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Abstract

A game-theoretic framework for time-inconsistent stopping problems
where the time-inconsistency is due to the consideration of a non-linear
function of an expected reward is developed. A class of mixed strategy
stopping times that allows the agents in the game to choose the intensity
function of a Cox process is introduced. A subgame perfect Nash equilib-
rium is defined. The equilibrium is characterized and other results with dif-
ferent necessary and sufficient conditions for equilibrium are proven. This
includes a smooth fit result. A mean-variance problem and a variance prob-
lem are studied as examples. The state process is a general one-dimensional
It6 diffusion.
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1 Introduction

Consider a diffusion X and the classical problem of choosing a stopping time 7
that maximizes

E$(h(XT))7

where h is a nice deterministic function. Recall that the solution to this problem is
consistent in the sense that the optimal rule for stopping, i.e. ’stop the first time
that X enters the stopping region’, is independent of the initial state z. Now
consider a non-linear nice deterministic function g and the problem of choosing
a stopping time 7 that maximizes

9(Ex(h(X7)))-

The optimal stopping rule for this problem will, in contrast, typically depend
on the initial state x, which means that it will not generally satisfy Bellman’s
principle of optimality. In the literature this is known as time-inconsistency. In
the present paper we study a more general version of this problem, see
below.

Time-inconsistent problems are typically studied using one of the following ap-
proaches:

« The game-theoretic approach, which means formulating the problem as a
game and look for equilibrium stopping times, cf. Remark 2.4/ and Remark
below.

« The pre-commitment approach, which means formulating the problem for
a fixed initial state and allowing the corresponding optimal stopping rule
to depend on that initial state.

« The dynamic optimality approach, developed in [30]. See also [9] for a short
description.

Time-inconsistent problems were originally studied in financial economics where
the inconsistency is due to:

« Endogenous habit formation,
+ Non-exponential discounting, or

+ Mean-variance optimization/utility.



For a description of these terms in a stopping problem context we refer to [9].
Mean-variance optimization is also described in Section [4.2]

In [9] we developed a game-theoretic framework for time-inconsistent stopping
problems covering endogenous habit formation and non-exponential discount-
ing. In the present paper, a game-theoretic framework for time-inconsistent stop-
ping problems that can handle e.g. mean-variance problems is developed. In
the present paper we also define mixed strategy stopping times by allowing the
agents in the game to jointly choose the intensity function of a Cox process that
is used as a randomization device for the stopping decision, see Definition
and Remark 2.4 below. The use of the Cox process is crucial for the definition of
mixed strategies in our framework as it allows us to identify equilibrium strate-
gies. This type of mixed strategy stopping time appears to be novel, although
other types of mixed strategies in stopping games have been considered and the
Cox process has been used in other ways in different kinds of stopping games,
see Section [L.1]

The rest of the paper is organized as follows: In Section [2] we formulate the type
of time-inconsistent stopping problem that we consider and give the equilibrium
definition. In Section [3| the equilibrium is characterized and other results with
necessary and sufficient conditions for equilibrium are proven, these are the main
results of the present paper, see Theorem Theorem Theorem and
Theorem In Section |4f we formulate and study two well-known problems in
our framework; a mean-variance problem and a variance problem.

1.1 Previous literature

Recently, there has been a substantial effort to develop the literature on the game-
theoretic approach to time-inconsistent control problems, see e.g. [3| 4}, 23] and
the references therein. The development of the literature on the game-theoretic
approach to time-inconsistent stopping problems is in an earlier stage. Recent
papers include [1} 9, [11} (18| [19, 20| 21]]. For short surveys of time-inconsistent
stopping problems we refer to [} 9, 30].

In [1]] the game-theoretic approach is used to study mean-variance and mean-
standard deviation stopping problems in discrete time. The authors consider
mixed strategies defined as randomized stopping times and also equilibrium lig-
uidation strategies. In [33] a continuous-time Dynkin game with mixed strate-
gies defined as randomized stopping times is studied. It is instructive to note
that the number of players in the games of these papers are countable and two,
respectively, while the number of players in the game of the present paper is
uncountable; in the framework of the present paper it is the Cox process con-
struction of mixed stopping strategies that makes it possible to identify mixed



equilibrium strategies.

Recent papers on time-inconsistent stopping problems and the dynamic optimal-
ity and pre-commitment approaches include [26] 30].

In [27], a mean-field optimal stopping game for e.g. bank-runs is studied. The
default time is modeled as the first jump time of a given Cox process. In [10,
16l], optimal stopping problems where stopping can only occur at exogenously
determined Poisson jump times are studied.

See Section {4|for previous literature on mean-variance and variance problems.

2 Problem formulation

Let (Q, F, (Ft)t>0, P.) be a filtered probability space carrying a one-dimensional
Wiener process W. Let X be a one-dimensional diffusion living on an open
interval £ = (a, ), where —o00 < a < 8 < oo, which is the unique strong
solution to the SDE

dXt = ,LL(Xt)dt + U(Xt)th, XO = .

The coefficients 4 : £ — Rand o : E — (0,00) are continuous and satisfy
conditions guaranteeing the existence of a unique strong solution, see e.g. [22]].
Moreover, for each continuous function A : £ — [0, 00) the filtered probability
space is assumed to carry an X -associated Cox process denoted by N*, meaning
that N* is a Poisson process with intensity corresponding to A(X;) conditional
on the natural filtration generated by X, see e.g. [2, Sec. 6.6]. It is assumed
that the filtration (F;);> satisfies the usual conditions and that x — P, (F) is
measurable for each ' € F. The associated expectations are denoted by E,. It
is assumed that a measurable time shift operator 6 with X, o 0, = 700y, +,
exists, where 7 is a, possibly infinite, stopping time (with respect to (F;):>¢) and

7, = inf{t > 0:|X; — Xo| > h}.

Now consider the functions f, h : F — R and g : R — R satisfying Assumption
(below) and the problem of finding a stopping time 7 that maximizes

Jo(x) = B, (f(X,)) + g(Ea(h(X,))). 2.1)

Remark 2.1. We use the convention that A(X,) := limsup,_, h(X;) on {T =
oo} and similarly for f. We assume that the limits g(c0) := lim, . g(x) and

g(—00) :=lim,_,_« g(z) exist, see Assumption[2.6]



The function g is allowed to be non-linear and hence, i) the standard theory for
optimal stopping problems cannot be used to find an optimal stopping time for
(2.1), and ii) even if we find an optimal stopping time for it will generally be
time-inconsistent. Specifically, a stopping rule that is optimal for when the
initial state is x is typically not optimal when the initial state is y # x. Based on
the second fact we will reinterpret the problem as a game.

Let us specify which type of stopping times are admissible (Definition and
then give the equilibrium definition (Definition [2.3). For a fixed stopping time 7
we define the functions ¢, and . by,

Definition 2.2. Consider a continuous function A : £ — [0, 00) and the corre-
sponding Cox process N*. Let 7% := inf{t > 0: N} # N} }. Let C C F be an
open set and let 7¢ := inf{t > 0: X; ¢ C'}. Then 7% := 72 A7 is said to be a
mixed Markov strategy stopping time. A mixed Markov strategy stopping time
72 is said to be admissible if the function .J. x.c in is well-defined and the
functions ¢, x,c and 1,.»,c are continuous. The space of admissible mixed Markov
strategy stopping times is denoted by N.

