as well as E(z) = 0 and E(zoz, ) = I, we obtain

VE((b"Q (v — a))’ly) = E(AE((bT¢)%ly) + E(n) (E(eb Ybly) — E(b7¢)’ly))
— (ky — k= 1)(k, — KE(bTC)*ly) + (k, — k — L)E(eb” Tbly)

with E(n) =k, —k — 1 and E(n?) = (k, — k — 1)(k, — k + 1).

The application of F(uu’) = %Ik and the fact that all odd mixed moments of u are zero

yield
E((bTC)y) = (bTS7'(m, —a))? + LE (’“Q/d) bTS:'b

E-\(1+kQ/dy,)
2 kQ/d, Tq-1 2
- %E <1—|—kQ/dy) (b'S, (m, —a))

¢ () ) s o ars oy

and

_ _ kQ/d _
T _ T 1 T 1 T 1
E(eb"Ybly) = (m,—a)’S,'(m,—a)b's, b+E<1+kQ/ydy>b S, 'b

) (m, — a)TSJI(my - a)bTS?Ilb

_ _ 1 kQ/d _
o\ Te-l CovnTe [ Ry ) g1
(my, —a)'S, (m, —a)b' S b k]E<1 ’ /dy>b S, b

Since 14?%2?% has a beta distribution with k/2 and d,/2 degrees of freedom, we obtain

E( kQ/d, ) _ Kk

1+ kQ/d, k+d,

( kQ/d, )2  2kdy 4+ Kk +d, +2) k(k +2)
1+ kQ/d,

(k+dy)*(k+d,+2) (k+dy)(k+d,+2)
Furthermore, using Q) ~ F(k,d,), we get

e’ k/2 —(k+dy)/2
E[ kQ/d, ] _ L kjd, 1 (k) " <1+kt) e
(1+kQ/d,)? no ) (L+kt/d,) B (k%) \d, d,

o0

(k+2)/2 —(k+dy+4)/2
1 k k Y
7 y
B 2

Y

) kd,

Bzg dy) (k+dy)(k+d,+2)
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where B(-,-) stands for the beta function (see, Mathai and Provost (1992, p. 256)).
Next, we compute E ((bTSy_l/Qu)Q((my — a)TS;l/Qu)2]y). Let Qn ~ X2 be independent of

u. Then /@ yu has a multivariate standard normal distribution, i.e.

bTs, /2 b'S b b'S! —
(( TS 1/2) @u ~ Nz ( , ( y Yy (my a) ))
m

y (m, — a)TSy_lb (m, — a)Tngl(my —a)

2 ) )
C12 C2

where c1, c9, and cqo are defined in the statement of Lemma 3. Hence,
E((b7S, w2 (m, — )7, " u)ly)

_E [(bTSy1/2u> ((my . a)TS;1/2u>2 ]y} E(Q%)

E(QR)
2 2
B E {(bTSyl/Q v QNu) ((my —a)ly QNSzjl/Qu) |y} e+ 2ci,
- E(Q%)  k(k+2)
where the last equality follows from the Isserlis’ theorem (c.f., Isserlis (1918)).
Hence,
1 kd
E bT Tb — 2 - Y
(b'¢¢b) Rkt d)htd,+2)"
2k 24 k(k+2) c1eo + 2c3,
kk+d, ? (k+d)(k+d,+2) k(k+2)
2, 2 )
= -_— c
ktd,  (k+dy)(k+d,+2))
+ &y + ! el
(k+dy)(k+dy+2)  (k+d)(k+d,+2) )"
and
k 1k
T —
E(eb Tb)_6102+k+dyc kk+d
1 1k k(k+2) c169 + 263,

K T Rk d, " T d)(krdy 1 2) K(k2)

9 ) ko1 11 1
_ LA PR 4 .
krd)ktd, 122" ((k+dy) +< K ktd, (k+dy)(k:+dy+2)>cz> “
O

Proof of Theorem /4. The results of Theorem 4 are obtained by using Lemma 3 with b = (1,
X=Q,v=up,a=rs411 and Theorem 3.

(a) In the case of the diffuse prior, using ky, = n+k+1,d, =n—%k, v, =n, m, —a =

Xid — Tri+1l, Sy = Spa/n, ¢1 = nC’flTS;}l, co = n(Xpq — rf7t+11)TS;j(it7d —rpi411), and
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Clo = nC’tlTS;; (Xpa — rpa+11) we get

Var(lth|y)

Woman| (12242 o (k1
= —«n(n ——+—=c e

n? n o nn+2)) nn+2)  nn+2) )"

k—1 1 1 1 2
1 _ty ot 2 =122

+ n[( - +< 2 n+n(n+2)>02>cl+n(n+2)cu (n )012}

n—1, 1 (n*+k—-2 nk-1)
B R T U T R

L - B n+k—2 k-1 _
= lT (CE ((n - 1)St7;(Xt,d - rf,tﬂl)(xt,d - T’f’t+11)TSt’(} + ( n(n T 2) + 2 bd> St,i)) 1

where by = n(Xpq — 7111 l)TSt’é (Xt,g — Ty4+11). Since 1is an arbitrary vector, the results

in part (a) follow.

