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1. Introduction

The paper presents results of complete analysis and classification of in-
dividual ergodic theorems for perturbed alternating regenerative processes
with semi-Markov modulation.

The alternating regenerative processes and related alternating renewal
processes are popular models of stochastic processes, which have diverse ap-
plications to queuing, reliability, control and many other types of stochastic
processes and systems. We refer here to papers and books, which contain ba-
sic materials about regenerative processes including their alternating variants
and applications [4, 7, 9, 15, 17, 23, 28 — 32, 40, 53, 57].

Standard alternating models are constructed from sequences of “random
blocks” of two types, say, 1 and 2. Each block consists of a “piece” of
stochastic process of random duration. All blocks are independent. Blocks
of each type have the same probabilistic characteristics. The corresponding

!Department of Mathematics, Stockholm University, SE-106 91 Stockholm, Sweden,
E-mail: silvestrov@math.su.se



alternating regenerative process is constructed by sequential in time alter-
nate connection of blocks of types 1 and 2 taken from the above mentioned
sequences.

In the present paper, more general alternating regenerative processes are
studied, where sequential alternate connection of the blocks is controlled by
some binary switching random variables. The piece of stochastic process cre-
ating every block, its duration and the binary random variable, controlling
the decision about switching/non-switching of block type at the end of time
interval corresponding to this block, may be dependent. This let us speak
about semi-Markov modulation for the corresponding alternating regenera-
tive process.

If the above alternating regeneration process &.(t),t > 0 describes func-
tioning of some stochastic system, it is naturally to interpret £.(¢) as the state
of this system at instant ¢ and the corresponding modulating semi-Markov
process 7.(t) as the stochastic index, which shows that the system is in one
of two possible regimes (for example, “working” or “not working”) at instant
t if, respectively, n.(t) = 1 or n.(t) = 2.

It is assumed that joint probabilistic characteristics of the alternating
regenerative process &.(t) and the corresponding semi-Markov process 7.(t)
controlling switching of types depend on some perturbation parameter € €
[0,1] and converge to the corresponding joint characteristics of the pro-
cesses &(t) and ny(t), as € — 0. This makes it possible to consider process
(&-(t),n:(t)), for e € (0, 1], as a perturbed version of the process (&y(t), 70(t)).

The object of our interest are individual ergodic theorems about asymp-
totic behaviour of joint distributions P.;;(¢t, A) = P{&.(t) € A, n.(t) = j}
for perturbed alternating regenerative process £.(¢) and modulating semi-
Markov processes 7-(t), as time t — oo and the perturbation parameter
e — 0.

Models with tree different types of perturbation are considered. These
types are determined by the asymptotic behaviour of transition probabili-
ties peij, %, 7 = 1,2 of the embedded Markov chain 7., for the semi-Markov
process 7:(t). These transition probabilities converge, as ¢ — 0, to the cor-
responding transition probabilities of the limiting Markov chain 7.

The first class constitutes regularly perturbed models, where the limiting
embedded Markov chain 7, is ergodic that, in this case, is equivalent to the
assumption that max(po 12, po.21) > 0.

In the case of regularly perturbed models, the corresponding individual
ergodic theorems take forms of asymptotic relations P.;;(t., A) — m;(A) as
e — 0, which holds for any 0 < t. — oo as € — 0. The corresponding limiting
probabilities 7;(A) do not depend on an initial state ¢ of the modulating
semi-Markov process.



Such theorems resemble well known ergodic theorems for unperturbed
alternating regenerative processes and more general stochastic processes with
semi-Markov modulation.

Here, works [4, 7, 9, 12, 17, 23, 24, 29, 30, 35, 36, 40 — 45, 53, 57] can be
referred, where one can find the corresponding ergodic theorems for unper-
turbed regenerative and alternating regenerative processes (£o(t),n0(t)), and
[1, 10, 11, 13, 14, 23, 25 — 27, 33, 34, 37 — 39, 41 — 46, 48 — 50, 58], where
such theorems are given for some classes of regularly perturbed regenerative
and alternating regenerative processes (£.(t),n:(t)).

The second and third classes constitute singularly and super-singularly
perturbed models, where the limiting embedded Markov chain 7, is not
ergodic that is equivalent to the assumption that max(pg 12, po21) = 0.

The individual ergodic theorems for such models are the main objects of
studies in the present paper. They take much more interesting and complex
forms, if to compare them with individual ergodic theorems for regularly
perturbed alternating regenerative processes. In particular, the correspond-
ing individual ergodic theorems for singularly and super-singularly perturbed
models take forms of asymptotic relations P.;;(t., A) — m;;(t, A) as € — 0,
which hold for any 0 < ¢t. — 0o as ¢ — 0, which satisfy some time scaling
relation, t./v. — t € [0,00] or t./w. — t € [0,00] as ¢ — 0, with time
scaling factors v, = p;%g +p;;1 > we = (pep2 + Pep1)” " — 00 as € — 0.
The corresponding limiting probabilities 7;;(¢, A) may depend on parameter
t and an initial state ¢ of the modulating semi-Markov process. They take
essentially different forms, for cases t = 0, ¢t € (0,00) and ¢t = co. We classify
the corresponding theorems, respectively, as short, long and super-long time
individual ergodic theorems.

Individual ergodic theorems for singularly and super-singularly perturbed
alternating regenerative processes presented in the paper were not known
before.

The main analytic tool used for obtaining ergodic theorems is based on
results concerned generalisation of the renewal theorem to the model of per-
turbed renewal equation given in works [14, 37 — 39] and quasi-ergodic the-
orems for perturbed regenerative processes with regenerative lifetimes given
in works [13, 14, 48, 49].

Here, works [2, 3, 5, 6, 8, 14, 16, 18 — 22, 51, 52, 54 — 56, 59, 60] can also
be mentioned, where one can find results and bibliographies of works on limit
and ergodic type theorems for singularly perturbed Markov type processes.
The difference with some related results presented in these works, is that we
operate, in general, with non-Markov regenerative type processes and do not
exploit additive accumulation or phase merging phenomena.

We do prefer to use for getting individual ergodic type theorems, as we



think, the most effective methods based on generalisations of the classical
renewal theorem to model of perturbed renewal equation developed in the
above mentioned works [13, 14, 37 — 39, 48, 49]. This let us get the cor-
responding ergodic theorems under minimal conditions. In the case of un-
perturbed and non-alternating regenerative processes, these conditions just
reduce to the minimal conditions of the classical individual ergodic theo-
rem for unperturbed regenerative processes yielded by the famous renewal
theorem, which is given in its final form in [12].

The paper includes 7 sections. In Section 2, so-called quasi-ergodic theo-
rems for perturbed regenerative processes with regenerative lifetimes, which
play the role of basic analytical tool in our studies, and the model of per-
turbed alternating regenerative processes are presented, and comments con-
cerning regularly, singularly and super-singularly perturbed alternating re-
generative processes are given. In Section 3 — 6, short, long and super-long
individual ergodic theorems for regularly, singularly and super-singularly per-
turbed alternating regenerative processes are presented. Section 7, contains
a short summary of the results and a list of some directions for future devel-
opment and improvement of results presented in the paper.

2. Perturbed regenerative and alternating regenerative
processes

In this section, we present so-called quasi-ergodic theorems for perturbed
regenerative processes with regenerative lifetimes, which play the role of basic
analytical tool in our studies, introduce alternating regenerative processes,
comment and compare models of regularly, singularly and super-singularly
perturbed alternating regenerative processes and forms of the correspond-
ing ergodic theorems, and describe the special procedure of aggregation for
regeneration times, which play an important role in ergodic theorems for
perturbed alternating regenerative processes.

2.1. Quasi-ergodic theorems for perturbed regenerative pro-
cesses with regenerative lifetimes. The main tool, which we are going
to use are ergodic theorems for perturbed regenerative processes with regen-
erative lifetimes, given in the book [14].

Let (., F.,P.) be, for every € € [0, 1], a probability space. We assume
that all stochastic processes and random variables introduced below and
indexed by parameter ¢ are defined on this probability space.

Let also, for every n = 1,2,...: (a) &, = (&..(t),t > 0) be a stochastic
process with a phase space X (with the corresponding o-algebra of measurable
subsets Bx), measurable in the sense that &, (t,w), (t,w) € [0,00) x Q is



measurable function of (t,w) (this means that {(t;w) € A} € By x F.,A €
Bx, where B, x F. is the minimal o-algebra containing all products B X
C,B € B,,C € F., By is the o-algebra of Borel subsets of [0,00)); (b)
Ken be a non-negative random variable; (c¢) p., is a non-negative random
variable. Further, we assume that: (d) random triplets (., = (£, ,.(¢),t >
0), Ken, fen), are mutually independent; (e) the joint distributions of random

variables & ,,(tx), k = 1,...,7 and K., fte , do not depend on n > 1, for every
tr €10,00),k=1,...,r,r > 1.
Let us define regeneration times, 7., = ke 1+ -+ Kepn,n =1,2,..., 7.0 =

0, a standard regenerative process,

gs(t) = gs,n(t - Te,n—l)’ for t € [Ta,n—la Ta,n)y n = 17 27 R (1)

and a regenerative lifetime,

ve—1
[ = Z Ke g + ey L(ve < 00), (2)
k=1
where
Ve=min(n > 1: ey < Kep).

We exclude instant regenerations and, thus, assume that the following
condition holds:

A: P{k.1 >0} =1, for every € € [0, 1].

Condition A obviously implies that random variables 7., P oasn —
o0, for every e € [0, 1], and, thus, the regenerative process &.(t) is well defined
on the time interval [0, c0).

Let us introduce distribution functions F.(t) = P{r.1 < t,pu. > 7.1} =
P{ke1 <t ,pc1 > Ke1},t > 0 and stopping probabilities f. = 1 — F.(00) =
P{pe < 7e1} = P{pe1 < kc1}. We also assume that the following condition
holds:

B: (a) F.(:) = Fy(-) as ¢ — 0, (b) Fy(t) is a proper non-arithmetic
distribution function.

Here and henceforth symbol ¢ — 0 is used to show that 0 < e — 0.
Condition B obviously implies that the stopping probabilities,

fe—=> fo=0ase—0. (3)

Let us introduce expectations e. = [5° sF.(ds). We also assume that the
following condition holds:



C: (a) e. < o0, for € € [0,1], (b) e. — ¢p as € — 0.

The object of our interest are probabilities P.(t, A) = P{&.(t) € A, p. > t},
A € Bx,t > 0. These probabilities are, for every A € By, a measurable func-
tion of ¢ > 0, which is the unique bounded solution for the following renewal
equation,

Pa(t, A) = q.(t, A) +/0t Pt — s, AYF.(ds), £ >0, ()

where ¢.(t, A) = P{&(t) € A, 7eqa Ape >t} =P{&1(t) € A, meq A ey >t
A€ Bg, t > 0.
We also impose the following condition on the functions g.(t, A):

D: There exist a non-empty class of sets I' C Byx such that, for every
A € T, the asymptotic relation, lim, o limg<. o SUD_ (uns)<v<u |2(5 +
v, A) — qo(s, A)| = 0, holds almost everywhere with respect to the
Lebesgue measure m(ds) on [0, 00).

The class I' appearing in condition D contains the phase space X and is
closed with respect to the operation of union for not intersecting sets, the
operation of difference for sets connected by relation of inclusion, and the
complement operation. The detailed comments are given in Subsection 2.5.

Conditions A — D imply that process &y(t),t > 0 is ergodic and the
following asymptotic relation holds, for A € I,

Py(t, A) — m(A) as t — oo, (5)

where mo(A) is the corresponding stationary distribution given by the follow-
ing relation,
ro(A) = 610 [ aols, Aymids), A€ By (6)

Now we are prepared to formulate the basic, so-called quasy-ergodic the-
orem, for the perturbed regenerative processes with regenerative lifetimes
given in book [14]. It is also worth to note that this theorem is the direct
corollary of the version renewal theorem for perturbed renewal equation given
in papers [37 — 39).

Theorem 1. Let conditions A — D hold. Then, for every A € T', and
any 0 < t. — oo as e — 0 such that f.t. —t € [0,00] as e — 0,

P.(t., A) — e t/1y(A) as € — 0. (7)

Let us now assume that the model assumption (e) formulated above holds
only for n > 2. In this case, the process &.(t),t > 0 is usually referred as a
regenerative process with transition period [0, 7. 1).
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We also shall use the extension of Theorem 1 on the model of perturbed
regenerative processes with transition period. In this case, the shifted process
EW(t) = €(1.1 +1),t > 0 is a standard regenerative process, with regenera-

tion times 7'&@,2 = FKea+ -+ Koy, =1,2,... ,7'5(’10) = 0 and the the corre-

e

sponding shifted regenerative lifetime p( = S0 "'k p + 1 1+V(1>I(y§1) <
o0), where vV =min(n > 1: pe11n < Keiin)-

All quantities appearing in conditions A — D, the renewal equation (4)
and relation (6) should be defined using shifted sequence of triplets (£, o =
(€.o(t),t > 0), Kea, pe2). It is also natural to index the above mentioned

quantities by the upper index ()] for example, to use notation PV (¢, A) =
P{eW(t) € A ulY) > t}, etc. Probabilities P (¢, A) satisfy the renewal

1>
equation (4). Theorem 1 presents, in this case, the corresponding ergodic
relation for these probabilities.
Probabilities P.(t, A) = P{¢.(t) € A, p. > t}, defined for the initial regen-
erative process with transition period, are, for every A € By, connected with

probabilities P()(t., A) by the following renewal type transition relation,
t ~
Pt A) =@t A) + [ POt = s, A)F(ds), ¢ 20, (8)
0

where ¢.(t, A) = P{&(t) € A, men Ape >t} = P{&(t) € A 7en A iy >t}
A€ Bx,t >0and F.(t) = P{7.1 <t,pe1 > 7.1}, > 0 are the corresponding
characteristics related to the transition period.

We admit that the transition period can be of zero duration and, thus,
the distribution function F.(t) can possess an atom in zero or even be con-
centrated at zero, for € € [0, 1].