Usually we write ¢, ¢ instead of ¢, xc and similarly for ¢,xc and J.xc. We
remark that the requirement that ¢, ¢ and ¢, ¢ must be continuous in order for
7 to be admissible is a technical condition. For 74¢, 7P € N we will use the
notation

T 0T (h) = Lipa<ry ™+ Lipnp sy (77 0 07 4 7).

Definition 2.3. A stopping time 7 € N is said to be a (mixed Markov strategy)
equilibrium stopping time if the equilibrium condition

o Ji (@) = Tromoy (@)
lim inf
AN E.(m)

>0 (2.2)

is satisfied for each 77" € A and each x € E. If 7 is an equilibrium stop-
ping time then J:(x),z € F, is said to be the corresponding equilibrium value
function.

This paper is devoted to the question of how to find equilibrium stopping times

of the type in Definition [2.3]

Remark 2.4. The game corresponding to the equilibrium in Definition [2.3|is in-
terpreted as follows (see also [9]): Consider a person who controls the process X
and who wants to maximize J,(x) in (2.1). Interpret this person as comprising
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different versions of herself, one for each x+ € E. These x-versions are inter-
preted as agents playing a sequential game against each other regarding when
to stop the process X. The equilibrium condition ensures that no agent
wants to deviate from the equilibrium strategy 7 by using another strategy 77"
during the infinitesimally short time interval [0, 75,] as long as every other agent
plays 7; neither by stopping when 7 prescribes continuing, nor by continuing
when 7 prescribes stopping, nor by using a different intensity than the one pre-
scribed by 7. The equilibrium condition is in line with the one in [9] and
inspired by time-inconsistent stopping problems in financial economics, see e.g.
(12, 17], and also by the equilibrium definition for time-inconsistent stochastic
control problems, see [3 4] [23]] and the references therein.

Remark 2.5. In game theory, a pure Markov strategy determines the action of an
agent based only on payoff relevant information. A mixed strategy determines
the action of an agent using a randomization device that randomly selects a pure
strategy. In the present model, a stopping strategy is thus pure if each z-version
bases the decision to stop or not only on the current value of the state process.

 is a pure strategy stopping time. Strategies of the kind 7 in Defini-
AC

Hence, 7
tion[2.2luse Cox processes as randomization devices. This motivates calling 7
a mixed Markov strategy. We remark that Definition [2.3]is a (mixed strategy)
subgame perfect Nash equilibrium, see e.g. [9, 25].

We denote the characteristic operator of X by Ay, i.e. for any function f : £ —
R,

whenever this expression exists. Recall that if f € C*(F) then

1

Axf(x) = p@) (@) + 50° (@) " ().

Throughout the paper we assume that the functions f, g and i in satisfy the
following conditions:

Assumption 2.6.
e f,h € C}(F) and g € C3(R).
e g(00) and g(—o0) exist in [—00, 00].

e f is either bounded from below or above on E. This also holds for h.



3 Equilibrium conditions

This section contains a characterization of the equilibrium, see Theorem It
also contains other necessary and sufficient conditions for equilibrium, see Theo-
rem|[3.5] Theorem 3.6/and Theorem[3.7] These are the main results of the present
paper. They rely on the results found in the appendix which mainly contain
explicit expressions for the type of limit that is found in the left side of the equi-
librium condition for different values of the initial state, see Lemma
Lemma and Lemma The results in the appendix rely to a large extent
on arguments similar to those in the proof of Lemma [3.1| and standard Taylor
expansion. Theorem 3.5 and Theorem [3.6| rely on Proposition

Lemma 3.1. For any 7% 7P € N andx € D,

 PrCon,, 17, (T) = Prrcomn () (@)
lim
A E, (1)

=n(z)(erc(z) — f()).

Proof. Recall that D is open by definition of . This implies that for any x € D
there exists a constant i > 0 such 75, < 77 for each 0 < h < h (a.s.). Hence, for
0<h<h,

™C o r1P(h) = Iinp<ny ™ + I{Tn,D>7_h}<’7'/\’C 06, + )
= I{T"STh}Tn’D + [{7'77>7'h}(7—)\7c o erh + Th)
= I{T”STh}Tn + ]{T”>Th}(7—>\’c © 97’h + Th)'

It follows that
f (XT)\,CQT”LD(}L)) = ]{Tn’DSTh}f (XT/\,CQT’VLD(}L)) + ]{7—77,D>Th}f (XT)"COT"FD(}L)>
= I{TngTh}f (XT)"COT”ﬂD(h)) + [{T">7h}f (XTA,CQTn,D(h)>
= [{T"STh}f (XTW) + [{7—77>7—h}f (XTA’COQ‘rh‘FTh) . (31)

Using the above, the properties of the Poisson process and by conditioning on
the filtration generated by X, we obtain, for 0 < h < h, (here 1, := n(X}))

SOTAvCOGTh—&—Th (LI?) = PrACorniD(h) (I)
=E, (f (X woeTth) - f (XT*’CQT%D(h)))
(I{’Tn<7'h} ( (XT)"COGT}L-‘,-Th) - f (XT")>)
_E, ( e B gy (F (Xorcan o) = £ (X0) dt)

/OTh e Jo meds (f (XTA,COQT}LM) —f (Xt)) dt)

T
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Th t Th ¢
=K, <f (XTA’COQTh-i-Th) /O mne fo Nsds gp A e fo nstf (Xt) dt) .

By conditioning on F-, and the strong Markov property we thus obtain

SDT)‘vCOHTh +7, (ZE) — PrrACornD(h) (:L‘)

Th - t s Th - t < ds
=E, (/0 e Jy msd dtE, (f (XTx,congrTh) |.7:Th) — /0 ne Jy msd f(Xy) dt>

=E, (/OTh me fot nsdsdtg))\c (X,,) — /OTh ne” fot Usdsf (Xy) dt)
—E. ([ me B (oo (X,) = F (X)) (32)

Now use the continuity of the functions f, 7, ¢, ¢ and the paths of X, and that
X is bounded on [0, 7], to obtain

1i PrrCob,, +, (ZL’) - LPTA’COTTI’D(h)('I)
AN E,(mh)
E. (7 n(Xe 709 (r 0 (X,) — £ (X)) di)
= lim
h\O E.(m)
=n(z) (prc(z) — f(2)).

]

We are now ready to present the first main result, which characterizes the equi-
librium.

Theorem 3.2. A stopping time 7% € N is an equilibrium stopping time if and
only if it is a solution to the following system,

Iel(z) = f(z) —g(h(z)) 20, forxz e C, 1y
Axf(x) + ¢ (h(z))Axh(z) <0, forz € int(C°), (I1)
f(@) —pac(@) + ' (Uac(@) (h(x) — Prc(x)) =0, forx € C with \(x) >0,
(I1I)
f(@) —pac(@) + g'(Uac(@)) (h(x) —Prc(x)) <0, forx € C withA\(z) =0,
Iv)
.. .—a(x,h)
lufrln\%lf W >0, forxzedl, (V)

where
a(@, h) == E; (prc(X7,)) — orc(@) + 9 (Ex (¥r0(X7,))) — 9(¥rc(2))3.3)

8



See the appendix for a proof of Theorem We will use the following general
result.

Proposition 3.3. Consider a fixed v € E and a function k : E — R. Suppose
that there exists a constant h > 0 such that k isC* on [x — h, x] and [z, z + h] and
continuous on [ — h, x + h), then

(Ba(k(X-,)) = k(@) _ (k'<x+> - k’(x—>>2 o*(z)
= 5 :
In particular, for the local time of X at x, denoted by [T (X), it holds that

2
B, (I7,(X))
lim ——————
h™\0 Ez (Th)

y
AN E, (1)

= o*(7).