In the case of the conjugate prior, the application of k, = n +dy + 1, d, = n + dy — 2k,
vy =n+719, My —a =X, — rpe1l, and S, = S /(n+1g), a1 = (n + ro)CflTS;cll,
co = (n+10)(Xea — 7"f7t+11)TStfcl (Xta — rpas1l), and c12 = (n + rO)CtlTSt_,Cl (Xte — Tp411).

leads to

Var(lTWt]y)

1
el 2, 2 ,
ntdo—k  (ntdo—k)(nt+do—k+2)) ™
+ n+d0—2k i 1 c ‘
(n+do—k)n+do—k+2)  (n+do—k)n+dy—k—+2)°)"
k—1 1 1 1
do— k)| [————+[1-=—
T (ntdo )<n+do—k+< K n+dg—k+(n+d0—k:)(n+do—k:+2)>62>cl
+ 2 Ay — (n+dy—k—1)%
(n+dy—k)(n+dy—k+2) 2 0 12
1 n+dy—k—1, n+dy—k)?+k—2 (n+dyo—Fk)(k—1)
= Cis +C1 + C2
(n+19)?| (n+dy— k)? n+dy—k+2 k

(n -+ do —k— 1)8_1(it,c - rf7t+11)(§t7c — Tfﬂg_i_l]_)TS;Cl

t,c

= IT{CE

<((n+d0—k)2+k—2 +(n+dg—k)(k—1)bc> 8_1”1

n+ro)(n+dy—k+2) (n+ro)k te

where b, = (n+ 7o) (Xt — rf,tHl)TS;cl (Xt —7p4411). Since 1is an arbitrary vector, we get

the statement of Theorem 4.(b).
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Proof of Theorem 5. Let 1 be an arbitrary k-dimensional vector. From Theorem 1 with L = 1T,
we get the following stochastic representations of Lw; under the diffuse prior and the conjugate

prior expressed as

'w, £ leTS;d(H)_l(M —Tpig1) T Ot\ﬁ((ﬂ - Tf,t+1)TS:,d(N)_1(H —Tig1) ITS;d(H)_ll
1/2
= USE) (— pe) — ra) ST )

where n ~ X2, zg ~ N,(0,1,), and p|x ~ t; (n — k,X; 4, Ss.a/(n(n — k))), and

U'w, £ Cl"S;(p) ™ (p — 7p001) + Cov/ ((u —7pe1) Sre(p) T (e — ) - 17S] ()71
1/2
TS} ) ) SE ),
where 1 ~ X2, g Z0 ~ Nj(0,1,), and pafx ~ by (n + do — 2k, Ko, Sue/ (0 + 7o) (n + do — 2k))).

Moreover, since

n/n 1 2 0 0
Vil | zo/vm | =] 0 L Nlo o1, 0
m X4 00 S,
and
n/n 1 2 0 0
Vall zo/vmn | =] 0 L N0l 01, 0
p X 00 S
as n — oo as well as
nh—I>noo it’c =X = nh—1>noo it’d
and
S . 9 S
lim 4 —§, = lim e
n—)oon_|_7~0 n—oon — |

the application of the delta method (c.f., (DasGupta, 2008, Theorem 3.7)) proves that
V(U wy = 1T, %0 == N(0, fa)

and
VU w, — 1% %, —25 NG(0, 1),

as n — oo under the diffuse prior and the conjugate prior, respectively.

28



Finally, the results of Theorem 4 yield

fo = lim Var(y/nl'w,) = lim_ 1T{(Jf (n(n = 1)S;a(Xea — 71e011)(Kea — ra411) TS
n+k-2 k-1
ba | S;h ] ¢l
+ (o ) )}

= 1T{C§

k-1, G—1/y S—
+ (1 + T(Xt - Tf,t+11)TSt X - Tf,t+11)> S; 1} }1

S; (% — rp ) (% — rpa 1) TS

and, similarly,

ét_l(f(t —Tped) (%X — Tf7t+11)Tét_1

f. = IT{CE

k—1, RPN s
+ (1 + T(Xt — ’r‘f7t+11)TSt 1<Xt — Tf7t+11)> St 1:| }l = fd.