Let us additionally assume that the following condition holds:

E: F.(-) = Fy(-) as € = 0, where Fy(t) is a proper distribution function.

Let also f. = P{uc1 < 7.1} = 1 — F.(c0). Condition E obviously implies
that the stopping probabilities for transition period, f. — fo = 0 as € — 0.

It is also useful to note that ¢.(¢,A) < P{ro1 A pe1 > t} = P{r.1 >
tvlu’s,l > TE,l} + P{TEJ A He1 > tnuq,l < Ts,l}Ng P{N:—;,l > 7—5,1} - P{Ts,l <
topen > Ten} + P{uecs < 11} = F.(o0) — F.(t) + f.. This relation and
condition E imply that ¢.(t.,A) — 0 as ¢ — 0, for any 0 < t. — oo as
e —0.

The following quasi-ergodic theorem for perturbed regenerative processes
with transition period, is also given in book [14].

Theorem 2. Let conditions A — E hold. Then, for every A € T', and
any 0 < t. — oo as e — 0 such that f.t. —t € [0,00] as e — 0,

P.(t.,A) — e Vmy(A) as e — 0. 9)
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In the case of standard regenerative processes, Theorem 2 just reduces
to Theorem 1. Indeed, condition E can be omitted since it is implied by
condition B. The ergodic relation (9) reduces to the ergodic relation (7).

Let us also introduce modified regenerative lifetimes p. . = 228:_11 Ke k,
and po4+ = >4, Kexp and consider probabilities P. y(t, A) = P{&(t) €
A,,u,;i > t},A € Bx,t > 0.

Obviously, p. - < pe < pie 4+ and, thus, P. _(t,A) < P.(t,A) < P. . (t,A),
for any A € Bx,t > 0.

The following theorem is a useful modification of Theorem 2.

Theorem 3. Let conditions A — E hold. Then, for every A € T', and
any 0 < t. — oo as e — 0 such that f.t. —t € [0,00] as e — 0,

P.,(t:,A) — e_t/eoﬂ'[)(A) as e — 0. (10)

Proof. Conditions A — C imply that the asymptotic relation, f.x., I(v. <

00) -2+ 0 as € — 0, holds. The asymptotic relation (10) is an obvious corol-
lary of this asymptotic relation and the ergodic relation (9) given in Theorem
2.0

2.2. One- and multi-dimensional distributions for perturbed
regenerative processes. Individual ergodic theorems formulated in Theo-
rems 1 — 3 present ergodic relations for one-dimensional distributions P.(¢, A)
= P{&.(t) € A, u. > t} for regenerative processes with regenerative lifetimes.

It possible to weaken the model assumption (e) formulated in Subsec-
tion 2.1. This assumption concerns multi-dimensional joint distributions of
random variables & ,,(tx), k = 1,...,7, ke and pe .

It can be replaced by the weaker assumption that the joint distributions
of random variables &, ,,(t), ke, and p.,, do not depend on n > 1, for every
t>0.

The process &.(t),t > 0 will still process the corresponding weaken,
say, one-dimensional regenerative property, which, in fact, means that one-
dimensional distributions P.(t, A) = P{&.(t) € A, u. > t},t > 0 satisfy the
renewal equations (4).

Formulations of conditions A — E as well as propositions of Theorems 1
— 3 still remain to be valid.

2.3. Ergodic theorems for standard regenerative processes. We
would like to mention the important case, where stopping probability f. =
0,e € [0,1]. In this case, the regenerative stopping time p. = oo with
probability 1. Also, f.t. — 0 as e — 0, for any 0 <t. — 0o as € — 0.

Probability P.(t, A) = P{{.(t) € A} is a one-dimensional distribution for
process &.(t). Theorems 1 — 3 present in this case usual individual ergodic
theorems for perturbed regenerative processes &.(t).
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It is also worth to mention the case of unperturbed regenerative process
&(t),t > 0. Conditions A — D reduce in this case to the the minimal
conditions of the individual ergodic theorem for regenerative processes, which
directly follows from the renewal theorem given in its final form in [12]: (a)
Fy(+) is a non-arithmetic distribution function without an atom in zero; (b)
eo = [~ sFy(ds) < oo; (c) function go(s, A),s > 0 is, for A € I, continuous
almost everywhere with respect to the Lebesgue measure m(ds) on [0, c0).

Note that go(s,A) < 1 — Fy(s),s > 0 and, thus, under the above con-
dition (b), condition (c) is equivalent to the assumption of direct Riemann
integrability of the free term in the renewal equation (4), imposed on this
term in the renewal theorem given in [12].

Also, condition E just reduces to the assumption that (d) Fy(-) is a proper
distribution function.

The corresponding individual ergodic theorem takes in this case the form
of the asymptotic relation (5), i.e., Py(t, A) = my(A) as t — oo, for A € T

2.4. Perturbed alternating regenerative processes. Let, for every
i=1,2,n=1,2..: (f) &in = (Ein(t),t > 0) be a measurable stochastic
process with a phase space X; (g) k., be a non-negative random variable;
(h) 7.in and 7. are binary random variables taking values in the space
Y = {1,2}. Further, we assume that: (i) triplets ({.;, = (in(t),t >

0), Keins Meim), @ = 1,2,n = 1,2, ... and the random variable n. are mutually
independent; (j) the joint distributions of random variables &. ;. (tx), k =
1,...,r and Kec;pn,Nein do not depend on n > 1, for every ¢ = 1,2 and

tp €10,00),k=1,...,r,r > 1.
Here, the measurability assumption for processes &, ;,, is absolutely anal-
ogous to those formulated in the model assumption (a) for processes &, ,.
Let us define recurrently stochastic sequences of switching binary random

indices 7. ,,n = 0,1,... and regeneration times 7.,,n = 0,1,... by the
following recurrent relations, 7., = Mey . ym,? = 1,2,...,m.0 = 7. and
Tem = Kemeol + o+ Kepeimom = 1,2,..., 7.0 = 0, and the modulated

alternating regenerative process (&.(t),n:(t)),t > 0 by the following recurrent
relations,

ge(t) = ga,ng,n,hn(t - Te,n—l) and na(t) = Nen—1,
fort € [Tep-1,Ten),n=1,2,.... (11)

We exclude instant regenerations and, thus, assume that the following
condition holds:

F: P{k.;1 >0} =1,i= 1,2, for every ¢ € [0, 1].



This condition obviously implies that 7., Py casn — 00, for every
e € [0, 1], and thus, the above alternating regenerative process is well defined
on the time interval [0, c0).

Now, let us formulate conditions, which make it possible to consider
(&o(t),mo(t)),t > 0 as an unperturbed process and (£.(t),n:(t)),t > 0 as
its perturbed version, for € € (0, 1].

The above model assumptions (f) — (j) imply that the modulating index
sequence 7). ,,n = 0,1,... is a homogeneous Markov chain with the phase
space Y = {1,2}, the initial distribution p. = (p.;, = P{n.o = i},i =
1,2), and transition probabilities, p.;; = P{ne1 = j/ne0 = i} = P{n.i1 =
J}, 1,7 =1,2. We assume that the following condition holds:

G: (a) pej = 0. € (0,1] or pey; > 0,6 € (0,1], for i,j = 1,2 (b)
Deij — Doij as € — 0, for 4,7 =1, 2.

The above model assumptions (f) — (j) also imply that the modulating
index process 7:(t),t > 0 is a semi-Markov process with the phase space
Y and transition probabilities, Q.;;(t) = P{me1 < t,1m.1 = j/ne0 = i} =
P{kei1 < t,m.i1 =7}, t > 0,1, = 1,2. Also, let us introduce conditional
distribution functions Fy ;;(t) = Q.4;(t)/peij,t > 0 defined for 4, j € Y such
that De,ij > 0,e € (0, 1]

We also assume that the following condition holds:

H: (a) QE,ij<') = QO,ij(') as € — 0, for Z,] =1,2, (b) QO,ij(t) =0,t>0 if
Poij = 0 or Fy;i(t) = Qo,i;(t)/poij,t > 0 is a non-arithmetic distribu-
tion function if poy;; > 0.

Remark 1. Conditions of convergence G (b) and H (a) can be reformu-
lated in terms of Laplace transforms ¢ ;;(s) = [5° e Q. i;(dt), s > 0,i,j =
1,2. These conditions are equivalent to the assumption that ¢.;;(s) —
¢04j(s) ase — 0, for s >0 and 4,5 = 1,2.

Let us introduce expectations, e, ;; = E;7- 11(n.1 = j) = Ekci11(nz01 = J)
= [o75Q:j(ds), i, =1,2and e.; = E;7.1 = Ekci1 = €1 +€co,1 =1, 2.

Here and henceforth, we use notations P; and E; for conditional proba-
bilities and expectations under condition 7.(0) = 7. = 1.

We also impose the following condition of convergence for the above ex-
pectations:

I: (a) e.;; < oo, for every ¢ € [0,1] and i = 1,2; (b) e.;; — €4 as
e 0, fori=1,2.

The object of our interest is the joint distributions,

P.ii(t,A) =P{&(t) € An(t) =7}, A€ Bx,i,j =1,2,t > 0. (12)
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Probabilities P.;;(t, A) are, for every A € Bx,j = 1,2, a measurable
functions of ¢ > 0, which are the unique bounded solution for the following
system of renewal type equations,

Pa,ij (ta A) = 6(Za j)(]g,i(t, A)

2t
+Z/ Pt — s, Q. p(ds), t>0,i=1,2.  (13)
k=1"0

where QE,i<t7A) = Pz{&s(t) S A7776(t> = i7T€,1 > t} = P{é.s,i,l(t) S A7 Ke,i,l >
£, A€ By, t>0,i,j=1,2
Finally, we also impose the following condition on functions g. ;(¢, A):

J: There exists a non-empty class of sets I' C Bx such that, for every
A €T, the asymptotic relations, lim, o limg<. 0 SUD_ (yns)<v<u |G=i(5 +
v, A) — qoi(s, A)| =0, i = 1,2, hold almost everywhere with respect to
the Lebesgue measure m(ds) on [0, 00).

As for condition D, the class I' appearing in condition J contains the
phase space X and is closed with respect to the operation of union for not
intersecting sets, the operation of difference for sets connected by relation of
inclusion, and the complement operation. The corresponding comments are
given below, in Subsection 2.5.

Let us also consider, for ¢ = 1,2, the standard regenerative process
&.i(t),t > 0 with regeneration times 7.;, = Kej1 + - + Kejm,n = 1,2, .,
T.i0 = 0, defined by the following recurrent relations, & ;(t) = & ;in(t —
Tein—1), for t € [Tein—1,Tein),n =1,2,....

Conditions F' — J imply that, for every ¢ = 1,2, all conditions of Theo-
rem 1 hold for regenerative process & ;(t), with the corresponding stopping
probabilities f.; = 0, € [0, 1].

Thus, for every ¢ = 1,2, the following ergodic relation holds, for A € '
and any 0 < t. — oo as € — 0,

P{&.i(t:) € A} = mp(A) as e — 0, (14)

where the probabilities 7 ;(A) are corresponding stationary probabilities for
the regenerative process & ;(t) given by the following relation,

1

€0,i

mo4(A) = /0 " gos(s, Aym(ds), A € By (15)

2.5. Stricture of class I'. Note that functions ¢.(s, A) and q. (s, A)
appearing, respectively, in conditions D and J are finite measures as functions

of A e Bx.

11



This, in obvious way, implies that the class I' appearing in condition D
or J is closed with respect to the operation of union for non-intersecting sets,
i.e., if the convergence relation given in condition D or J holds for sets A" and
A" such that A’ N A” = (), then this relation also holds for set A = A" U A”.

The class I appearing in condition D or J also is closed with respect to
the operation of differences for sets connected by relation of inclusion, i.e., if
the convergence relation given in condition D or J holds for sets A" and A”
such that A" C A”, then this relation also holds for set A = A"\ A’

Also, the class of sets I appearing in condition D or J includes the phase
space X under assumption that, respectively, condition B holds or conditions
G and H hold.

Let us check this, for example, for the case of condition D. Indeed,
Qz-:(tyx) = P{Ts,l /\,us,l > t} = P{Ts,l > t, Me 1 > Ts,l}+P{Ts,1 /\,us,l > t;/JJz-:,l <
Tea}. Probability P{7c1 > ¢, pe1 > 7o1} = P{uen > 71} — P{ren <t pen >
T.1} = F.(00) — F.(t). Condition B implies that F.(oco) — F.(t.) — 1 — Fy(¢)
as ¢ — 0, for any t. — t as ¢ — 0 and t € C(F}), where C(Fp) is the set
of continuity points for the distribution function Fy(-). Also, P{7.1 A p.1 >
tespren < Ten} < P{p.1 < 71} = f- = 0 as e — 0. The above relations
imply that ¢.(t.,X) — q(t,X) = 1 — Fy(t) as € — 0, for any t. — ¢ €
C(Fp) as € — 0. Since C(Fp) = [0,00) \ C(Fp) is at most a countable set,
m(C(Fp)) = 0. These relations imply, by Lemma 1 given in Subsection 4.3,
that the asymptotic relation appearing in condition D holds for I' = X.

Finally, the above remarks imply that class I' appearing in condition D
or J is also closed with respect to the complement operation, i.e., if the
convergence relation given in condition D holds for set A, then it also holds
for set A.

Let us, for example, consider the model, where the phase space X =
{1,2,...,m} is a finite set and By is the o-algebra of all subsets of X. In
this case, it is natural to assume that the corresponding locally uniform
convergence relation appearing in condition J holds for all one-point sets
A ={j},j € X. This will obviously imply that this convergence relation also
holds for any subset A C X that means that, in this case, class I' = Bx.

2.6. Regularly, singularly and super-singularly perturbed alter-
nating regenerative processes. The aim of the present paper is to give
a detailed analysis of individual ergodic theorems for probabilities P. ;;(t, A)
that is to describe possible variants of their asymptotic behaviour as t — oo
and ¢ — 0.