Proof. Use the It6-Tanaka formula, see e.g. [31]] or [32, p. 75], to obtain, for
0<h<h,

Th Th
H(Xo) = hl@) = [ Ak I paydt + [ K (X0 (X0 I, ey d Ve
1 [
5 [ WX = K (X)) Ixmny i (X)
Th Th
= [ Ak Izt + [ K (X0 (X LxpmydWVe

b5 () — K@) I, (X),

Thus,
L E(K(X,) — k()
h\0 EQC(T}L)
o (B (" k(X0 Tpxpnydt) +§ (K (o) = K@) B (i5,(X)))
BN E.(7h) ‘

Eo ([ Axk(Xe) I x, £y dt)

Since limy o o)

directly follows that
o B Mo _ () k’(m—>>>2 EACAC)]
NY Ex (Th) 2 h™\O Eac (Th>

Applying the result in for k(y) := |y — x| (recall that x is fixed) gives us
2
2 T
(Eo(|Xs, — ])* _ ((1 - <—1>>> . (I5,(X))

2 N0 Ey(mh)

converges and limy\ o E, (l”C (X )) = 0it

Th

(3.4)

I;
hl{f(l) Ex<7-h)




B, (15,00))°
= lim —Em) (3.5)

However, it is also easy to see that,

(Eo(1Xq — )’ (pnlz + b — x| + (L = pn)|z — h — 2|)°

li =1
h{% E. () hl{(% E.(m)
h2
= lim — 3.6
hl{:% EI(T}L) ’ ( )

where pj, := P,(X,, = x + h). The result follows from (3.4), (3.5), and (3.6), if
we can prove that

h2

}lli{‘r(l) E. () = o%(2). (3.7)

Let us find a representation for E,(7;,). Recall that the scale function can be
represented as

r y2,u(z)dz
s(e) = [ Ay,
a

for an arbitrary a € E, and that it solves the ODE y(z)s'(x) + 1o%(x)s"(z) = 0,
see [6, p.18]. Using this it is easy to verify that

u(x) := Bs(x) — /ax s'(y) /ay s’(z)2<72(z)d2dy
solves
p(z)u' (z) + ;az(x)u”(:c) = —1, (3.8)

where B is an arbitrary constant. Let us choose B such that u(b) = 0 for some
constant b > a. This gives us

128 (y) Y S/(Z)JQ(z dzdy
s(b)

Thus, for the chosen B, the function u solves and satisfies the boundary
conditions u(b) = u(a) = 0 (the last equality is trivial). According to the stan-
dard theory it therefore follows that u(z) = E,(77) for z € D := (a,b), see e.g.
(28| ch.9]. Now consider a and b to be variables and write the function u as

u(z,a,b) = Z((Z))/ab s’(y)/ ( dzdy / / i T >dzdy

10
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_ (Y24,
where we note that also s'(y) = e Ja 5% and s(x) depend on a. It follows

that u(x,x — h,x + h) = E,(73,). Hence, with £(+) := 5‘58 we obtain

v y y J7, &(u)du
Ea(ma) = (S(+)h)/ eI Z/x_h = TR
[7, &wdu

* &(z)dz /y 2e
- e Jo-n ————dzd
o—h a—h  0%(2) Y

§(u)du

z —f:ﬁhﬁ(z)dzd z+h y y 9 fa;th
_ Jene Y e ’”‘hg(Z)dZ/ : dzdy
z—h T

- fa?jjfil e fmy_hf(z)dzdy —h 02(2)

= v y 9 f;ﬁhf(u)du
_ / ¢ Jn s / O gy, (3.9)
z—h x—h

o%(2)

Using the representation (3.9) it is possible to show, using lengthy but straight-
forward calculations, that (3.7) holds. Indeed, the basic observation is that the
chain of equalities in continues as follows, for small h > 0,

x+h 2 T Y 2
/ dzdy—/ / ——dzdy
ho?(z) o—h Jo—h 0%(2)
x-l—h dod
/ /th‘Q(Z 2/ /h0'2 =
S L dzd
/xha2(z e /:ch/mh0'22)zy

"2

z+h ry 1 z+h
/ / dzdy / / dzdy
x a—h 02(2) o—h 02 (2)

<

z+h 1 dod
/h02(z =

which, when divided by h?, clearly approaches 1/02(x), as h — 0. O

Remark 3.4. The last part of the proof of Proposition [3.3| consists of showing that
holds. This was also recently shown in [15].

Theorem [3.5| below presents a smooth fit condition that an equilibrium value
function must satisfy at any z € 9C, under additional assumptions. We use this
result when making an ansatz to finding an equilibrium stopping time in Section

Theorem 3.5. Suppose that 7€ is an equilibrium stopping time. For a fixed x €
OC, if the functions oy o and ¥y c are C* on [x — h, x| and [,z + h] for some

11



constant h > 0, then the equilibrium value function Jy ¢ satisfies smooth fit in the
sense that

o(@) = f(x) + g'(h(z))W (z).

Proof. Consider a fixed x € 0C. For any e, satisfying x + € € E (both negative
and positive such ¢ exist since E is open and OC' is the boundary of C' in FE), it
holds that

Mol +e) = [z +e) +g(h(z + €)).

To see this use that this inequality is an equality when x + ¢ ¢ C, and condition
for the case x + ¢ € C. Moreover, since z € 0C it follows that J) o(z) =
f(z) + g(h(z)). Hence,

el +e) —helr) > fle+e) — flz) + g(h(x +€)) — g(h(x)).
If € < 0 it follows that

Delwt e = helw)  flete) = flz) gz +6) - g(hz))

€ € €

Hence, the left derivative satisfies J;(E) (x) < f'(z) + ¢'(h(x))h (z). The right
derivative can be similarly dealt with and we thus obtain

I (@) < f(@) + g (M) (z) < T\ (). (3.10)

Let us now prove that if we would not have smooth fit then condition (V) would
be violated and hence smooth fit must hold, by Theorem Note that if smooth

fit would not hold then J:\(’g) (z) — J/'\(E) (z) > 0, cf. (3.10), which is equivalent to

Pholet) + 9 (hac(@)y ola+) > @ o(x=) + ¢ (¥rc(@))dh o(z—).