Since, for each 1 the linear combination 1"w, is asymptotically normally distributed, then we

also get that the vector of weights w, is asymptotically normal. O]

Proof of Theorem 6. Since X;11|p, X ~ Ni(p,X) and it is conditionally independent of x;,,
we get
Weal, B %00 ~ NWi(l+rpn + V] (10— 1p001)), W2V Bvy).
(a) In the case of the diffuse prior, we observe that
v, 3v,
v Sia(p) vy

where £ ~ x2_,,, and is independent of p (see, e.g., Theorem 3.2.13 in Muirhead (1982)).

al

Then the stochastic representation of WtH is given by

V:St,d<ﬂl)*vtt
vn—k+1 2]

where ty ~ t1(n — k + 1,0,1) is independent of p. Finally, from the properties of the

g d
Wi = Wy (1 T T+ VtT(lL - Tf,t+1> +

multivariate ¢-distribution, we obtain

.
vV, St ave )
)

v, (0 —%4) ~ (n—k,O, n(n— k)

which leads to
= d _
Wi = W,y (1 + i1+, (Red — Tfas1)
2

t 2 s
NS | e 1 ,
¢ t’dt( n—=k n—k—i—l))

n(n — k)

where t; and ¢, are independent with ¢; ~ ¢, and to ~ , k1.
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(b) Similarly, for the conjugate prior, it holds that

vtT Yy d

Vi Sie(1) Ve 3 (1)

where & ~ X7, 4, _op1 and is independent of p. Then the stochastic representation of WtH

is given by

V;St,c(p’)*vt "
Vntdo—2kt12)’

Wi £ W, (1 +rpae V] (= rrag) +

where ty ~ t,44,—2k+1 15 independent of p. From the properties of the multivariate t-

distribution, we get

'S
V:(ll, - it,c) ~ 1 (n + do — 2]€, 0, Vi Ot,eVi ) 7

(n+7o)(n+ dy — 2k)

which leads to

17 d _
Wi = W,y (1 Tt + V;r (Rte = Tr41)

h t3 t
+ VTS CV +\/1+ 7
m(\/(”+To)(n+do—2k) n—l—do—2k\/n+d0_2k+1))

where ¢; and ¢, are independent with ¢ ~ ¢, 4,—2r and to ~ £, 1q,—2k+1-

]

5.2 Empirical Bayes estimation of the hyperparameters in the con-
jugate prior

In this section, we derive the empirical Bayes estimates for the hyperparameters of the conjugate
prior my and Sy. Given the sample x,, the empirical Bayes estimates for my and Sy are

obtained by maximizing (see, e.g., Carlin and Louis (2000))

g(mo,80) = [ [ Lxialis, Bl $)dSdp (1)
12

with respect to my and Sy.

First, we calculate the integral in (15), ignoring the terms which do not depend on mg and
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So, to get

glmo,So) o< [ [ Llxalp Byl 2)Andp
it
—n/2 N R _n—l —1}
BN ZE/IEI eXp{ 5 (Xr — 1) XX — p) 5 (S E7)

_ T B
X IR 2 exp {2 — o) TS — o)}
1
« |E|—do/2|so|(do—k—1)/2 exp{—2tr(8021)}d2dy

1
= |So|(d0_k_1)/2//|2|_(n+d°+1)/2 exp{—Qtr (E_lVT(u;mO,SO))}dEdu
ny:

- |SO|(do—k_1)/2/|VT(M; mo, S)|~ (0B 2,
7

where the last identity is obtained by recognizing that under the integral with respect to X
we have a kernel of the density function of ZWy(n + do + 1, V. (; my, Sp)) with y,(mg) =
(nx; + romyg)/(n + ry) and

Vo (p;myg,Sg) = S+ (n — 1)S; 4 7o — myg) (p — mp) " + (X, — p)(Xr — )"
(my — y,(my))(mg — y,(my)) "
n + To

= S+ (n—1)S; +nrg + (n+70) (1 — ¥-((mp))) (1t — ¥-(my)) " .

Let V. (mg, So) = So+(n—1)S,+nro(my—3.,(mg)) (mo—y,(mg)) T /(n+r,). The application

of Sylvester’s determinant theorem leads to
[V (5m0, So)| = [V(my, So) (1 + (n+ 70) (1 — ¥-(mp)) " V-(mg, So) (1 — y-(myp)))
and, hence,
g(mg, Sg) o< [So|\ 1/ / [V (p;mg, So) [~ =0 2dp
7

x |SO|(doflc71)/2‘v_r<rno7 SO) |7(n+dofk)/2

X / (1+ (n+ 7o) (1 — ¥-(my)) "V (mg, So) (1 — §-(my)))~ "+ M 2dy
7
o |So|(d0_k_1)/2|v7(mo,So)|_("+d°_k_1)/2

— |SO|(dofk71)/2‘SO + (n . 1>ST|7(n+dofk71)/2
(

Y

< (1 nrg(mg — 5o (ma)) (S0 + (0 — 1)) (mo — g (my)) /(0 -+ 1)) "

where we use Sylvester’s determinant theorem for the second time. From the last line, we
conclude that g(mg,Sp) is maximized with respect to mgy at my satisfying my = y,(my)

independently of Sy leading to my = X
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Taking the logarithms of g(mg, Sp), calculating the matrix derivative with respect to Sy
which is then set to the zero matrix, and substituting my by mg, we get the following matrix

equation
dO_k_ls_l_n+dO_k_1

2 0 2
with the solution given by

(So+(n—1)8,)"'=0

5, (do—F —nl)(n “Ug
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