We shall see that the asymptotic behaviour of transition probabilities
Deij,1,J = 1,2 for the Markov chains 7., plays an important role in these
ergodic theorems. Note that, according to condition G, these transition
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probabilities converge to the corresponding transition probabilities pg ;;, %, 7 =
1,2 of the Markov chain 7, as ¢ = 0.

There are three classes of perturbed alternating regenerative processes,
with essentially different ergodic properties.

The first class includes so-called “regularly” perturbed alternating regen-
erative processes, for which the limiting Markov chain 7, ,, is ergodic that, in
this case, is equivalent to the assumption that at least one of its transition
probabilities pg 12 and pgo; is positive.

Here, parameter 5 = pg12/po21 plays the key role. Obviously, (a) 8 €
(0,00), if po12, P21 > 0, (b) B =0, if pp12 = 0,pp21 > 0, and (c) we should
count = oo, if pp12 > 0,pp21 = 0. In case (a), the phase space Y is one
class of communicative states and the corresponding stationary probabilities
ar(B) = m’f’;’ﬁ = 115 and as(B) = po,lio-‘;-lzfo,m = 1751- In case (b), the
phase space Y consists of the absorbing state 1 and the transient state 2. In
this case, a1(0) = 1 and ay(0) = 0. Analogously, in case (c), the phase space
Y consists of the absorbing state 2 and the transient state 1. In this case
a1(00) = 0 and ay(o0) = 1.

In ergodic theorems for perturbed alternating regenerative processes, the
asymptotic stability of stationary probabilities for Markov chains 7., play
the key role. In the case of regularly perturbed models, condition G ob-
viously implies that the Markov chain 7., is ergodic, for every ¢ € [0, 1].
Its stationary probabilities are determined by parameter S. = pei12/pe21,

— Pe,21 _ 1 — Pe,12 _ 1 ;-
namely’ al(ﬁe) T Pea2tpe2r 1486 and OQ(BE) T Peietpear | 14870 Condi

tion G implies that . — [ as ¢ — 0 and, in sequel, a;(5.) — a;(5) and
as(B:) = as(B) as e — 0.

We shall see that ergodic theorems for regularly perturbed alternating
processes have a form of asymptotic relation, P. ;;(t., A) — Wég) (A)ase — 0,
which holds for A€ T',i,7 =1,2 and any 0 < t. — oco as € — 0,

The limiting probabilities 776?(14) depend on parameter 5 € [0, o], but
they do not depend on an initial state ¢ € Y. The forms of ergodic theo-
rems are analogous to those, which are known for unperturbed alternating
regenerative processes.

The second and the third classes include so-called “singularly” and “super-
singularly” perturbed alternating regenerative processes, for which the lim-
iting Markov chain 7, is not ergodic that is equivalent to the assumption
that both transition probabilities pg 12 and pg 21 equal 0.

According condition G, four cases are possible. The case (d) 0 < p: 12, Pe21
— 0 as € — 0, corresponds to singularly perturbed alternating regenerative
processes. Three cases, where (e) p.12 = 0,e € [0,1] and 0 < p.o; — 0
ase — 0, or (f) 0 < p.1a = 0ase — 0 and p.o; = 0, € [0,1], or (g)
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Dei2,Pe21 = 0,6 € [0,1], correspond to super-singularly perturbed alternat-
ing regenerative processes.

In case (d), the asymptotic stability for stationary probabilities a;(5.), 7 =
1,2 is provided by the following additional condition that should be assumed
to hold for some g € [0, 0]

Kgs: 8. = ps,12/pe,21 — fase— 0.

Condition G implies that the Markov chain 7., is ergodic, for ¢ € (0, 1].
Its stationary probabilities are determined by parameter S. = pei12/peo1,

_ Pe,21 _ 1 _ Pe,12 _ 1 ;-
namely, al(ﬂe) T Pea2tpe2r 1486 and OQ(BE) T Perztpeor | 14870 Condi
1

tions G and Kz imply that 8. — § and, in sequel, a;(5.) — a1 (f) = 43
and as(f:) = a(f) = ﬁ ase — 0.

In case (e), B: = pei2/peor = 0, for € € [0,1], and, thus, condition
Ky holds. Condition G implies that the Markov chain 7., is ergodic, for
e € (0,1] and its stationary probabilities a.1(0) = 1,a.2(0) = 0, for € €
(0,1]. Obviously, relations a.1(0) — a1(0) = 1 and a.2(0) = a2(0) = 0
as ¢ — 0 also hold. Analogously, In the case (f), 5. = pe12/p-21 = o0,
for € € [0,1], and, thus, condition K, holds. Condition G implies that the
Markov chain 7., is ergodic, for ¢ € (0,1] and its stationary probabilities
Qe 1(00) = 0,02(00) = 1, for € € (0,1]. Obviously, relations o, 1(c0) —
a1(00) = 0 and . 2(00) = az(c0) =1 as € — 0 also hold.

Ergodic theorems for singularly and super-singularly perturbed alternat-
ing processes have much more complex and interesting forms than for regu-
larly perturbed alternating regenerative processes.

Functions v. = p_i, + pia,e € (0,1] and w. = (po12 + peo1) e €
(0, 1] play important roles of so-called “time scaling” factor, respectively, for
singularly and super-singularly perturbed models. In the case (d), 0 < w. <
ve < 00, for € € (0,1] and w,.,v. — 00 as € — 0. In the cases (e) and (f),
0 < w. < v =00, for e € (0,1] and w. — oo as e — 0.

The main individual ergodic theorems for singularly perturbed alternat-
ing regenerative processes have forms of asymptotic relations, P. ;;(t., A) —

W(()’ég (t,A) as ¢ — 0, holding under assumption that condition Kz holds for
some 3 € [0,00], for A € I'i,j = 1,2, and any 0 < t. — 0o as ¢ — 0 such
that t./v. — t € [0,00] as € — 0.

The asymptotic behaviour of probabilities P.;;(t., A) can differ for dif-
ferent asymptotic time zones determined by the asymptotic relation ¢. /v, —

t € [0,00]. The corresponding limiting probabilities Wéﬁ}(t, A) may depend
on t € [0, 00], parameter 5 € 0, oo, appearing in condition Kz, and, also, on
the initial state ¢ € Y, if ¢ € [0, 00). It is natural to classify the corresponding

theorems as super-long, long and short time ergodic theorem, respectively,
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for cases t = oo,t € (0,00) and ¢t = 0, for which the corresponding limiting
probabilities take different analytical forms.

The corresponding ergodic theorems for super-singularly perturbed alter-
nating regenerative processes have forms of analogous asymptotic relations,
P.;i(t:,A) — ﬁéﬁ;(t, A) as € — 0, holding under assumption that condition
K, or K holds, for A € ;4,7 = 1,2 and any 0 < t. — o0 as € — 0 such
that t./w. — t € [0,00] as € — 0.

In this case, the asymptotic behaviour of probabilities P. ;;(t., A) also can
differ for different asymptotic time zones determined by the asymptotic rela-
tion t./w. — t € [0,00]. The corresponding limiting probabilities 7T(()BZ)] (t, A)
may depend on ¢ € [0, o0], parameter [, taking in this case one of two values
0 or oo, and, also, on the initial state i € Y, if t € [0,00). As for singu-
larly perturbed models, it is natural to classify the corresponding theorems
as super-long, long and short time ergodic theorem, respectively, for cases
t =o00,t € (0,00) and ¢t = 0, for which the corresponding limiting probabili-
ties take different analytical forms.

Ergodic theorems for singularly perturbed models for the cases, where
condition Ky or K, is assumed to hold, can be compared with ergodic
theorems for super-singularly perturbed models, respectively, for the cases
(e) or (f). Indeed, as was mentioned above, condition Ky or K., holds,
respectively, in the case (e) or (f).

In cases (e) and (f), i.e., for super-singularly perturbed models, v. = oo,
while 0 < w. < oo, for € € (0,1]. The only factor w. can be used as a time
scaling factor. In the case (d), i.e., for singularly perturbed models, 0 < w. <
ve < 00, for € € (0,1]. The question arises if w. can be used as a time scaling
factor instead of v.. The answer is in some sense affirmative, if condition Kpg
holds for some 3 € (0,00). Indeed, in this case, w. /v. — B(1+3)72 € (0, 00)
as ¢ — 0. The asymptotic relations, t./v. — t as ¢ — 0, and, t./w. — t
as € — 0, generate, in fact, in some sense equivalent asymptotic time zones.
However, the answer for the above question is negative, if condition K or
K holds. Indeed, in this case, w./v. — 0 as ¢ — 0. The asymptotic
relations, t./v. — t as € — 0, and, t./w. — t as € — 0, generate essentially
different asymptotic time zones, in the corresponding ergodic theorems. This,
actually, makes it possible to get, under the assumption that condition Ky
or K, holds, additional ergodic relations for singularly perturbed processes,
similar to those given above for super-singularly perturbed processes, for
asymptotic time zones generated by relation t./w. — t as ¢ — 0,

The extremal case, (g) pei12,p-21 = 0, € [0, 1], corresponds to abso-
lutely singular perturbed alternating regenerative processes. This case is
not covered by condition Kg. However, in this case the modulating process
ne(t) = n-(0),t > 0. Respectively, the process &.(t),t > 0 coincides with the
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standard regenerative process & ;(t),t > 0, if 1.(0) = i. The corresponding
ergodic theorem for process & ;() is given by Theorem 1 for its particular
case described in Subsection 2.3.

In conclusion, let us make some comments concerning ergodic theorems
for probabilities P.;_ ;(t,A) = P{¢.(t) € An.(t) = j} = pe1Peqj(t, A) +
pa,2P5,2j (t> A)

In models, where the corresponding limits for probabilities P.;;(t., A)
do not depend of the initial state 7, for example, for regularly perturbed
alternating regenerative processes, probabilities P. ;. ;(t., A) converge to the
same limits for any initial distributions p. = (pc 1, pe2)-

However, in models, where the corresponding limits for the probabilities
P.;;(t-, A) may depend of the initial state ¢, for example, for some singularly
or super-singularly perturbed alternating regenerative processes, probabil-
ities P. ;. ;(t, A) converge to some limits under an additional condition of
asymptotic stability for initial distributions:

L: p.;i — poiase — 0, fori=1,2.

If, for example, condition L holds and, P.;;(t., A) — W[()’BZ (t,A) as e — 0,
for i = 1,2, then,

Pep it A) = 7l (1t A) = pormsdy(t, A) + poanDi(t, A)ase — 0. (16)

2.7. Aggregation of regeneration times. The alternating regen-
erative process (&.(t),n:(t)),t > 0 is a standard regenerative process with
regeneration times 7.9, 7.1, 7:2,... if and only if the joint distributions of
random variables & ;,(tx),k = 1,...,7 and Kc;pn,N-in do not depend on
n > 1, for every t, € [0,00),k=1,...,r,r >i=1,2.

However, it is possible to construct new aggregated regeneration times
such that the process (£.(t),7n:(t)),t > 0 becomes a standard regenerative
process with these new regeneration times.

Let us define stopping times for Markov chain 7., that are, és[r] =
min(k > r : 9.x = n.,), which is the first after r return time to the state
Ners 6. [r] = min(k > r : 1. # n.,), which is the first after r time of change
of state 7., and 6.[r] = min(k > 6.[r] : .x = 7.,), which is the first after
0. [7] return time to the state 7.,. Obviously, the above return times are
connected by the inequality r < 0:5 [r] < 6.[r], for r =0,1,....

Let us also 0.9 = 0,0.,, = O[Uepp1],n = 1,2,..., and 0.9 = 0,0, =
OVen_1],m = 1,2,... be the corresponding sequential return times to the
state 7. o by the Markov chain 7. ,,.

Let also us consider sequential return times 7., = 7.5, ,,n =0,1,... and

Tem = Tep.,n = 0,1,... to the state 1.(0) by the semi-Markov process 7.(t).
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Process (&:(t),n-(t)),t > 0 is a regenerative process with regeneration
times 7.,,n = 0,1,.... It also is a regenerative process with regeneration
times 7. ,,n =0,1,....

We can also consider shifted sequences of stopping times 7., = 0,7, =

n N B _ o 1 _ ] o1 Dl

95[0],%,1 = 9[u57n71],n =2,3,...and 7.y = 0,0, = 95[0],%7,1 =40 L 1)

n = 2,3,..., and the corresponding continuous time stopping times 7., =
~/

Teor,,n=0,1,...and 7, , =7 ,n=0,1,...

If n.(0) = 1, then the stopping times 7. ,,n = 1,2,... and 7. ,,n = 1,2, . ..
are return times to the state 1 for the semi-Markov process 7.(t). As far as
the shifted stopping times 7/, and 7., are concerned, 7/, = 7., is the first
hitting time to state 2, while 7. ,,,n = 2,3,... and 7. ,,n = 2,3, ... are return
times to the state 2 for the semi-Markov process 7.(t).

If n.(0) = 2, then the stopping times 7. ,,n =1,2,... and 7. ,,n = 1,2, . ..
are return times to the state 2 for the semi-Markov process 7.(t). As far as
the shifted stopping times 7/, and 7., are concerned, 7/, = 7., is the first
hitting time to state 1, while 7. ,,,n = 2,3,... and 7. ,,n = 2,3, ... are return
times to the state 1 for the semi-Markov process 7.(t).

Process (&.(t),m-(t)),t > 0 is a regenerative process with the transition
period [0,7.;) and the regeneration times 7. ,n = 0,1,.... It also is a
regenerative process with the transition period [0, 7 ) and the regeneration
times 7/,,,n =0,1,....

We shall see that regeneration times 7., and 7., work well for models
with regular perturbations. However, these regeneration times do not work
well for the models with singular and super-singular perturbations. Here, the
regeneration times 7., and 7/, should be used.

3. Ergodic theorems for regularly perturbed alternating
regenerative processes

In this section, we present individual ergodic theorems for regularly per-
turbed alternating regenerative processes. These theorems are, in fact, rather
simple examples illustrating applications of results generalising the renewal
theorem to the model of perturbed renewal equation [37 — 39] and individual
ergodic theorems for perturbed regenerative processes throughly presented
n [14]. Other related references are given in the introduction.