To see this use that Jy o(z) = ¢rc(r) + g(¢¥rc(x)) and the chain rule, and
then the differentiability assumptions (i.e. () o and v ¢ are C? on [x — h, 1]
and [z, z + h]) and continuity (of ) ¢ and 1) ¢, cf. admissibility, Definition .
Rewrite the equation above as

Phelet) = Phele=) + 9 (o) (W olot) =i elz—)) > 0. (3.11)

The differentiability assumptions imply that we can use the It6-Tanaka formula
to obtain, for 0 < h < h,

SOA,O(Xm) - SOA,C(ZU)

12



Th Th
:/0 AX(P)\,C(Xt>I{Xt;éx}dt+/O 5 o (Xe) o (Xe) [ x, 2y AW
1 .
(ol = helam) (),
Thus,

E. (prc(X5) — orc(@) = ai(h) + a B, (I, (X)),

for ax (h) = E, (J;* Axorc(X0)Ix,zndt) anday = 524 ()~ 0 o(a—).
Similarly,

E. (c(Xs,)) = tac() = bi(h) + b B, (I2,(X))

for by (h) = By (J7* Axtro(X) Ix,0ydt) and by := 31} o(a+) =94 o (7)),
Hence, using standard Taylor expansion of the function g we write a(x, h) in
as,

a(x,h) = ai(h) + ax E, (l‘” (X))

+ 9 (Wrnc@){bi(h) + b E, (,(X))}

N ;gﬂ(%p(x)){bl(h) + by B, (I, (X))} +

This can be written as,

—a(x,h)
E,(7h)
= —]gi((fh)) — g (Uacl ”1&2) (3.12)
/ E, (i2,(X))
—(az+g (%,o(x))bz)w (3.13)
= ;g"(w,c(a:)) (E. (%’C(ié”ggh)_ Vacl@))” (3.14)

Let us see what happens to the liminf of % when sending i\ 0: The liminf
of the terms in (3.12) are finite due to the differentiability assumptions for ¢, ¢
and ¢, ¢. The term in (3.13) can be written as

E. (1 (X
(ot QMC@WW
1

= —5 (Pholat) = A ole=) + 9 Wrc@) W oo t) = ¥ o(a-))

13



E, (1,(X))
Em (Th)

Thus, it follows from Proposition|3.3|and the contradiction assumption that
the liminf of the term in is equal to —oo and that the liminf of the terms in
are finite (we remark that terms of order 3, and higher, vanish, since 9, ¢
is continous). This implies that condition (V) would indeed be violated if
were true and smooth fit must therefore hold. O

X

Theorempresents necessary and sufficient conditions for a stopping time 7¢

to be an equilibrium stopping time. If we for an equilibrium stopping time can-
didate 72 can find explicit expressions for the functions ¢, ¢ and ¥y ¢ then it is
easy to verify if conditions ([)-([V) hold whereas condition (V) is not necessarily
easy to verify. Theorem [3.6/ below presents a more easily verified characteriza-
tion of condition @, given additional differentiability conditions. We will use
Theorem 3.6 to verify an ansatz to finding an equilibrium in Section

Theorem 3.6. Consider a stopping time 7™ € N If for any fixed x € OC there
exists a constant h > 0 such that the functions @ c and V), ¢ are C%onlx — h, ]
and [z, x + h] and such that the function o c(+) + ¢ (Vrc(x))rc(-) is C* on
[z — h,z + h] then condition (V) is equivalent to,

Axpac(@+) + g (Wno(r) Axrc(r+) + Axorc(x—) + g (Uac(x) Axrc(z—)

/ / 2
Vyclz+) — @Z)A,C(SU—)) o2(z) < 0. (3.15)

+ 9" (Yac(2)) ( 5

Proof. Consider an arbitrary x € 0C'. Use the It6-Tanaka formula, to arrive at the
same expression as in (3.12)—(3.14). Note that the C' assumption in the statement
of the theorem directly implies that as + ¢'(¢¥» ¢(x))bs = 0. This implies, using
(3.12)-(3.14), that the expression that we take the limit of in (V) can be written
as

—a(z, h)
Ex(Th)
_E:c (foTh (AXSDA,C(Xt)]{Xﬁéx} + g/(¢A,C(I))AX¢A,C(Xt)I{Xt¢x}> dt)
Ez (Th)
(Es (¥2.0(X7,)) — Yac(x))?

1 iz
— 50" (W) = -
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The differentiability assumptions and basic properties of diffusions imply that

- (Ex (5" (Axorc(X) I pxitay + 9/ (r.0(2) Axtro(X0) [ x,201) dt))

hAN\0 ]Ez (Th)
— ; (Axprc(z+) + ¢'(Uro() Axbro(z+))

+ ; (Axerc(z=) + g (Uac(x) Axtac(z—)).

Now use Proposition [3.3|to obtain the result. O

Theorem[3.7]below presents a necessary condition for equilibria for z € C'in the
case that the equilibrium intensity function is strictly positive, under additional
assumptions. This result will be used when we make an ansatz to finding an
equilibrium stopping time in Section [4.1]

Theorem 3.7. Suppose that TV is an equilibrium stopping time with \(z) > 0
forx € C and that ¥y ¢ is C* on C. Then vy ¢ satisfies the (non-linear) ODE

( 2)h,0(0) + 5o (0 cl0)) (@) — Y cl)g (n,0()
WL @)+ K@) e} + 50" @) ") +da)}, fors € @16)

where

d(z) =g" (Y (2) (¥} o(2))* (h(z) — ac(2))
+ 29" (Uac(2)h o (@) (W () — ¥ () + ¢ (rc(@))h" (2)(3.17)

Moreover, the equilibrium intensity function \ satisfies
M) (h(z) = Yrc(@)g" (Yro(@))
= p@){f"(x) + W (2)g' (Vac(x))} + 0 ‘@) {f" (@) +d(x)}, forz € (8.18)

Proof. Suppose that 7% is an equilibrium stopping time with A(x) > 0 for
x € C. Consider an arbitrary fixed x € C. By definition J) ¢(z) = ) c(x) +
g(¢.c(z)) and hence

Ax(Iro(x) —oro(@) = g(ac(x))) = 0. (3.19)
Condition holds by Theorem [3.2] i.e.
0= f(z) = ercle) + 4 (ac(e)) () = Prc(r))

15



= f(z) = (pac(x) + g(Wrc(@)) + g(rc()) + g (Yrc()) (h(x) — Yr o)) .

Since Jy c(x) = prc(x) + g(¢¥rc(z)) we thus obtain

Io(@) = f(@) + 9(Wac(x) + ¢ (Uac(@)) (h(z) = ro()) .-

This implies that

Do) —prc(r) — g(Prc(z))
= f(z) —pac(x) + g (Vrc(@)) (Mz) — Yac(z)) . (3.20)

We will notationally suppress A, C' and (z) in the rest of the proof. From (3.19)
and follows that Ax f — Ax¢+ Ax (¢'(¢)) (h — ¢)) = 0 which implies that

Axp = Axf+ Ax (¢’ () (h—)). (3.21)
Now use Lemma 5.1]and then condition to see that

Axp =My —f)
=g (¥) (h — ). (3.22)

Let us investigate the expressions in the right side of (3.21). The assumed differ-
entiability implies that

Axf=pf'+ 50*f", and
Ax (6/() (h =) = g/ W) (h— ) + 505/ () (h — )"

Use standard differentiation rules to find that the derivatives in the last expres-
sion can be written as

(9" () (h =) = g" ()" (h =)+ ¢' () (B =)
=Y{g" (V) (h =) = g'(¥)} + I'g' (V)
=y'b+hg V),

where we use the temporary notation b := ¢”(¢)) (h — ¢) — ¢'(¢), and

(9/(0) (h = )"
— (Y (h =) + g (W (b= )+ g (W) (B =) + g" () (B = )

+9' () (" ="

16



= g" (V)W) (h =) + 2" (L)' (W — ') + g (L)1
+ " {g" () (h—v¥) — g'(¥)}
=d+ "),

where d is defined in (3.17). It follows that the right side of (3.21) can be written
as

Axf + Ax (¢(0) (h— )
= 1f! 20 W+ K () + Lo’ (d+ )
= Jlf WG @)} + 5oL+ d) o+ b + 0%}
= I WG W)} + 5oL+ d) + bAxy
= I WG ()} 307"+ d) + DA — ),
where we in the last two rows relied on Lemma [5.1] (which analogously holds

also for the function ) and the differential operator form of A x (where we again
relied on the assumed differentiability for 7). Use the equality above, and

to obtain
1
AG () (h =) = pdf + Mg ()} + 5o {f" + d} + AW — h).
This implies that
1
A =) {g' (W) + b} = i{ /' + W' ()} + 5o {f" + d}.
Use that b + ¢'(¢) = ¢"(¥) (h — ) to see that follows. Now use Lemma
to obtain Ay®) = A(¢) — h). Using the assumed differentiability for ¢ we
also obtain Axt) =y’ + 20%¢". Hence, A(h — ¢) = — (uw’ + %a%b”) which,
together with (3.18), implies that holds. O
4 Examples

In this section we will use the general results of the previous section to solve two
particular time-inconsistent stopping problems.

17



4.1 A variance stopping problem

The variance stopping problem corresponds to the time-inconsistent problem of
trying to maximize

Var, (X,).
An economic motivation for a variance stopping problem is found in [29] and
the references therein. Variance stopping problems are also studied in [13] [14]
using randomized stopping times. We also refer to [7, [8]. All these references
consider the problem from the perspective of the pre-commitment approach.
The variance problem is given by f(z) := 2% g(z) := —2? and h(x) := z. To
see this note that

Jo(x) = - (x) + g(¢-(2))
B (f(X7)) + 9(Eo(h(X7)))

= Var,(X,).

We consider a positive state process X. In this case Assumption [2.6]is satisfied.
It follows that

g (brc(x)) = =205 c(2) and Jy o (z) = prclz) — 3 (). (4.1)

Hence,

f(@) = orc(@) + g'(Yrc()) (h(x) = Prc(z))

=2* — prc() = 2 c(@) (¢ = Yac())

= 2" — prc(@) = 29y (@) + 203 o ()

= —(onc(r) = Ui o(@)) + 2° — 20 c(x) + Y3 o (2)

= —Do(x) + (brolz) — 2)*. (4.2)
Since the variance is trivially minimized by stopping immediately it follows that
no equilibrium stopping time can ever recommend immediate stopping. Hence,
we make an ansatz with C' = E. Specifically, we make the ansatz that an equilib-

rium stopping time is given by 71 for some strictly positive intensity function
A which is to be determined. We will use the notation 7%% = 74, ¢ g = 1, etc.

We immediately obtain the following result.

Theorem 4.1. A stopping time 7% € N, with \(x) > 0 for each x € E, is an
equilibrium stopping time for the variance problem if and only if

I\(2) = (a(z) —2)*, forz € E. (4.3)
Moreover, if (4.3) holds then J, given by (4.3) is the corresponding equilibrium value

function.
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Proof. Usethat h(z) = x, —f(x)—g(z) = 0and to see that if (4.3) holds then
and ([II) hold, whereas (T), and (V) can be considered trivially fulfilled,
since we use C' = E and A(z) > 0. Now, if (II) holds then it follows from (4.2)
and C' = F that holds. Thus, the first assertion follows from Theorem

The second assertion follows immediately. O

Let us use the ODE condition (3.16) in Theorem 3.7]to identify a candidate for 1,
and then use the result (3.18) to identify the corresponding candidate equilibrium
intensity function \. In the present case the ODE (3.16) is

— (W) + 5 @) (@ = ia@)(-2)

= p2)(20 — 25(2)} + 502 (@) {2+ (@)},
with

d(z) =0 —2- 23 (2)(1 — Py(x))
= 4(UA(2))* — 4 (2),

where we used (.1, f'(xz) = 2z, ¢"(x) = 0 etc. We note that if  — 1, (z) # 0,
then the ODE simplifies to

/ 1, oo 1, 2 +d(x)

u@ph(@) + 50" (@ (@) = ul@) + 30° @5 —5 s
:mm+;ﬁ@f+%??$@f%@)
- o)+ R B LA

In case X is a geometric Brownian motion it turns out that the problem can be
solved explicitly. Thus, from now we assume (in this example) that

dXt = ,LLXtdt + O'Xtth. (45)

In this case (4.4) becomes

pr (W () — 1) + ;02132 ( I (z) — (Walr) —1)°+ (‘”3(‘”))2> — 0. (4.6)

x — y(x)

The ODE (4.6) has, under appropriate assumptions for the constants ;. and o, one
solution (at least) on the form 1 (x) = cx for some constant ¢ # 0, 1. To see this
use that ¢} (z) = (cx)” = 0 and that x > 0, since F = (0, co) for the GBM. Now
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use (3.18) and the candidate v)(x) = cx to obtain the corresponding candidate
intensity

_ n@){f'(@) + W (2)g' (a())} + 30°(@){f" () + d(x).}

(h(x) = ¥a(@))?g" (Ya(x))
_ pa{2z — 2cx} + o {2 + 4 — 4c.}

A(x)

(x —cx)?(-2)
_ p{l —c} —i—_zg Elc; 2¢% — 2c.}‘ @7)

This means the candidate solution ¥, (x) = cx corresponds to using a constant
intensity (depending on the constant ¢). This constant candidate intensity could,
with some effort, be found by identifying the constant(s) ¢ such that ¢, (z) = cx
solves (4.6), and inserting this ¢ into and thereby obtaining a corresponding
constant equilibrium intensity candidate. We shall, however, instead use Theo-
rem [4.1]to identify the constant equilibrium intensity (it turns out that only one
constant equilibrium intensity exists) and thereby verify that the ansatz works.
This is done in the proof of Theorem

Theorem 4.2. Let X be given by where the constants . and o satisfy o> > 0
and

21+ 0? < 0. (4.8)

Then 7, with

—u2(2 2
- \/ o) (@.9)
o
is an equilibrium stopping time. The corresponding equilibrium value function is

1
2x2
=)

o2

JA(Z‘) =

Remark 4.3. From the formula for the variance of the log-normal X, it follows
thatlim;_, ., Var,(X;) = Oforany x € Eif holds, whereas lim; ., Var,(X;) =
oo for any x € F if does not hold. Hence, we only consider the case when
holds. We remark that condition is also used in [29].

Proof. We remark that it follows from the calculations below that 7 is admis-
sible. Using that X; = pe(n=20°)troWe i log-normal and conditioning on the
exponentially distributed stopping time 7> we directly obtain

A 2

r and QO)\(.%) = EI(X3A> = m.ﬁ

¢A(.%’) = ]EI(XT,\) =

A
A—p
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Figure 1: The equilibrium value function x + J)(z), where ) is given by (4.9),
for the parameters ;1 = —0.1 and 0 = 0.15. In this case A & 0.0577.

Here we relied on the denominators being positive, which follows directly from

A>0and u < 0,and A > 0 and respectively; where implied that
@< 0and A > 0. It follows that

2 _ )\2 5,172

2/&(@ - ()‘_lvb)2 )
(o) = = (2 1)

_ 1 22

(A—p)?

Using and we thus obtain, for any fixed x € E,
() — (a(z) — 2)’

22
pa(@) — Y3(@) — (Wa(z) — 2)°
22

)\ /\2 +M2
Nt (A
AA —p)® — (A —2p — o) (N + p°)

(A=2p—0?)(A = p)?

(A3 = 2020 + M) — (A3 = 2u)? — 02 N2 + A\ — 213 — o%p?)