3.1. Perturbed standard alternating regenerative processes. Let
us consider regularly perturbed standard alternating regenerative processes,
where, additionally to F — J, the following condition holds:

Mi: pea2, peor = 1, for e € [0, 1].
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In this case, the Markov chain 7 ,, is ergodic. Obviously, parameter 8 = 1,

and its stationary probabilities are, a1 (1) = as(1) = 3.
Conditions F — I and M, imply that the semi-Markov process no(t) is

ergodic. Its stationary probabilities have the form,

p1(1) = eo1/(eo1 + €o2), pa(l) = en2/ (€01 + €o2). (17)

The corresponding stationary probabilities for the alternating regenera-
tive process (&o(t),n0(t)) have the form,

W((lly)(A) = p;j()m;(A), A€ Bx,j=1,2. (18)

The ergodic theorem for perturbed standard alternating regenerative pro-
cesses takes the following form.

Theorem 4. Let conditions F —J and My hold. Then, for every A &
['i,j=1,2, and any 0 <t. — 00 as e — 0,

P.ij(te, A) — mi ) (A) as e — 0. (19)

Proof. In the case, where condition M; holds, the stopping times 9[ | =
r+1 and 0[r] = 9[]—7“—1—2 forr=0,1,.

Thus, the regenerations times 7., = %m = Teon,n = 0,1,... and 7, =

Lo=0,7 =7 =71, 7, =T, = Tean-1,n =2,3,....

Here and henceforth, we use the same symbol for equalities or inequalities
which hold for random variables, for all w € ) or almost sure, since this
difference does not affect the corresponding probabilities and expectations.

Therefore, the standard alternating regenerative process (£.(t),n.(t)),t >
0 is a standard regenerative process with regeneration times 7.9, 7: 2, - 4, - - ..
It also can be considered as a regenerative process with transition period
[0,7.1) and regenerative times 7.0, Te 1, Te 3, Te 55 - - --

Regenerative lifetimes are not involved. We can use the Theorems 1 — 3,
for the model with stopping probabilities f. = 0,¢ € [0, 1].

First, let us analyse the asymptotic behaviour of probabilities P. 11(t, A).
In this case, we do prefer to consider (£.(t),n:(t)),t > 0 as the standard
regenerative process with regeneration times 7.9, 7.2, . . ..

The renewal type equation (4) takes for probabilities P 1(t, A) the fol-
lowing form,

Poy(t, A) = ¢2(t, A) +/ Poi(t— s, Q3 (ds),t >0, (20)

where qgl)(t,A) = Py {&(t) € An(t) = 1,7.0 > t},t > 0 and Qfl)l( t) =
P1{7'572 S t},t Z O
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In this case, n.(t) = 1, for t € [0,7.1), and n.(t) = 2, for t € [1.1,7.2).
Therefore, for every A € Bx,t > 0,

g2 (t, A) = PL{E(t) € A,ne(t) = 1,70 > t}

=Pi{&(t) € A, meq > 1} = qea(t, A), (21)
Also, for t > 0,
Q1) = Pi{rez <t} = Qepa(t) * Qe (1), (22)
and, thus,
egl)l =Eim2=¢€c10+ €01 (23)

Note that condition M; implies that expectations e i1,€.20 = 0 and,
therefore, e; 19 + €.91 = €.1 + e.0.

Condition F obviously implies that condition A holds. Relation (22) and
conditions G, H, and M; imply that condition B (a) holds. Relation (22)
and condition H (b) implies that condition B (b) holds. Relation (23) and
condition I imply that condition C holds. Relation (21) and condition J
imply that condition D holds. As was mentioned above, in this case, f. = 0.
Thus, all conditions of Theorem 1 holds, and the ergodic relation given in
this theorem takes place for probabilities P. 11(t., A). In this case, it takes
the form of relation (19), where one should choose i, j = 1.

Second, let us analyse the asymptotic behaviour of probabilities P. 1 (, A).
In this case, we do prefer to consider (£.(t),n:(t)),t > 0 as the regenerative
process with transition period [0, 7. 1) and regenerative times 7. o, 7o 1, 7e 3, - - .

The shifted process (§.(7e1 + t),n:(7e1 + t)),t > 0 is a standard regen-
erative process. If 7.(0) = 2, then 7.(7.;) = 1. That is why, probabilities
P.11(t, A) play for the above shifted regenerative process the role of proba-
bilities P (¢, A) defined in Subsection 2.1.

The distribution function for the duration of the transition period [0, 7. 1)
has, in this case, the following form,

Po{re1 <t} = Q-01(t), t > 0. (24)

Relation (24) and conditions H, M; imply that condition E holds. Thus,
all conditions of Theorem 2 hold, and the corresponding ergodic relation for
probabilities P.1;(t., A) also holds for probabilities P. 91 (t., A).

Due to the symmetricity of conditions F — J and M; with respect to the
indices 7,7 = 1,2, the ergodic relations, analogous to the mentioned above
ergodic relations for probabilities P. 11 (t., A) and P. 91 (t-, A), also take place
for probabilities P.25(t., A) and P:2(t., A). The only, stationary probabil-
ities 7T((]’11)(A) should be replaced by stationary probabilities W(()}Q)(A) in the
corresponding ergodic relations. []
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3.2. Regularly perturbed alternating regenerative processes. Let
us now consider alternating regenerative processes with a regular perturba-
tion model, where additionally to F — J, the following condition holds:

Mos: poi2, po21 > 0.

Note that condition M, is a particular case of condition My, and, thus,
any standard alternating regenerative process also is a regularly alternating
regenerative process.

In this case, the Markov chain 7, is ergodic. Obviously, parameter 3 =
Po12/Po21 € (0,00), and the stationary probabilities for the above Markov
chain are, oy () = ﬁ and () = ﬁ

Conditions F — I and M, imply that the semi-Markov process 7y(t) is
ergodic. Its stationary probabilities have the form,

60,1061(5) 60,2042(5)
eoa1(B) + eo202(5) eo101(B) + eo202(8)

The corresponding stationary probabilities for the alternating regenera-
tive process &y(t) has the form, for g € (0, 00),

p1(B) =

, p2(B) = (25)

W(()g‘)(A) = p;j(B)mo;(A), Ae Bx,j=1,2. (26)

The ergodic theorem for perturbed alternating regenerative processes
takes the following form.

Theorem 5. Let conditions ¥ — J hold and, also, condition My holds
and parameter po12/poo1 = B € (0,00). Then, for every A € I',i,j = 1,2,
and any 0 <t. — 0o as € — 0,

Prijte, A) = 7§ (A) as € — 0. (27)

J

Proof. Aswas pointed out in Section 4, process (£.(t),n.(t)) is a regenera-
tive process with regeneration times with regeneration times 7. ,,,n = 0,1, .. ..
It is also a regenerative process with the transition period [0,7.,) and the
regeneration times 7/,,,n =0,1,....

Again, regenerative lifetimes are not involved. We can use the Theorems
1 — 3, for the model with stopping probabilities f. = 0,e € [0, 1].

First, let us analyse the asymptotic behaviour of probabilities P. 11 (¢, A).
In this case, we do prefer to consider (£.(t),n.(t)),t > 0 as the standard
regenerative process with regeneration times 7.,,n =0,1,....

The renewal type equation (4) for probabilities P.11(t, A) takes, in this
case, the following form,

¢ .
P.11(t,A) = ¢eq1(t, A) + /0 P.11(t —s,A)Q:11(ds), t > 0, (28)
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where (je,l(th> = P1{§6<t> € Aana(t) - 177/;6,1 > t}vt Z 0 and Qa,ll(t) -
P {7y < t},t > 0.

Ifn.(0) =1, thenn.(t) = L fort € [0,7.1). Also, 7.1 = 7.1, if .1 = 1, and
ne(t) = 2, for t € [1.1,7-1), if .1 = 2. Therefore, for every A € Bx,t > 0,

q€71(ta A) = Pl{fa(t) G A?ﬁE(t) = 177/;671 > t}
=P{&(t) € A, men > tmea = 1}
+ P1{£E<t) € A, 7_571 > t, 7’]5’1 = 2}
- Pl{fa(t) € AvTe,l > t} = %,l(ta A) (29)
In this case, Q.11(t) is the distribution function of the first return time

to state 1 for semi-Markov process 7.(t). It can be expressed in terms of
convolutions of transition probabilities for this semi-Markov process,

Qeni(t) = Qerr (1) + Qena(?) Z@m )% Qe (£),t >0, (30)

Relation (30) takes the following equivalent form in terms of Laplace
transforms,

eni(s) = /0 T et (dt)

= Pe11(5) + P 12( Z D~ 93(8)Pe,21(5)
;
1- ¢5,22(S)

Relation (30) also implies that random variable 7. ; has a so-called burned
geometric distribution that is,

= ¢e11(8) + Pe12(5) be21(s), s > 0. (31)

o 1 with probability p. i1,
7\ n  with probability p. o PL33 Peon, for n > 2.

This fact and conditions G, H, and M, imply, in an obvious way, that
expectation é.;; = E17.1 < oo. It can be easily computed, for example,

using the derivative of the Laplace transform ¢ 11(s) at zero,

R . A 1
ee11 = E17.1 = —gzﬁ’e,n(O) = €11t €127 De 21
I —peoo
€¢,22 1
+ Pe,12 = p€’22)2p5,21 + Pe,12 1 —pom €e 21
_ €¢,1P¢e,21 + €¢ 2P 12 _ es,lal(ﬁs) + 65,2052(55) (32)
DPe21 041(55)
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Obviously, 7., > T.n, for n = 0,1,.... Thus, condition F implies that
condition A holds. Relations (30), (31) and conditions G, H, and M imply
that Laplace transforms ¢ 11(s) = do11(s) as € — 0, for s > 0. Thus, by
Remark 1, condition B (a) holds. Also, relation (30) and condition H (b)
implies that condition B (b) holds. Relation (32) and conditions H and
I imply that condition C holds. Relation (29) and condition J imply that
condition D holds. As was mentioned above, in this case, f. = 0. Thus, all
conditions of Theorem 1 hold, and the ergodic relation given in this theorem
takes place for probabilities P.1;(t., A). In this case, it takes the form of
relation (27), where one should choose i, j = 1, i.e., for every A € I', and any
0<t, >0ase—0,

a1 (B) o0
eo.101(B) + ega0z(B) /0 qo.1(s, A)m(ds)

_ eo,101(5) 1 oo
~epioq(B) + 60,2042(ﬁ)e()J/() qo.1(s, A)m(ds)

= p;(B)m0,(A) = 7)) (A) as & — 0. (33)

Pz—:,ll(tsa A) —

Second, let us analyse the asymptotic behaviour of probabilities P. 1 (¢, A).
In this case, we do prefer to consider (£.(t),n-(t)),t > 0 as the regenera-
tive process with transition period [0,7/,) and regenerative times 7., 7., =
Tels Teos Tigs oo

The shifted process (&(7.; +t),n-(7.; +1)),t > 0 is a standard regen-
erative process. If .(0) = 2, then n.(7.1) = 1. That is Why, probabilities
P.11(t, A) play for this process the role of probabilities P(V(t, A) pointed out
in Subsection 2.1.

The distribution function for the duration of the transition period [0, 7. 1)

has, in this case, the following form,

Po{7e1 <t} = Q521 Z Q1) * Qe (t),t > 0. (34)

This relation takes the following equivalent form in terms of Laplace trans-
forms,

Fem(s) = / 0, o (dt)

—Z¢522 ¢521 )_ ¢€’21(S)

1- ¢s,22(3) ’

Relations (34), (35) and conditions G, H, and M, imply that Laplace
transforms ¢. 21(s) — ¢o21(s) as € — 0, for s > 0. Thus, by Remark 1,

s> 0. (35)
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condition E holds. All conditions of Theorem 2 hold, and the correspond-
ing ergodic relation for probabilities P ;(t., A) also holds for probabilities

P€,21(t€7 A)
Due to the symmetricity of conditions F — J and My with respect to
the indices i, = 1,2, the ergodic relations, analogous to the mentioned

above ergodic relations for probabilities P. 11 (t., A) and P: o (t., A), also take
place for probabilities P. o(t., A) and P-j5(t., A). The only, the stationary
probabilities W(()i)(A) should be replaced by stationary probabilities Wé@(A)
in the corresponding ergodic relations. []

Remark 2. Theorem 4 is a particular case of Theorem 5. In this case,
the ergodic relation (27) takes the form of ergodic relation (19).

3.3. Semi-regularly perturbed alternating regenerative processes.
Let us now consider alternating regenerative processes with the semi-regular

perturbation model, where additionally to F — J, the following condition
holds:

M;: (a) poa2 = 0,p021 > 0 or (b) pp12 > 0,pp01 = 0.

In this case, the Markov chain 7, is ergodic. Obviously, parameter
B = poi2/po21 = 0, and the stationary probabilities for the above Markov
chain are, a1(0) = 1,a2(0) = 0, if condition M3 (a) holds. While g =
Po.12/Po21 = 00, and the stationary probabilities for the above Markov chain
are, a;(00) = 0, as(00) = 1, if condition M3 (b) holds.

Conditions F — J and M3 imply that the semi-Markov process ny(t) is er-
godic. Its stationary probabilities have the form, p;(0) = eg101(0)/ (€0 1041 (0)+
ep202(0)) = 1, p2(0) = €p202(0)/(€0101(0) + eg202(0)) = 0, if condition
M;3 (a) holds. While, p;(00) = egia1(00)/(eg101(00) + €g202(00)) = 0,
p2(00) = egaa(00)/(eg 101 (00) 4 egaca(o0)) = 1, if condition M3 (b) holds.