(A =2p—0?)(A = p)?
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P+ o+ 0PN

T —2— -
From Theorem 4.1| it therefore follows that 7" is an equilibrium stopping time
when 243 + 202 4+ 0%2)\? = 0, i.e. when ) satisfies \2 = W This proves
the first assertion. Using the calculations above, ;1 < 0, and Theorem we
obtain

In(@) =(¢a(z) — z)?

2

M 2
(A —p)?
2
_ 1% 5 2
< —p2(2pto?) >
0—2
1
= 2 [L’Q’
( ~@to®) 4 1)
which is the second assertion. O]

Remark 4.4. In [14]], the results from [29]] on the pre-commitment version of the
variance stopping problem are generalized to underlying geometric Lévy pro-
cesses. In this paper, we have decided to developed the theory only for underly-
ing diffusion processes to avoid certain technical difficulties. Therefore, applying
our time-consistent approach to underlying jump processes would need some
further work that we do not carry out here. We, nonetheless, want to mention
that obtaining equilibrium conditions of the form for the variance problem
for underlying geometric Lévy processes of the form X; = Xoelt, L a Lévy pro-
cess, can also be obtained. It is then interesting to note that considering 7 for a
constant A > 0 yields — under suitable integrability conditions — that

A
w)\(l') = E1<X7-/\)l’ = axr, ax = )\—TL(D and
A
=Ei(X2)2® = b’ by=———
pa(z) (X0 AL Ox A — Uy (1)

where U denotes the Laplace exponent. Hence, a similar calculation as in the
previous proof yields both a formula for A and the corresponding equilibrium
value function also in this case.

4.2 A mean-variance stopping problem

Mean-variance optimization is one of the classical problems in financial eco-
nomics. It was first studied in the context of optimal portfolio allocation in the
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seminal paper [24]. A vast number of papers on the topic have since then been
published. For short surveys and economic motivation of mean-variance prob-
lems we refer to [5,30] and the references therein. The mean-variance stopping
problem corresponds to the time-inconsistent problem of trying to maximize

E.(X,) — yVar,(X,), with vy > 0.

Here 7y is a given constant representing risk-aversion. In [30] a mean-variance
stopping problem for a geometric Brownian motion is studied using the dynamic
optimality approach and the pre-commitment approach. In [1]] a mean-variance
stopping problem for a general discrete time Markov chain is studied, see also
Section In [5] a mean-variance control problem is studied using the general
game-theoretic framework for time-inconsistent stochastic control of [3]].

The mean-variance stopping problem is given by f(z) := —y2?, g(z) := z+~z*
and h(z) := z. To see this note that

Jo(2) = @7 (x) + g(¢p-(2))
= E.(f(X7)) + 9(Bx(h(X7)))
= —YE(X?) + Eo(X;) + 7 EX(X,)
= E.(X7) — 7 Var,(X;).

We consider a positive state process X. In this case Assumption [2.6]is satisfied.
Note that ¢'(h(x)) = 1 + 2y, ¢ (Yrc(z)) = 1 + 299 c(x), and Jy () =
orc(x) + Uyolx) + ’ywic(:c). Therefore,

f(@) —oxc(@) 4+ g (Urc(z)) (h(x) — Yrco(z))

= —y2® —pro(@) + (14 29 c(2)) (z — Yao(x))

= =2 — prco(2) + 7 — Yro(@) + 2205 o(x) = 2993 o (2)

=& — (pac() +hrc(@) + 793 o(2) = (va? = 2yas o () + 793 o ()
=z — Jro(z) = y(aclz) — )*

It follows that conditions and can be written as

)2, forx € C with \(z) > 0,
0

o) =z —y(rco(r) ,
)2, forx € C with \(z) =

— T
De@) > o —y(relr) —2 .

Using that f(z) + g(h(z)) = « we write condition (I) as,

Ie(x) >z, forxe C. (4.10)
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Let us again consider the geometric Brownian motion. In the typical case it is
reasonable to suppose that J, o(z) — 2 > 0 for x € C and in this case we note,
using Lemma that if 77 € N with = 0, then, for z € C N D,

lim Irne () = Joacomomy (@)

N E.(m)
= ANa){f(x) = prc(@) + ¢ (Urc(2)) (h(x) = Yrc(x))}
= Ma){z — Jro(x) = y(rclz) — 2)*}
< 0.

Consequently we make the ansatz A\(x) = 0 for z € C. Specifically, we make the
ansatz that 7¢ for C' = (0, b) is an equilibrium stopping time for some b to be
determined. We start by noting that if 7¢ satisfies then condition (I) and
condition are satisfied, and condition is irrelevant (since the ansatz is

A = 0 on C). Hence, if we can find a set C' = (0, b) such that (4.10), (II) and (V)
are satisfied then 7¢ is an equilibrium strategy.

Theorem 4.5. Let X be given by
dX, = pX,dt + o X, dW,, whereo? > 0.

Ifu € (0,0%/4], then 7 = inf{t > 0: X; > b} withb = ﬁ where £ := Z—’;, is
an equilibrium stopping time and the corresponding equilibrium value function is,

7 KL x>0,
H@) = 17805 — bITE) + b2 2% 1 <D

Remark 4.6. If 1 < 0 then X is a supermartingale (with a last element) and it fol-
lows directly from J, (z) = E,(X,) —~Var, (X, ), Definition[2.3/and the optional
sampling theorem that it is an equilibrium strategy to always stop immediately.
If p > %2 then 7° := inf{t > 0: X; > b} < oo a.s. for any initial state z < b for
eachb € Fand J.o(z) = E,.(X)—7 (Em(be) - ]Ei(XTb)) =b—y(b*—b*) =b

can thus become arbitrarily large.

Remark 4.7. A mean-variance optimal stopping problem for a GBM is studied in
[30]. There it is shown that the stopping time 7 in Theorem [4.5|is dynamically
optimal when p € (0,0%/2), see [30, Theorem 3]. It is also argued that this
stopping time is a subgame perfect Nash equilibrium when p € (0,02/4] , see
[30, Sec. 4], which is in line with our findings in Theorem For the case
p € (02/4,0%/2), it can be proved that the threshold time 7 is not an equilibrium
stopping time in our setting.
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0.4

0.2}

Figure 2: The equilibrium value function = — J:(z) (solid) and z — f(x) +
g(z) = x (dashed) in the GBM case with parameters pn = 0.07, 0% = 0.45 and
~v = 1.1 (in this case b ~ 0.4106).

Proof. We remark that it follows from the calculations below that 7 is admissible.
A stopping time is, according to Theorem|[3.2] an equilibrium stopping time if and
only if conditions ([)—(V) are satisfied. Note that we do not have to check
since 7 has no Cox process component, which corresponds to A(x) = 0 for each
x. Recall that if is satisfied then (l}) and are also satisfied. Note that

can in this case be written as

Ax[f(z) + ¢ (h(x))Axh(z)

o 1 ., 40 5 d 1, 50
= ~ 4= ) (= 149 Y .z Z
<Mx8x+20xax2>(’ya:)—l—(+'yx) pa o+ 5ot |
= —y (2ux2 + 02:62) + (1 + 2vyx)px
= a(—o’z + 1)
<0, forz € int(C). (4.11)

It follows that if we can verify (4.10), and (V) for 7 then we are done. Let us
now consider the candidate equilibrium stopping time 7° := inf{t > 0 : X; > b}
and use the smooth fit condition to see that necessarily b = ﬁ Recall, from
standard theory, that for any 0,

P, (7" < o00) = b5 2! ¢, forz < b.
Since X; — 0 a.s. as t — o0, it hence holds, for any x < b, that

Pro (ZL‘) =E, (XTb)
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= EI(XTb_[{Tb<OO}) + Ex(XTb]{Tb:OO})
= bP, (% < 00)
= peale,

Similarly, E,(X?,) = b'™2!~¢. Hence, for z < b,
Tale) = Ea(X,0) — 7 (Bo(X2) — E2(X,)
= b2 — (02 — (0F2'6)?)
= 2 E(BE — AbITE) £ b,

It is easy to verify that J»(b) = b, for any b, and hence the function

} e T > b7
() = 2IE (S — AT 4 %% x < b,

is continuous. Note that

' (2) = 1, x > b,
T (= Qa1 + (2 - 200%2 %, @ <),

where the lower part is, for z = b, equal to:

(1= &b (0" = Ab™%) + (2 = 20)7b™b" % = (1 = &) (1 =) +2(1 = Eb
=1 =9I +1b).
In order for the smooth fit condition (Theorem [3.5) to be satisfied we need that

J',(b) isequal to f'(z)+g¢'(h(x))h' (x) = 1. We thus need that (1—¢§)(14+7b) = 1.
Hence, the only possible b is given by

bzi((li@_l):v(lg—f)‘

It is easily verified that holds when b = ﬁ using that u € (0,02/4]

and £ € (0, 1/2]. From the explicit form of J,+(x) above it follows that is
satisfied exactly when

' (05 — b)) % E — 2 >0, forx < b.

It is straightforward to show that this inequality is satisfied, using that £ €
(0,1/2] and b = ﬁ, and thereby verifying (4.10). The only thing we have
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left is to verify (V), which we will do using Theorem [3.6] From the calculations
above follows that

_71'27 X Z b7

— _ 2y
@Tb(z) - Eﬂ&( ’YX‘rb) - {_7b1+5x1—§’ z <D,

x, x> b,
berl=¢ oz <b.

l/ffb(f) = Ea:(XTb) = {

Let us drop the subscript 7 in the rest of the example. It follows that

QOI(.T) _ —2"}%, T > b7
—(1 = e~ x <,
—2y x>b
/! ) = Y 9
e'() {5(1 — bt g <.
Thus,
/ 1 2.2 1
Axp(z) = pay'(z) + 507"y (z)
) 2pya? — 5022727, x> b,
| —pa(1 = b e 4 $022 (1 = bttt < b,
=2y (p+ 50?), x> b,
|- =9t (u— %), @<,

=2y (p+ 20?), x>0,
o, z < b,

where we in the last equality used that £ = 2y /0. Similarly,

oy )L x > b,
Vi@ = {(1 oMt oz <b,

" _ 0, xr > b,
Vi@ = {—{(1 — O~ x < b,

Axp(a) = oy () + 50" ()

U, x > b,
pr(l — bt~ — so%22(1 = Evta~ 51, a < b,
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) pe, xr > b,
=9ttt (- 0%),  z <),
_ Jux, x>0,
B 0, x <b.

Note that ¢'(¢(b)) = 1 + 2y9(b) = 1 + 2vb. Thus,

=292 (p+ 30°) + (1 + 29b)ux, x> b,
07 x < b.

/hﬂw+dW@Vuw@:{

_Ja{( 290 = 2y + 30%)}, x>0,
0, r <b,

4.12
0, x < b. (412)

_{Hu+%w@—@—vﬁﬂ» v>b,
It is easily checked that ¢ and v are a C? everywhere except at # = b and that
©(-) + ¢ (¥(b))y(-) is C' everywhere. Hence, we may use Theorem [3.6] Let us
verify that holds:
Trivially, ¢”(b) = 2v. For the GBM it holds that o%(z) = z%0% Moreover,

%02 = &, b = 5 and —1 + 0%¢/u = 1. Using these findings, including

(4.12), we obtain o
Axp(b+) + g' (Y (0) Axy(b+) + Axp(b—) + ¢' (¥ (b)) Axp(b—)
—l—g//(l/)(b)) <¢/<b+> g ¢/(b_)> O_Q(b)

2
= b(p — yo?b) + 0 + 2y <€> b’o?

2
52
=b (u — y0%b — 7b202)

= b (1 —70%b +7bép)
. (u(l —§ -0+ §2u>

1=¢
_ §—1+0%/n—¢
()
2
:_bul—ii_ggga
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where the inequality follows from ¢ € (0,1/2]. This means that holds,
which, by Theorem 3.6] implies that condition (V) holds and we are done.

O
5 Appendix
Lemma 5.1. For any ™% € N andx € C,
. CIOTA*COQTh-‘rTh (l’) - ()0)\,0('1:)
AXSO/\,C'(x) - }ILI{‘% EI(Th)
= Az)(orc(@) = f(). (5.1)

Proof. Using arguments similar to those we used to arrive at (3.1) and the strong
Markov property we obtain

( (X ACOTAC(h)))

(I{Mqh}f (Xoac) + Lipasn,y f (X ACof)m”h))
E, (f

cl\x

PraCorrc(

(X720))
= P, ( )v

for 0 < h < h, for some h > 0. This implies that the second equality in
follows from Lemma 3.1 Now use the strong Markov property to see that

PrrCop,, 4, () = By (f (XTA,coeThnLTh))
— B, (B, (f (Xorcan n) 170)
=E, (SO)\,C(XTh)) :

Hence, the first equality in follows from the definition of the characteristic
operator Ax. O

Lemma 5.2. For any 7™¢ 7P ¢ N andx € C N D,

J)\7c(x) — JTA,CQTW,D(}L) (I)
h\0 Ex(Th)

= (M=) = n(@){f(x) = erc(x) + g’ (@rc(@)) (M) = Yac(e))}-

Proof. Use the same argument as in the proof of Lemma5.1] to obtain

JT)\,C ([l?) - JT,\,cQTn,D(h) (a:)
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= JT)”CO’T)"C(]'L) (I‘) - JT)‘70097—h+7'h ([E) - (JT)"CO’Tn’D(h) (I) - ‘]'r)‘vCoGTh—&-Th (CL’)O52)
The second part of can, by definition, be written as

JT,\,CQTy,,D(h) (33) — JTA,CogTthTh (QJ)

= ()DTA'COTU’D(h) (SE> - SOTAvCOBTh—&-Th ('I) + g(’l/}TX’COT"’D(h) (x)) - g<w7>‘vcod9¢h+7h (ZZ’))

From Lemma [3.1] it follows that

. PrraCornD(h) (I) - SOTA’COGTh+Th ([E)
lim
h\O0 Ex (Th)

=n(z)(f(z) — orc(®)).
Use the same arguments as for to obtain (here 7, := n(X}))

wT/\’COTmD(h) (l’)

= wTA,COQTthTh (.1') + ]EI (/OTh ntei fot Nsds (h(Xt) _ w/\’c (th)) dt) .

Using standard Taylor expansion we thus obtain

(0 o000y (2)) = 9 e 1, (2)
= 0 (Vrrcony 1n0) + Ea ([T mem 10 (h(X0) — a0 (X)) )
— (trcen on (2)
= 5 (V700 0 @) B ([ mee™ 572 (h(X0) = 0 (X)) ) + 0(Eu().

Use the equality above and ¢-x.ccp,, 1+, (2) = E; (¢1,0(X5,)) to obtain

g(wT’\’COT"’D(h) (3:)) - g(wTA7009-rh +7h (l’))

Hm E, (1)
' q (i/ﬁrwoefhwh (37)) E, <foTh me Jg meds (M(Xy) —ae (X7,)) dt)
= i E, (77)

=g (brc(@))n(x)(h(z) = e ().