The corresponding stationary probabilities for the alternating regenera-
tive process (£o(t), n0(t)) have the form, Wé?(A) = p;(B)mo;(A), A€ Bx,j =
1,2, for =0 and g = 0, i.e.,

7T0,1(A) fOI‘ j = ].,
oo (4) = { 0 forj=2 (36)
and
() 4 0 for j =1,
70, (4) = mo2(A)  for j=2. (37)

The ergodic theorems for perturbed alternating regenerative processes
take the following forms.
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Theorem 6. Let conditions F —J and M3 (a) hold. Then, for every
Aeli,j=1,2, and any 0 <t. — 00 ase — 0,

P.yj(te, A) — w5 (A) as e — 0. (38)

Theorem 7. Let conditions F —J and Mj (b) hold. Then, for every
Ael,i,7=1,2, and any 0 <t. — o0 ase — 0,

Peyj(te, A) — 15 (A) as e — 0. (39)

Proof. Process (£.(t),7n:(t)) is a standard regenerative process with re-
generation times 7.,,n = 0,1,.... It also is a regenerative process with
transition period [0, 7. ) and regenerative times 7/, n =0,1,....

Again, regenerative stopping is not involved. We can use the Theorems
1 — 3, for the model with stopping probabilities f. = 0,e € [0, 1].

Let us consider the case, where condition M3 (a) holds.

Let us analyse the asymptotic behaviour for probabilities P ,(t, A),j =
1,2. In this case, we prefer to consider (&.(t),n.(t)),t > 0 as the standard
regenerative process with regeneration times 7.9, 7.1, 7z 2, - - ..

First, let us analyse the asymptotic behaviour of probabilities P. (¢, A).

The renewal type equation (4) takes for probabilities P ;(¢, A) the fol-

lowing form, for j = 1,2,
3 N
Pty A) = Geaj(t, A) +/0 Poj(t — s, A)Qc11(ds), t > 0, (40)

where ¢.1,(t,A) = P1{&(t) € An(t) = j, 7.1 > t},t > 0,5 = 1,2 and
Qenn(t) =Pi{71 < t},t>0.

In the case of probabilities P. 11(¢, A), we can repeat all calculations made
in relations (28) — (32), given in the proof of Theorem 5. These relations, in
fact, take simpler forms.

Analogously to relation (29), one can get, for every A € Bx,t > 0,

Gen1(t, A) = Pi{&(t) € A, meq >t} = g1 (L, A). (41)

Also, as was pointed out in comments related to relation (30), Q.1 (t) is
the distribution function of the first return time to state 1 for semi-Markov
process 7:(t), and the following formula, analogous to (31), takes place for
its Laplace transform,

Gen(s) = [ e Qun(a)

= Cba,u(s) + ¢e,12<3) !

W¢8’21(5)’ s > 0. (42)
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Also, the following formula, analogous to (32), takes place for expecta-
tions,

ec101(B:) + ec202( )
aq (ﬁs) .

Conditions G, H, and M3 (a) imply that, in relation (42), either Laplace
transform ¢, 12(s) = 0, for s > 0, if p.12 = 0, for € € [0,1], or ¢.12(s) — 0
as e — 0, for s > 0, if 0 < p.12 — 0 as € — 0. This implies that the
Laplace transforms ¢.11(s) = ¢o11(s) = ¢o11(s) as e — 0, for s > 0.
Thus, by Remark 1, condition B (a) holds, with the corresponding limiting
distribution function @ 11(¢). According to condition H, condition B (b)
holds for the distribution function @ 11(¢). Analogously, in relation (43),
either expectation e. 1o = 0, if p.12 = 0, for ¢ € [0,1], or e. 12 = 0 as € — 0,
it 0 < p.12 = 0as e — 0. It follows from this remark and conditions G
— I that the expectations é.11 — €911 = €p11 as € — 0. Note also that
condition M3 (a) implies that expectation eg1; = €p1. Thus, condition C
holds, with the corresponding limiting expectation e 11 = 1. Relation (41)
and condition J imply that condition D holds. As was mentioned above,
in this case, f. = 0. Thus, all conditions all conditions of Theorem 1 hold,
and the ergodic relation given in this theorem takes place for probabilities
P.11(t., A). In this case, it takes the form of relation (38), where one should
choose 7,7 = 1.

Second, let us analyse the asymptotic behaviour of probabilities P 12(t, A).

Holding of conditions A — C was pointed above.

Ifn.(0) = 1, thenn.(t) = 1 fort € [0,7.1), and 7.1 = 7.1, 1f 7.1 = 1. Also,
ne(t) =2, for t € [11,7-1), if n.1 = 2. Therefore, for every A € Bx,t > 0,

ée,n = Elﬁr,l = _qgla,ll(o) = (43)

Geno(t, A) = Pi{&.(t) € An(t) =2,7.1 > t}
< Pl{fz—:@) € A: 775@) = 27725,1 > thz-:,l <t, Ne1 = 2}
<P <tm1 =2} <peia (44)

Since, p.12 = 0, for € € [0,1] or p.12 — 0 as ¢ — 0, condition D holds
for function §. 12(¢, A) with the corresponding limiting function §o12(¢, A) =
0,t > 0, for every A € Bx. Thus, all conditions of Theorem 1 hold, and the
ergodic relation given in this theorem takes place for probabilities P- 15(t., A).
In this case, it takes the form of relation (38), where one should choose
i=1,j=2

Third, let us analyse asymptotic behaviour of probabilities P- 9(¢, A),j =
1,2. In this case, we do prefer to consider (£.(¢),n:(t)),t > 0 as the regenera-
tive process with transition period [0,7/ ;) and regenerative times 7/, 7/, =
Tels Teoy Tig o
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The shifted process (§.(7., +1),n-(7.; +1)),t > 0 is a standard regen-
erative process. If 7.(0) = 2, then 7n.(7.1) = 1. That is why, probabilities
P.1;(t, A) play for this process the role of probabilities P(Y)(¢, A) defined out
in Section 2.

The distribution function Po{7.; <t} = Q&Ql(t) and the Laplace trans-
form &3712(3) = o7 e_“"t@a712(dt) for the duration of the transition period
[0,7.1) are given, respectively in relations (34) and (35). These relations
and conditions G, H and Mjs (a) imply that Laplace transforms ¢.12(s) —
q@o,lz(s) as e — 0, for s > 0. Thus, by Remark 1, condition E holds. All con-
ditions of Theorem 2 hold, and the corresponding ergodic relation for prob-
abilities P.;(t., A),7 = 1,2 also holds for probabilities P. »;(t., A),7 =1, 2.

Due to symmetricity of conditions F — J with respect to the indices i, j =
1,2 the corresponding asymptotic analysis for probabilities P. ;;(t., A),i,j =
1,2 (under assumption of holding condition M3 (b)) is analogous to the
above asymptotic analysis for probabilities P.;;(t., A),i.7 = 1,2 (under as-
sumption of holding condition M3 (a)). The corresponding ergodic relation
(39) takes place for the above probabilities, under assumption of holding con-
dition M3 (b). O

4. Super-long and long time ergodic theorems for singularly
perturbed alternating regenerative processes

In this section, we present super-long and long time individual ergodic
theorems for singularly perturbed alternating regenerative processes. We also
present in this section the special procedure of time scaling for perturbed
regenerative processes. It is essentially used in the corresponding proofs.

4.1. Time scaling for perturbed regenerative processes. Let re-
turn back to the model of perturbed regenerative processes with regenera-
tive lifetimes introduced in Subsection 2.1. So, let (), > 0 be, for every
e € [0, 1], aregeneration process with regeneration times 7. ,,n = 0,1, ... and
a regenerative lifetime yi. constructed using the triplets (¢, = (&.,(t),t >
0), Keny flen) introduced in Subsection 2.1.

Let also v.,e € (0,1] be a positive function. We also choose some vy €
[0, o0].

In some cases, it can be useful to replace, for every ¢ € (0,1], the
above triplet by new one, (&v.n = (Cemen(t) = Enltve), t > 0), kv m
Ugl’is,m Hewen = U;1M6,n>'

Respectively, the above regenerative process &.(t),t > 0 will be, for every
e € (0, 1], transformed in the new process &, ,_(t) = &(tve:),t > 0. Obviously.
&.0.(t),t > 0 is also a regenerative process, with new regenerative times
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Tewem = U2 "Ten,n =0,1,... and new lifetime g ,. = v pe.

We also should introduce some limiting triplet (£y.0.n = (Covpm(t), t >
0), K0.09.n5 H0.00.n), Which possess the corresponding properties described in
Subsection 2.1, and the corresponding limiting regenerative process &y, (t) =
Eo.wom(t — Towgm—1) fOr t € [T0.09.m—1, Towen)s M = 1,2,..., regeneration times
Towom = Kowgl + *** + Kowem, ™ = 1,2,...,7T040 = 0, and a regenerative
lifetime, 10,0y = Kow9,1 + *** + K0,00,00,09—1 T 10,0000, » WhHETE Vg, = min(n >
L: Ho,v0,n < HO,vg,n)~

In such model, we can assume the the corresponding conditions A — D
hold for the transformed regenerative processes ., (t),t > 0, their regener-
ation times 7., n,n =0,1,... and lifetimes p. ,_.

It worth to note that the probabilities P. ,_(t, A) = P{&..(t) € A, pte . >
t} = P.(tv., A) = P{&(tv.) € A, e > tv},t >0, for € € (0,1].

The basic renewal equation (4) for probabilities P, ,,_(t, A) takes, for € €
(0, 1], the following form, for A € By,

t
Poc(tA) = @ (6 A) + [ Pt =5, )P (ds), 120, (45)
0

where q. . (t, A) = P{&0.(t) € A, Te v 1 Altc, > 1} = q(tv:, A) = P{E(tv.) €
A7TE,1 A He > tve} and Fs,vg(t) = P{Ts,v5,1 S t,/JJz-:,vE 2 Te,vs,l} = P{Ts,l S
tv& Ug_llfle Z Ug_lTs,l}-

We shall see in the next section that the above scaling of time transfor-
mation can be effectively used in ergodic theorems for singularly perturbed
alternating regenerative processes, where aggregated regeneration times can
be stochastically unbounded as ¢ — 0. In such models, we shall use time
scaling factors 0 < v. — vy = oo as € — 0, and refer to v. as to time
compression factors.

4.2. Singularly perturbed alternating regenerative processes.
Let us now consider the alternating regenerative processes with the singular
perturbation model, where additionally to F — J, the following condition
holds:

N;: 0 < Pe,12 = Do,12 = Dase —0and 0 < Pe21 — Do21 = 0Oase — 0.

The case, where condition Ny holds, is the most interesting. Here, we
should also assume that probabilities p. 12 and p. 91 are asymptotically com-
parable in the sense that the condition Kz holds for some § € [0, co].

Let us define function v, = p;b + p;%l. Obviously, 0 < v. — vy = 0o as
e — 0. Also, p_1p/ve — (1+B)7" and p_3; /v. — (1+ 7)) ase — 0.

As was pointed out in Section 4, process (£.(t),n:(t)) is a regenerative
process with regeneration times 7.,,n = 0,1,.... It is also a regenerative
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process with the transition period [0,7.,) and regeneration times 7., n =
0,1,.

Unfortunately, the model with aggregated regeneration times 7 ,, does not
work in this case. Indeed, conditions G, H and N; implies that ¢, 12(s) —

$012(s) = 0 as e — 0, for s > 0 and, thus, using relation (31), we get
Ge11(8) = G=11(8) + De12(8) =5 019 ¢5 o P=21(s) = @o11(s) as € = 0, for s > 0.
Thus, the distributions of regeneratlon times Qc11(-) = Qo11(-) = Qoa1()
as ¢ — 0. At the same time, conditions G — I, N; and relation (32) imply
that, in this case, é.11 = —65’”’5’2;::15’2”5’12 — ep1 + €020 = €011 + €220 as
e — 0. This makes it impossibie to use Theorems 1 — 3, which require
convergence of expectations for regeneration times to the first moment of the
corresponding limiting distribution for regeneration times. In the above case,
€o,11 = €011 7 €o,11 + €o2203, if B> 0.

Fortunately, we can use an alternative model with aggregated regener-
ation times 7., introduced in Subsection 4.2. Process (&(t),n:(t)) is a re-
generative process with regeneration times 7. ,,n = 0,1,.... It is also a re-
generatlve process with the transition period [0, 7 ) and regeneration times
=01,

Let us analyse the asymptotic behaviour for probabilities P.11(¢, A). In
this case, we do prefer to consider (£.(t),7n.(t)),t > 0 as the standard regen-
erative process with regeneration times 7. ,,n =0,1,.. ..

The renewal equation (4) for probabilities P. 11(t, A) takes, in this case,

the following form,

En’

t .
Poii(t,A) = geq(t, A) + /0 P.11(t — s, A)Qe11(ds), t > 0, (46)

where Q£,l(t7A) = Pl{fa(t) € Aana(t) = 17715,1 > t}vt 2 0 and Qa711(t) =
P {1 <t},t>0.

Ifn.(0) =1, thenn.(t) = L fort € [0,7. 1), and n.(t) = 2, for t € [T.1,7:1).
Therefore, for every A € Bx,t > 0,

Cj€,1<t7 A) = Pl{g&(ﬂ € A7 7]6@) = 17%6,1 > t}
=P {&@t) € An(t) = 1,71 >t} = G.a(t, A). (47)
In this case, Q&H(t) is the distribution function of the first return time
to state 1 after first hitting to state 2, for the semi-Markov process 7.(t). It

can be expressed in terms of convolutions of transition probabilities for this
semi-Markov process,

Qo1 (t) = Qs,lQ(t) * Qe,m(t), t>0. (48)
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where, for 7,5 € Y,1 # j,
Qeij(t) = Y Q1i(t) x Qe yj(t), t >0, (49)
n=0

According relation (48), the distribution function Q. 1;(t) of return time
7.1 is the convolution of two distribution functions, Q&lg(t) and Q&Ql (t). This
means that return time 7. ; is the sum of two independent random variables
7.1 and 7.1 — 7.1, which have the distribution functions, respectively, Q&lQ(t)
and Qgﬁgl(t). The former one is the distribution of the first hitting time of
state 2 from state 1, the latter one is the distribution of the first hitting time
of state 1 from state 2, for the semi-Markov process 7.(t).

Remind that we assume that 7.(0) = . = 1. In this case, (a) the return
time 7., is a random sum, 7.; = Zf;[ol] Ke1n, where (b) the random index,
6.[0] = min(n > 1: 1.1, = 1) has the geometric distribution with parameter
Den2, i.€., it takes value n with probability pgillp&lg, forn=1,2,....

Relation (b) and condition N; imply that random variables,

Pe.120:10] LN Case—0, (50)

where ( is a random variable exponentially distributed, with parameter 1.

Random variables k. 1,,n = 1,2,... are i.i.d. random variables with the
distribution function F.;(t) = Pi{rc11 < t} = Qc11(t) + Qen2(t),t > 0.
Conditions H and I imply that (c) distributions F;;(-) = Fyi(-) as e — 0
and (d) expectations e.; = Eyrc11 = [oo sFo1(ds) — epqr = J5° sFo1(ds) as
e — 0.

Relations (c¢) and (d) imply that, for any integer-valued function 0 <
ne > o0 as e — 0,

n_t Z Keln LN eo1 as € — 0. (51)
k=1
Indeed, let 0 < s, — 00 as k — oo be a sequence of continuity points for
the distribution function Fy;(¢). The above relations (c) and (d) obviously
imply that, for any ¢ > 0,

R oo . oo - Sk
ll_I)I(l) . sF.1(ds) < ll_r% 5 sF.1(ds) = ll_r%(e&l —/0 sk 1(ds))
= €0,1 — / ' SF071(dS) —0as k — o0, (52)
0
and, thus, the following relation holds, for any ¢ > 0,
ll_r)I(l) . sk 1(ds) = 0. (53)
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Relation (53) implies that, for any ¢ > 0,

nPi{ntko11 >ty =n(1— F.1(tn.))
< t’l/ sF.1(ds) — 0 as e — 0. (54)
tne

Also, relations (d) and (53) implies that, for any ¢ > 0,
tne
nBin ko l(n keq <t) = / sdF.1(ds) — egy as € — 0. (55)
0

Relations (54) and (55) imply, by the criterion of central convergence,
that relation (51) holds.

The random index 6.[0] and the random variables k.1,,n = 1,2,... are
dependent. Nevertheless, since the limit in relation (51) is non-random,
relations (50) and (51) imply that stochastic processes,

(p=120:10], > Keppn,t >0 0% (¢,teo),t > 0as e — 0. (56)

n<tp5 12

By well known results about convergence of randomly stopped stochastic
processes (for example, Theorem 2.2.1 [47]), representation (a) and relation
(56) imply that random variables,

~ d
De12Tel — 60’1C as ¢ — 0. (57)

Since, poip/ve — (14 B)7! as e — 0, relation (k) implies the following
relation,
Qemg,m(') = Qo,vo,m(') as € — 0, (58)
where QO,U0,12(t) = P{%Jﬁf < t},t > 0 is the distribution function of an
exponentially distributed random variable, with parameter e, 114 B).

Since the random variable 7. ; — 7. 1 has distribution function Q5721(t), one
can, in the way absolutely analogous with relation (57), prove the following
relation,

Peor(Te1 — Te1) LN ep2( as € — 0, (59)
and, in sequel, . .
Qev.21(+) = Qowo21(+) as € = 0, (60)
where Qg .21 () = P{ewﬁc < t},t > 0 is the distribution function of an
exponentially distributed random variable, with parameter e, S(1+B871).

Let QE,%,n(t) = Qan(tve) = Py{7.1/v. < t},t > 0 be the distribution
function of the normalised return time v 17, ;.
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Relations (48), (58) and (60) imply that,

Qs,vg,ll(') = QO,vo,ll(') as & — 07 (61)

where QO,vo,ll<t) = P{eo,lﬁ(’l + eo,gﬁé’g < t},t > 0 is the distribution
function of the linear combination of two independent random variables (;
and (5, exponentially distributed, with parameter 1.

Note that in that cases 8 = 0 or § = oo, respectively, the second or
the first random variable in the above sum vanishes in zero. In this case,
Qomo,n(t) is an exponential distribution function with parameter, respec-
tively, eq. 1 or €. 3

Also, that above representation (a) for the random variable 7. ;, as the
random sum, implies that,

0:[0]

Ce e 12 = /0 Q. wea2(ds) = v 'E Z Keln
= 'E Z Ke1a1(0:[0] > n —1)
n=1

= U;IE Z ’is,l,nl(ns,l,k = 17 1 < k <n-— 1)

n=1
= ve_l Z Ekc1nEl(ne1=1,1<k<n-1)
n=1
-1 €e,1
= Z €e 1p€ 11 = . (62)

Uapa,12
Analogous formula also takes place,

65,2

Uspa,Zl

(63)

éve,vg,21 = U;IE(%E,I - 7’:5,1) =

Relations (62) and (63) imply the following relation,
1 1

+ €e2
U€p€,12 Usps,Ql

= €0,00,11 :/0 SQO,Uo,ll(dS)- (64)

és,ve,ll = €e0.,12 + €eve,21 = €e1

1

1
_> JE—
eo11+ﬁ ’214‘5_1

The above remarks prompt us how to apply the scaling of time trans-
formation with compression function v., described in Subsection 5.1, to the
regenerative process (£.(t),m-(t)),t > 0 with regeneration times 7.,,n =
0,1,....
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So, let us consider, for every ¢ € (0,1], the compressed in time ver-
sion of the regenerative process (&.(t),n.(t)),t > 0 with regeneration times
Temsm = 0,1,.... It is the regenerative process (&, (t),New.(t)),t > 0 =
(& (tve), me(tv.)), t > 0 with regeneration times 7.,_, = v. 7. ,,n=0,1,....

The renewal type equation (4) takes for probabilities P., 11(t,A) =
P. 11 (tv., A) the following form,

t .
P87U5711<t7 A) = qe,vg,l(ta A) + A Pe,vg,ll(t - S, A)Q€7U5711(d8)7 t Z 07 (65)

where Geo. 1(t, A) = P1{&0. (1) € A0 (t
Pi{&(tve) € A n.(tve) = 1o 7oy > tht
t} = Qeni(tv.) = Pi{vo % < t},t > 0.
We shall define the corresponding limiting regenerative process (o, (),
Nowe(t)),t > 0 and the regeneration times 7oy n,m = 0,1,... in the next
subsection, after computing the corresponding limits for functions ¢, 1 (¢, A)

and distribution functions Qg,v&ll(t).

) = lafa,vsv,l > t} = (.?5,1<tU57A) =
>0 and Qa,ve,ll(t) = Pl{i—a,va,l <

4.3. Locally uniform convergence of functions and convergence
of Lebesgue integrals in the scheme of series. In this subsection, we
formulate two useful propositions concerned locally uniform convergence of
functions and convergence of Lebesgue integrals in the scheme of series. The
proofs can be found, for example, in book [14]. We slightly modify these
propositions for the case, where the corresponding functions and measures
are defined on a half-line.

Let f.(s) be, for every € € [0, 1], a real-valued bounded Borel functions
defined on R, = [0,00). We use the symbol f.(s) —= fo(s) as € — 0 to
indicate that functions f.(-) converge to function fy(-) locally uniformly at a
point s € [0,00) as ¢ — 0. This means that,

lim Tm sup  |f(s+0) — fo(s)| = 0. (66)

0<u—0e—0 —(’LL/\S)SUS’LL

Lemma 1. Functions f-(s) — f-(s) as e — 0 if and only if (cx)
fe(se) = fo(s) ase — 0, for any 0 < s. — s ase — 0.

Let By denote the Borel o-algebra on R, and let u.(A) be, for every
e € [0,1], a finite measure on B,. We use the symbol u.(-) = uo(-) ase — 0
to indicate that the measures u.(A) weakly converge to a measure po(A) as
¢ — 0. This means that, for all 0 < v < oo such that the limiting measure
has not an atom in the point v,

([0, v]) = po([0,v]) as e — 0. (67)
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Lemma 2. Let the following conditions hold: (o) pe(-) = po(-) as
e —0; (B) pe(Ry) = po(Ry) ase — 0; () lim,_,g SUDser, | fe(s)| < o00; (0)
fe(s) N fo(s) ase — 0, for s € S, where S is some subset of By such that
po(S) =0. Then,

/}R+ fe(s)pe(ds) — /R+ fo(s)po(ds) as e — 0. (68)

4.4. Super-long time ergodic theorems for singularly perturbed
alternating regenerative processes. In this subsection, we describe the
asymptotic behaviour for probabilities P. ;;(t., A) for so-called “super-long”
times 0 < t. — oo as € — 0 satisfying the following relation,

te/ve = 00 as € — 0. (69)

The corresponding limits for stationary probabilities for perturbed semi-
Markov processes 7. . (t) take, for 5 € [0, 0c], the following form,

p1(B) = eopc1(B)/e(B), p2(B) = eo202(B)/e(B), (70)
where
ar(f) = (14 8)7" a(f) =1+ (71)
and
e(B) = epion(B) + eo202(B). (72)

Note that p1(8), p2(8) € (0,1), if B € (0,00), while p1(8) = 1, p2(8) = 0,
if 6= 0, and pi(8) = 0, p2(8) = 1, if 8 = oc.

The corresponding limiting probabilities for singularly perturbed alter-
nating regenerative processes take the following form,

miy (4) = py(B)mos(A), A€ By.j = 1.2 73)

It is useful to note that the above limiting probabilities coincide with
the corresponding limiting probabilities for regularly perturbed alternating
regenerative processes with parameter 5 = pg12/po21 given in relations (26),
(36), and (37).

The following theorem takes place.

Theorem 8. Let conditions F —J, Ny hold and, also, condition Kg holds
for some € [0,00]. Then, for every A€ T'i,j =1,2, and 0 < t. — 00 as
e — 0 such that t./v. — 00 as e — 0,

P.ij(te, A) = 75 (A) as e — 0. (74)
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Proof. We are going to prove that all conditions of Theorem 1 hold for
the regenerative processes (& .. (1), e (1)) = (&(tve),n-(tv.)),t > 0 with
regeneration times 7., = v; ey m,n = 0,1,... and, also, that all condi-
tions of Theorem 2 hold for the regenerative processes (& .. (1), New. (t)) =
(&(tve), m=(tve)), t > 0 with the transition period [0, 7/, ;) and regeneration
times 7/, , = v '7, .., m=0,1,....

Note that, the regenerative lifetimes are not involved. The corresponding
stopping probabilities f., = 0,e € (0,1].

First, let us analyse the asymptotic behaviour of probabilities . ,. 1(¢, A).
Here, we can use the quasi-stationary ergodic relation given in Theorem 3.

Let us introduce random variables pic 1, = ke 1l(He1, =1),n=1,2,....
Let now consider the sequence of random triplets (&1, = (&qn(t),t >
0), Keams Hean),n = 1,2,..., the regenerative process & 1(t) = & 1,(t —
Tedn—1), fort € [Te1n-1,Tcan), n =1,2,..., with regeneration times 7., =
Keiit+hein,n=12,...,7.10 = 0, and the regenerative lifetime p. ; +
Telwes, Where vop =min(n > 1: pe 1, < Kepp) =min(n > 1:1.1, = 2).

Let us also denote P.; 1 (t,A) = P1{&.1(t) € A, i1+ > t}. In this case,

the distribution function Fy;(t) = P{rc11 < t,pe11 > keaa} = P{hc11 <
t,meq1 = 1},t > 0, the stopping probability f.1 = P{uc11 < Kke11} =
P{n.11 = 2} = pe12, and the expectation e.; = Erc111(pte11 > Ken1) =
E/fa,1,11(778,1,1 = 1) = €¢,11-
It is also readily seen that, for every A € Bx,t > 0,
Gen(t, A) = P1{&(t) € An-(t) = 1,71 >t}
= Pl{fe,l(t) € A, He 1+ > t} = P5717+(t, A) (75)

Conditions F — J and N; imply that conditions A — D holds for the
regenerative processes & 1(t),t > 0 with regenerative times 7. 1,,n = 1,2, ...
and regenerative lifetimes fi.; 4.

Let s € (0,00). We choose an arbitrary 0 < s. — s as € — 0.

The above relation obviously implies that s.v. — oco. Conditions Ny and
Kﬁ ObViOUSly lmply that fa,lsava = Pe 128V = 86(]— +p€,12/p5,21) — ts,,@ =
s(1+ ) as ¢ = 0. Note that ¢, 3 € (0,00), for 5 € [0, 00), while ¢, , = c0.

Thus, all conditions of Theorem 3 holds for the regenerative processes
£.1(t),t > 0 with the regenerative times 7.1,,n = 1,2,... and the regener-
ative lifetimes pi. ;1 . Therefore, the following relation holds, for any A € T',
and s € (0, 00),

P6,1,+<86U67 A) - st,l (S€U67 A) - (ja,vs,l(saa A)
— Gowon(s, A) = e_ts’ﬁ/eo’lﬂo71(A) as ¢ — 0. (76)
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If 8 € [0,00), then the limiting function g, 1 (s, A) = e~*U+A /01y, (A),
s € (0,00) is a non-trivial exponential function. However, if § = oo, the
limiting function §o ,1(s, 4) = 0,s € (0, 00).

In both cases, we can define ¢ ,.1(0, A) = limp<s—0 §o,uy,1(5, A4).

Obviously, §o.v,.1(0,A) = m1(A), if 8 € [0,00), and G ,1(0,4) = 0, if
b = .

Recall also the limiting distribution function Qg y,11(t) = P{eo,lﬁg +
ewﬁ@ < t},t > 0 given by relation (61). Here, (; and (; are two
independent random variables, exponentially distributed, with parameter 1.

Now, we are prepared to define the corresponding limiting regenerative
process (€0, (), Moo (t)), t > 0 with regeneration times 7y, 7 = 0,1,.. ..