Putting the above together gives us that the limit for the second part of
satisfies
lim JT)\,CQTW,D(h) ([E) - JT,\,cogTh_,_Th ($)
h\0 Ex(Th)
= n(x){f(x) = orc(x) + g’ (Wrc(@)) (h(x) = vac(x))}.  (5.3)
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In the same way we obtain that the limit for the first part of (5.2) satisfies

JTA’COTA’C(}Z) (ZL’) - JT)"COGTh +7, (l‘)

lim
h\0 Em(Th)
= Ma){f(2) = oac(@) + ¢ (Ur o) (Mz) —rc(@))}. (54)
The result follows from (5.2), and (5.4). ]

Lemma 5.3. For any ™% 7P € N and z € int(C°) N D,

1; J)\,C(I) - ‘]’T/\’COT"’D(]'L) (l’)
1m
ANO E.(7h)

— —Ax /(@) - ¢/ (h(z)) Axh(z).

Proof. Since D and int(C*) are open it follows that there exists a constant h >0
such that, for 0 < h < h,

TA’C < TT]’D(h) = I{Tn,DSTh}TT]’D + I{T7I,D>Th}(7')\’c ¢} 0Th —+ Th)
- I{T"S'rh}Tn + ]{7'77>7'h}(7—>\7c o QTh + Th)
= I{T"STh}Tn + [{T">Th}7—h

=T7TA Th.
Since x € int(C°) N D it follows that

JTA,C (l‘) — JTA,CQTn,D(h)(I)
= [(2) = prrcompm (@) + g(h(x)) — g(Urcompm (T)). (5.5)

Use Itd’s formula to rewrite the first part of (5.5) as

f(x) = oorcompmy(r) = f(x) — E; (f (XT/\vCo‘r’%D(h)>)
= f(z) = E; (f (X7un7,))

—_E, (/0 " AXf(Xt)dt> .

It follows that
f(ﬂ?) — Pr2CornD(h) ('I)

lim = —Axf(z).
h™\0 Em (T h) X f< )
Use similar arguments and standard Taylor expansion to rewrite the second part

of G3)

g(h(x)) = g(Vrrcompm)(x))
= g(h(z)) — g (Ez (M(X714r,)))

31



— g(h(z)) — g (h(:z:) +E, ( / T AXh(Xt)dt>)
= l0(a)) ~ (960 + S B (77 Axh(X)) + ofE. (7))

— g/(h(z))E. ( [ Axh(Xt)dt> + 0B, ().

Thus (h(x)) - g (=)
. h(x)) — g wTA*COTnvD(h) x
1 = — A
lim E, () g'(h(x))Axh(z)
The result follows. Il

Lemma 5.4. For any T)"C, P e Nandz € 0CN D,

J)“C (ZL’) - JT/\CQT%D(h) (23)

hgzn\j[glf Em (Th)
g £200) B (030(X0)) + gl0(0)) — g (Be (0(X))
A0 E.(7h) '

Proof. Here we use the temporary notation (A), (B) etc defined below. Write

J)\7c(l’) — JTA’COT"7D(h) (.’L‘)
= JA,C(.I’) — JT)\,COQTh+Th (:13) — (JT)\,COTn,D(h)([L') — ‘]TA’COQT}L-‘FT}I (g;))
= (A) = (B).

Write,

(B) = JT)"CO’Tn’D(h) (I) - ‘]TA‘COQTh-‘rTh (CL’)
= @Pr2CornD(h) (ZL’) - SOT)"COGT}L-‘FT}L (J?) + g(w’r}"COT”’D(h) (I)) - g(¢TA’COGTh+Th (ZL‘))
= (B1) + (B2).

Use that ¥ € D and the same arguments as for (3.2) to see that there exists a
constant i > 0 such that, for each 0 < h < h,

(B1) := @rrcomppy(T) — PrACob,, +m, €
=B, ([ nxie B0 (1) = pro (X)) dt).
Similarly, using Taylor expansion, we obtain
(B2) i= g(sncornpn(®)) — (o cup,, 1y (@)
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= 9 (¥t @) + B (70X 1O (0(X0) — a0 (X)) ) )

— g (Yot 4m (7))

= (a1 () B [ (X0 70 (h(X,) = 0 (X))t
+ o(Ex(m))

— 9/ (rc X)) e [ n(X0e™ B 1008 (h(X) — e (X)) d
+ 0(E,(m)).

Since vy o(x)— f(x) = 0and Y\ ¢(x)—h(z) = 0for x € OC, and these functions
are continuous (cf. admissibility), it follows that

lim inf —(B) = liminf —(B1) — (B2)

=0.
WO E,(7h) [AN) E. ()

Write

(A) : = Ie(@) = e, 47, (%)
= orc(@) + 9(Pac(z)) — (SOTAvCoeThJFTh(I) + g(wT)"COGTh"FTh (I)))
= pac() +9(Uro() = (B (pr0(Xn)) + 9(Es (r0(X5,))))

The result follows. OJ

Proof. (of Theorem . In this proof we use the notation 7 = 7. Let us first
suppose that 7 is an equilibrium stopping time, i.e. that it satisfies for each
x € F and each 77" € N, and show that this implies that conditions ([)-(V) are
satisfied. Let us consider different cases for x.

« 2 € C: Set D = C and use Lemma 5.2| to see that (2.2) can in this case be
written as

(M) = n(@){f(x) = prc(@) + ¢ (Vac(@)) (A(x) = Yac(x))} 2 0.

It follows that conditions and are satisfied. To see this recall that
the non-negative function 7 can be chosen so that n(z) is arbitrarily large
orn(z) = 0.

Now set D = (), which implies that the numerator of the left side of is
Jrc(z) — f(x) — g(h(x)), which does not depend on the constant h. This
implies that (I) holds.
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. x € int(C*): Set D = int(C*) and use Lemma [5.3]to see that can in
this case be written as —Ax f(z) — ¢'(h(x))Axh(z) > 0. It follows that
condition (II) is satisfied.

« € C: Set D = F and use Lemma[5.4] to see that the left side of is
equal to the left side of the inequality in (V), which directly implies that
condition (V) holds.

Le us now suppose that 7 solves the system ([)-(V) and show that this implies
that 7 is an equilibrium stopping time, i.e. that it satisfies (2.2) for each x € F
and each 77” € N. Let us consider an arbitrary 77" € N and different cases
for x.

e x € D:

- If z € C and A(z) > 0, then the left side of is, by Lemma
equal to (A(z) —n(2)){f(x)—pxrc(x)+g (Urc(x)) (M(z) — Prc(e))}
and hence ([II) implies that must hold.

- If z € C and A(z) = 0, then the left side of is, by Lemma
equal to —1)(2){f(2) = rc(@) +9'(bro(x)) (h(z) = Prc(2))} and
hence implies that must hold.

- If z € int(C*®), then Lemma [5.3| implies that the left side of is
equalto —Ax f(z) — ¢'(h(x)) Axh(x) and hence ([) implies that
must hold.

- If z € 9C, then Lemma 5.4/ and (V) implies that must hold.

« 2 € D The numerator of the left side of is in this case J, o(x) —
f(z) — g(h(x)) and hence () implies that holds for z € C. In case

x ¢ C then the numerator is zero.

O
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