Let us &, Kim,? = 1,2,n = 1,2,... be random variables, for which we
assume that: (a) they are mutually independent; (b) their distributions do
not depend on n > 1; (c) &, are random variables taking values in space
X and such that, P{¢;; € A} = m(A),A € By, for i = 1,2; (d) the ran-
dom variables k;,, are non-negative random variables and P{x;; < t} =
P{eo1115¢ < t},t > 0 while P{ro1 <t} = P{egoqgz=C < t},t > 0.

Now, let us define the inter-regeneration times Koy, = K1n + Kop, N =
1,2, ..., the regeneration times 7o v, n = K01 " +K0wom, ™ = 1,2, ..., T000.0
= 0, and the regeneration process &g 4, (t) = &1.n, Mo (t) = 1, for t € [7o.v9.n-1,
Towon—1+ K1) A0 €000 (1) = Ean,s Mo, (1) = 2, for t € [To.ugn—1 + K105 Towoun)
forn=0,1,....

It is readily seen that P{&y,(t) € A, T000.1 > t} = Gowea(t, A),t > 0 and
P{TO,vo,l S t} = Qo,vo,u(t),t Z 07 where qvo,v0’1<t, A) and QO,vo,ll(t) are given,
respectively, by relations (76) and (61).

Therefore, the renewal equation (4) for probabilities Fp,,11(¢, A) =
P{&0.uo(t) € A, 1., (t) = 1} takes the following form,

t -
Poanar(t: A) = doana (. A) + [ Poynt =, A)Qouun(®). £ =0. (77)

All conditions of Theorem 1 hold for the regenerative process (& .. (),
New.(t)),t > 0 with regeneration times 7.,_,,n =0,1,....

Indeed, Condition F implies that condition A holds for the above regen-
erative processes. Relation (61) and conditions G, H, I and N; imply that
condition B holds. Relation (64) and conditions and conditions G, H, I and
N; also imply that condition C holds.

Due to an arbitrary choice of 0 < s. — s as ¢ — 0, convergence in
relation (76) is locally uniform in every point s € (0,00). Thus, by Lemma
1 given Subsection 4.3, the asymptotic relation in condition D holds for
functions ¢. ., 1(s, A),s € [0,00) for any s € (0,00). Convergence at point
0 is not guarantied. However, m({0}) = 0. Thus, condition D holds for
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functions ¢e . 1(sc, A),s € [0,00), with the limiting function g, 1(s, 4) =
e~tss/eonim, 1 (A), s € [0, 00).

By the above remarks, all conditions of Theorem 1 hold, and the ergodic
relation given in this theorem takes place for probabilities P.,_ 11(tL, A) =
P.11(tlv., A) for any 0 < t. — oo as € — 0,

P (tl, A) = Py (tve, A) — 71—((],511)0,1(/4)

1 o)
= / e~tss/e0ary  (A)ym(ds) as € — 0. (78)
0

éO,’UoJl

Relation (64) and formula ¢, 3 = s(14-3) imply that probabilities 71'((]751))071(14)

coincide with probabilities 7T(()7ﬁ ) (A) given in relation (73). Indeed,

1 00
7T(()ﬂv)ol(A) — Vi/ 6_5(1+’8)/60’17T01(A)m(d3)
o €0,00,11 J0 ’
eo(1+p8)7t @
- ’ A) = m i (A). 79
cor(1 5 B) 1 +eqa(1 g1 ot =il (79)

Thus, the following ergodic relation holds for any for A € I'and 0 < ¢, —
o0 as € — 0,
P11 (tv., A) — W(()?l)(A) as e — 0. (80)

Let us now consider the compressed version of the regenerative process
(&(),m:(t)),t > 0 with the transition period [0, 7. ;) with regeneration times

lom = 0,1,.... It is the regenerative process (& v, (), M. (t)),t > 0 =
(& (tve), me(tve)), t > 0 with regeneration times 7/, , = v '7/, ,n=0,1,....

The shifted process (&, (72,1 + 1), New. (72,1 +1)),t > 0 is a standard
regenerative process. If 1., _(0) = 2, then 7. ,_(7.,.1) = 1. That is why, prob-
abilities P.,, 11(t, A) play for this process the role of probabilities P™) (¢, A)
pointed out in Subsection 2.1.

Relation (60) and conditions G, H, I and N; imply that condition E
holds for the distribution functions Q¢ 21(t) = Po{Fe0.1 < t},t > 0.

Thus, all conditions of Theorem 2 hold, and the ergodic relation (80)
for probabilities P:,_ 11(t.,A) = P.11(tlv., A) also holds for probabilities
Py 21(tL, A) = P oy (tlve, A).

Due to the symmetricity of conditions G — J, Kz, and IN; with respect
to the indices i, j = 1,2, the ergodic relations, analogous to the mentioned
above ergodic relations for probabilities P.,_ 11(t., A) = P.11(tlv., A) and
P. . 01(tL, A) = P. 91 (tLv., A), also take place for probabilities P ,_22(tL, A) =
P.yo(tiv., A) and P.,_ 12(tL, A) = P.12(t.v., A). They have the following
forms, P, i(tL, A) = P.ia(tiv., A) — 155 (A) as e — 0, for i = 1,2,
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The above analysis, in particular, relation (80), yields the description of
asymptotic behaviour of probabilities P. ;;(t., A) for super-long times 0 <
t. — o0 as € — 0 satisfying the asymptotic relation t./v. — 0o as ¢ — 0. To
see this, one should just represent such t. in the form, t. = tLv.. Obviously,
tL=t./v. >oc0ase—0. 0O

4.5. Long time ergodic theorems for singularly perturbed al-
ternating regenerative processes. In this subsection, we describe the
asymptotic behaviour of probabilities P.;;(t., A) for so-called “long” times
0 <t.— oo as € — 0, which satisfy asymptotic relation,

te/ve =t € (0,00) as € — 0. (81)

Let 8 € (0,00), and n¥(¢),+ > 0 be a homogeneous continuous time
Markov chain with the phase space Y = {1, 2}, the transition probabilities
of embedded Markov chain p;; = I(i # j),4,j = 1,2, and the distribution
functions of sojourn times in states 1 and 2, respectively, Fl(ﬂ ) (t) =1-—
e~ t+B)/eor ¢ > () and Féﬁ)(t) = 1 — et D/eo2 ¢ > (. We also assume
that this Markov chain has continuous from the right trajectories.

Let us pi () = Pi{n(t) = j},t > 0,4, = 1,2 be transition probabili-
ties for the Markov chain n®(t).

The explicit expression for the transition probabilities pgf ) (t) are well
known, as the solutions of the corresponding forward Kolmogorov system
of differential equations for these probabilities. Namely, the corresponding
matrix Hpgf) (t)|| has the following form, for ¢ > 0,

CACE W B
where
N0 = ) = A =@ ), @
and | |
P B E . SR N SR ERT o S

AB) eB) AB) e(B)

Note that the Markov chain n®(t) is ergodic and p;(3),i = 1,2 are its
stationary probabilities.
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The corresponding limiting probabilities have in this case the following
forms, for A € Bx, i,7 =1,2, t € (0,00),

701 (A) fori=1,2,8=0,
Tr(()li)1<t’ A) = pglﬂ) (t)ﬂ-O,l(A) for i = 1a 275 € (07 OO)? (85)
0 fori=1,2,8 = oo,
and
0 fori=1,2,6=0,
moa(t A) = ) (Bmoa(4) fori=1,2,8¢€ (0,00,  (86)
m0.2(A) fori=1,2,0 = cc.

The following theorem takes place.

Theorem 9. Let conditions F —J, Ny hold and, also, condition Kg holds
for some € [0,00]. Then, for every A€ T'i,j =1,2, and 0 < t. — 00 as
e — 0 such that t./v. -t € (0,00) as e — 0,

P.yi(te, A) — mii(t, A) as e — 0. (87)

Proof. Let us again us consider the renewal equation (77) for the com-
pressed regenerative process (&, (), Nen. (1)), t > 0 = (&(tve), n:(tv.)),t > 0
with regeneration times 7. ,_, = v;l%&n, n=20,1,....

As well known, the solution of this equation has the form,

t .
Prveit(t:A) = [ et = 5, A0 1(ds), £ 2 0, (38)
0
where .
Ua,vg,ll(t) - Z szg,ll(t>7 t >0, (89)
n=0

is the corresponding renewal function.

Inequality Q" ,,(t) < Q" 1;(t) obviously holds any ¢t > 0 and n
1,2,.... These inequalities and relation (61) imply that, lim._,o QX7 1 (¢)
lime 0 Q2 11(1) = Qf 11 () < 1, since Qo 11 () = P{eo15CiTeoo =G
<t} < 1. Thus, the series on the right hand side in (89) converge asymptot-
ically uniformly, as ¢ — 0.

Also, relation (61) implies that Q:TZEn() = QS%,M(') as € — 0.

The above remaks imply that, for ¢ > 0,

IA

Ua,vg,ll(t) — UO,Uo,ll(t) as ¢ — 0. (90)

The convergence relation in (90) holds for all ¢ > 0, since Q;’;go,u(t),t >0
is a continuous distribution function and, in sequel, due to the above remarks,
Upwy11(t),t > 0 is continuous function.
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Relation (76) implies that, for every ¢t > 0, functions ¢, 1(t — s, A) Y,
Gowp1(t —s,A) as e — 0, for s € [0,t). At the same time, due to continuity
function Ug ,11(t), for t > 0, measure Up ,11(ds) has no atom at any point
t>0.

By the above remarks and relations (76), (90), Lemma 2 formulated in
Subsection 4.3 imply, that the following relation holds, for A € I" and ¢ > 0,

t
Prvetr(tA) = [ deoealt = 5. )0 n(ds)
¢ 3
— Powoi(t,A) = /0 Go,00,1(t = 5, A)Up vy,11(d5)
¢ §
— 1 (A) /0 e~ t=WHD/c0agy (ds) ase 0. (91)

Next, we make an important remark that the scaling of time transforma-
tion with the compression factors v. and all following asymptotic relations
presented above can be, in obvious way, repeated for any slightly modified
compression factors ¥, = a.v., where 0 < a, — 1 as ¢ — 0.

In particular, the modified asymptotic relation (91) takes the following
form, for A€ " and t > 0,

Pe,i)E,ll (t, A) = Pe’ll(tCLEUE, A) — P()ﬂ,o’n(t, A) as ¢ — 0. (92)

Due to an arbitrary choice of 0 < a. — 1 as ¢ — 0, relation (92) is, for
every t > 0, equivalent to the following relation, which holds for any A € T’
and 0 <t/ - tase—0,

P6711<t,€//l}€, A) = Pe,vg,ll(tga A) — PO,vo,ll(t7 A) as € — 0. (93)

As was pointed in Subsection 4.4, the shifted process (& .. (7L, ; + 1),
Newe (TLpo1 +1)),t > 0 is a standard regenerative process. If 7., (0) = 2,
then 7., (7:0.1) = 1. That is why, probabilities P.,_ 11(t, A) play for this
process the role of probabilities Ps(l)(t, A) pointed out in Subsection 2.1. The
distribution function for the duration of transition period is Q57U5721(t) =
Po{Tep.1 <t} t > 0.

According relation (60), the distribution functions Q.. 1(t) weakly con-
verge as € — 0 to the distribution function Qg .21(t) = P{eogﬁ( < t}

which is continuous function for t > 0. If § € (0,00], then Qg1 (t) =
1 - e‘““ﬁ_l)/eov?,t > 0 is the exponential distribution function. If g = 0,
then Qou.21(t) = I(t > 0),¢ > 0.

The renewal type transition relation (8) takes the following form,

t ~
Ps,vg,Ql (ta A) = /0 Ps,vg,ll(t - S, A)Qs,va,ﬂ (dS), t 2 0 (94)
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Relation (93) implies that, for every ¢ > 0, functions P.,_11(t — s, A) LN
Powy11(t —s,A) ase — 0, for s € [0,¢). At the same time, due to continuity
the distribution function Qg1 (t) for ¢ > 0 measure Qg 21(ds) has no
atom at any point ¢ > 0. By these remarks and relations (60), (93), Lemma
2 formulated in Subsection 4.3 implies that the following relation holds, for
AeT and t >0,

t ~
PE,’US,Q]. (t, A) = A Pa,vg,ll(t - S, A)Qa,va,ﬂ (dS)

t ~
- /0 PO,vo,ll(t -5, A)QO,UO,Zl (ds) = PO,vg,21(t7 A). (95)

By arguments similar with those used for relations (91) — (93), one can,
for every ¢t > 0, improve relation (95) to the more advanced form of this
relation, which holds for A € I' and any 0 <t/ -t ase — 0,

PE721 (t;’va, A) = Pg,v&Ql (tg, A) — P07v0721 (t, A) as ¢ — 0. (96)

It is remains to give a more explicit expression for the limiting probabil-
ities P07v0711(t, A), t >0 and P()ﬂ,o,gl(t, A), t > 0.

First, let us consider the case, where § = 0.

In this case, Qo uo11(t) = P{eg1(y <t} =1—e /1t >0,i=1,2is an
exponential distribution function. Thus, the renewal function Up,11(t) =
I(t > O) + t t > 0. AlSO QOvo 21( ) = I(t 2 O),t Z 0. Finally, ts,O =S,S8 2
0. That is why, for A € Bx and t > 0,

t §
Powon1(t, A) = mo 1(A)/ —(t= S)/EOIUU o11(ds)

—(t— 5/601
= T (A t/eOI—i‘/ .
0,1

= o1 (A)(e o1  emteoa(gtleon _ 1)) = 7, (A). (97)

and
t ~
Powyo1(t,A) = /0 Powor1(t — s, A)Qoup,21(ds) = mo1(A). (98)

Second, let us consider the case, where = oco.

In this case, Qouo11(t) = P{egaly <t} = 1 — e ¥/2 ¢t > 0 is an expo-
nential distribution function. Thus, the renewal function Up,,11(t) = I(t >
0) + ét,t Z 0. AISO, Qowo,?l(t) = P{GOQQQ S t} =1 —Git/e(m,t 2 0. Finally,
ts 0o = 00,5 > 0. That is why, for ¢t > 0,

P(Lvo,ll(ta A) - P07v0,21 (t, A) - O (99)
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Third, let us consider the main case, where § € (0, c0).

Let us 7 (t),t > 0 be a continuous time homogeneous Markov chain
introduced in the beglnnmg of this subsectlon

Let 7% 1nf(t>7'(ﬁ B)(t) £ n? ( ))n—12 79 = 0 be the
sequential moments of jumps for the Markov chain n® (¢ )

The Markov chain 1®)(t) obviously is also an alternating regenerative
process, with regeneration times 72(5), n=20,1,....

Let us assume that 7% (0) = 1. The transition probabilities P (t),t >0
satisfy the following renewal equation,

W0 = a0+ [ B0 - 9B @), 120, (100)

where ¢\ (1) = Pi{n® ) = 1,7" > t} and FP(t) = P {{" < t}, fior
t>0.

Let U (t) =322, r? )*"(t),t > 0 be the corresponding renewal function

generated by the distribution function Fl(f ) (t). The transition probabilities

P (t) can be expressed as the solution of the renewal equation (100) in the

following form,

Pn / 41 U11 (ds), t > 0. (101)
Obviously,
@7(t) = Pi{n” >t} = e 100 g >, (102)
and
Fl(f)(t>:F1( )()*FQ (t) = Qowo1(t), t > 0. (103)
and, thus, )
UD(t) = Upuyaa(t), t > 0. (104)
Relations (101), (102), and (104) imply that,
t .
P = [ e 0T 1 (ds), ¢ 0. (105)

Finally, relations (91) and (105) imply that that the following equality
takes place, for t > 0,

Pouori(t, A) = pi7 ()01 (A). (106)

The distribution function Fy”(t) = Qo.vp21(t) = 1 — e M1+ D 02 4 > (),
Thus,

p21 / P (t = 8)Qouo21(ds), t > 0, (107)
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and, therefore, relation (95) implies that following equality takes place, for
t >0,
Powp21(t, A) = sy (t)mo,1(A). (108)

Due to the symmetricity of conditions F — J, K, and N; with respect
to the indices i, j = 1,2, the ergodic relations, analogous to the mentioned
above ergodic relations for probabilities P.,_ 11(t2, A) = P.11(t/v., A) and
P. . 01(t!, A) = P. o1 (70, A), also take place for probabilities P. ,_22(t7, A) =
P.5o(t?v., A) and P. . 12(t7, A) = P.12(t/v., A).

The above analysis yields the description of asymptotic behaviour of prob-
abilities P. ;;(t., A) for long times 0 < t. — oo as ¢ — 0 satisfying the
asymptotic relation t./v. — t € (0,00) as € — 0. To see this, one should
just represent such t. in the form, t. = t”v.. Obviously, t! = t./v. — t as
e— 0.0

5. Short time ergodic theorems for singularly perturbed
alternating regenerative processes

In this section, we present short time individual ergodic theorems for
singularly perturbed alternating regenerative processes.

5.1. Short time ergodic theorems for singularly perturbed al-
ternating regenerative processes, under the assumption that con-
dition Kz holds for some j € (0,00). In this subsection, we describe the
asymptotic behaviour of probabilities P.;;(t., A) for so-called “short” times
0 <t. — oo as € — 0, which satisfy the following asymptotic relation,

te/v. - 0ase— 0. (109)

We also assume that, additionally to conditions Ny, condition Kz holds
for some (3 € (0,00).

The corresponding limiting probabilities are, in this case, the same for
any [ € (0,00) and take the following form, for A € B, i,7 = 1,2,

moi(A) for j =1,

110
0 for j # 1. (110)

s (4) =16 = D) = |

The following theorem takes place.

Theorem 10. Let conditions F — J, Ny hold and, also, condition Kg
holds for some 5 € (0,00). Then, for every A €1',i,j =1,2, and 0 < t. —
oo as e — 0 such that t./v. — 0 as e — 0,

Ps,ij(tsp A) — 7TO,ij<A) as ¢ — 0. (111)
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Proof. First, let us analyse the asymptotic behaviour of probabilities
P.11(t., A) and, thus, assume that 7.(0) = 1.

We return back to the initial alternating regenerative process (&.(t), n-(t)),
t > 0 with regeneration times 7. ,,n =0,1,....

Recall the stopping time 7. ;, which is the time of first hitting sate 2 by
process 7:(t).

Let us again consider the regenerative process & ;(t),t > 0 with regener-
ation times 7.7,,n = 0,1,..., and the random lifetime . ; 4 introduced in
Subsection 4.4.

It is readily seen that, for every t > 0,

Qe2(t) = P1{7eq <t} =P{pc1y <t} (112)
and, for every A € Bx,t > 0,
Pi{&c(t) € Ane(t) =1, 7en >t} = P{&a(t) € A pen o >t} (113)
According relation (58), if 1.(0) = 1, random variables,

1

71 L eon Case — 0, (114)

1
1+
where ( is a random variable exponentially distributed, with parameter 1.

Since, we assumed that t./v. — 0 as ¢ — 0, relations (112) and (114)
imply that,

Ve

P{Me,1,+ > ts} - Pl{%e,l > te}
=P {v'% 1 >t '} > lase — 0. (115)

Relations (113) and (115) imply that

Pl{f&@ﬁ) € Aans(ts) = 1} - Pl{f&@t‘) € A7 ns(ts) = 17%5,1 > te}
<Pi{fe1 <t} = 0ase—0. (116)

and, analogously,

P{ga,l(ta) € A} - P{ga,l(ta) €4, He,1,4+ > ta}
S P{Me,l,—i- S ts} —0ase— O’ (117)

These relations and Theorem 1, which can be applied to the regenerative
processes & 1(t), imply that, for every A € T,

ll_{no Pii(te, A) = ll—r>n0 Pi{&(t.) € A,n(t.) =1}
= ll_rf(l) Pl{ge(ta) € Aa ns(ta) - 17 7A:a,l > te}
= lli% P{fz—:,l ts
- }:g% P{ge,l

S A? M€,1,+ > tE}

(t:)
( ) c A} == 7T071(A>. (118)

te
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Let us now analyse the asymptotic behaviour for probabilities P. »; (¢, A)
and, thus, assume that 7.(0) = 2.
In this case, relation (60) implies that random variables,

1

U, e LN €p 2 Case— 0, (119)

1
1+ 571
where ( is a random variable exponentially distributed, with parameter 1.

Since, we assumed that t./v. — 0 as € — 0, the above convergence in
distribution relation, obviously, implies that,

Po{71 > t.} =Po{v 'y > touT'} — lase — 0. (120)

If n.(0) = 2, then, for every ¢t > 0, event {n.(t) = 1} C {7.1 < t}. Thus,
for every A €T,

P21(t€7A) = P2{£E<t6) € Aﬂk(ts) - 1}
<Po{Te1 <t.} - 0ase—0. (121)

Due to the symmetricity of conditions F — J and N; with respect to the
indices 7,7 = 1,2, the ergodic relations, analogous to the mentioned above
ergodic relations for probabilities P. 11 (t., A) and P. 91(t., A), also take place
for probabilities P 5(t., A) and P.,_12(t., A). O

5.2. Compression of time factors v. and w,.. Let introduce function
we = (pe2 + pg,gl)_l. This function possess useful asymptotic properties
different of asymptotic properties of function v. = pa_jg + p;%l.

The following lemma present some useful relations between functions v,
and w,.

Lemma 3. If conditions M; holds and condition Kg holds, for some
p € [0,00]. Then, 0 < w. < v, < o0,¢ € [01], and:

(i) If B € (0,00), then ve ~ pzip(1+ ) ~ pon (14 B71) as e = 0, while
we ~ P11+ B~ pip (14 8)7 ase = 0, and , thus, w. ~ ﬁvg as
e —0.

(ii) If B =0, then v, ~ p;b as € — 0, while w, ~ p;%l < v, ase — 0.

(iii) If B = oo, then v. ~ p-3, as e — 0, while w. ~ p_1, < v. ase — 0.

Here and henceforth, symbols f/ ~ f’ ase — 0 and f. < f ase — 0
are used for two functions 0 < f!, f/ — oo as € — 0 in the sense that,
respectively, f//f/ — 1lase—0and f//f/ - 0ase— 0.

Proposition (i) of Lemma 3 implies that, in the case, where condition
condition Kz holds, for some g € (0, 00), relations t./v. — ¢ and t./w. — t
as € — 0 generate, for every t € [0, 00], equivalent, in some sense, asymptotic
time zones.
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Propositions (ii) and (iii) of Lemma 3 imply that, in the case, where
condition Ky or K, holds, relations t./v. — t and t./w. — t as ¢ — 0
generate, for every t € [0, oo|, essentially different asymptotic time zones.

We should assume in this case that “short” times 0 < t. — oo as e — 0
satisfy, additionally to the asymptotic relation (109), the following asymp-
totic relation,

te/w. =t €]0,00] as € — 0. (122)

5.3. Short time ergodic theorems for singularly perturbed alter-
nating regenerative processes, under the assumption that condition
Ky or K, hold and w, < t. < v, as € — 0. In this subsection, we consider
the case, where parameter ¢ = oo in relation (122). In this case, relations
(109) and (122) mean that,

w, <t. < v, as e — 0. (123)

The corresponding limiting probabilities take the following forms, for A &
BX: Z7.] = 17 27

WO,I(A) for ] - 17
o) (A) = { 0 fori_2 (124)
and
0 forj=1
(%) 4) = J=5 125
WOJ ( ) { 7T072(A> for ] = 2. ( )

It is useful to note that the above limiting probabilities W(()?]? (A) and

7'('(()?;) (A) coincide with the corresponding limiting probabilities for semi-regu-

larly perturbed alternating regenerative processes, respectively, with param-
eter 3 = 0, given in relation (36), and 8 = oo, given in relation (37).

The following theorems take place.

Theorem 11. Let conditions F — J, Ny, and Kq hold. Then, for every
AeTl,i,7=1,2, and 0 < t. — 00 as € — 0 such that t./w. — 0o as e — 0
and t./ve — 0 as e — 0,

P.ij(te, A) — o) (A) as e — 0. (126)

Theorem 12. Let conditions F —J, Ny, and K, holds. Then, for every
Ael,i,j=1,2, and 0 <t. = o0 as € — 0 such that t./w. — o0 ase — 0
and te/ve — 0 as e — 0,

Peyj(te, A) = 75 (A) as € — 0. (127)
Proof. First, let us prove Theorem 11.
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It can be noted that the analysis of asymptotic behaviour for probabil-
ities P.11(tc, A) can be performed in absolutely analogous way with those
presented in relations (112) — (118), in the proof of Theorem 10. The only
difference is that parameter 8 = 0, and, thus, the limiting random variable
in the analogue of asymptotic relation (114) has the form, e, where ¢ is a
random variable exponentially distributed, with parameter 1. This analysis
yields that the following asymptotic relation takes place, for every A € I" and
any t./v. — 0 ase — 0,

P.11(te, A) = mp1(A) as e — 0. (128)

The asymptotic behaviour for probabilities P 9;(t, A) differs in this case
of those presented in Theorem 10. As a matter of fact, the asymptotic
relation analogous to (119) does not take place.

In this case, random variables v 7, %5 0 as £ — 0. This asymptotic
relation does not imply relation analogous to (115). The right normalising
function for random variables 7.; is, in this case, w. ~ p_ 3 as € — 0.
According this relation and relation (59), if 1.(0) = 2, then,

w;lfal LN ep2C as e — 0, (129)

where ( is a random variable exponentially distributed, with parameter 1.
The following renewal type relation connects probabilities P 11(t., A) and

P. 5 (t., A),
Peo(t., A) = /0 “ Pt — s, A)Po{Ry € ds)
- /Ots/we P. 11 (t: — swe, A)Pg{wglﬁf,l € ds}
_ /0 T Pt — sw., APy 7, € ds), (130)

where function F: 11(t. — sw., A) is defined as 0 for t. — sw. < 0.

Let us take an arbitrary s. — s € [0,00) as ¢ — 0. Obviously, (. —
Sewe ) Jwe = t./w. — s. — oo and, thus, (t. — s.w.) — 00 as € — 0.

Also, (t. — scw.)/ve = t./v. — sewe/v. — 0 as € — 0.

That is why, according relation (128), the following asymptotic relation
take place, for A € T and s € [0, 00),

P11 (t: — scw-, A) = mo1(A) as € — 0. (131)

Relations (129) and (131) imply, by Lemma 2 given in Subsection 4.3
that the following relation takes place, for A € T,

Ponltes A) = [ moa(A)P{eosC € dsh = mo () ase 0. (132)
0
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As was pointed out in Subsection 2.5, the phase space X € I'. Also,
70.1(X) = 1. Thus, relations (128) and (132) imply that the following relation
holds, for A€ T and ¢ = 1, 2,

Poio(te, A) < Pojo(te,X) =1 — P a(t., X)
—1—m1(X)=0ase—0. (133)

The proof of Theorem 11 is completed.

The proof of Theorem 12 is absolutely analogous to the proof of Theorem
11, due to simmetrisity conditions F — J and N; with respect to indices
i,7 = 1,2. The only formula (124) for the corresponding limiting probabilities
should be replaced by formula (125). O

5.4. Short time ergodic theorems for singularly perturbed alter-
nating regenerative processes, under the assumption that condition
Ky or K, hold and ¢./w. — t € (0,00) as € — 0. In this subsection, we
consider the case, where parameter t € (0, 00), in relation (122). In this case,
relation (122) means that,

te ~ tw. as € — 0, where t € (0, 00). (134)

According propositions (ii) and (iii) of Lemma 3, if condition Ky or K,
then w, < v. as € — 0, and, thus, relation (134) implies that a “short” time
relation (109) holds, i.e., t./v. — 0 as € — 0.

The corresponding limiting probabilities take the following forms, for A €
[i,7=1,2and t € (0,00),

m.1(A) fori=1,7=1,
0 fori=1,7=2
- (0) ’ ’
FO’”( A) (1-— e*t/eoﬂ)ﬂog(fl) fori=2,5 =1, (135)
€7t/60’271-0,2(A) for 7 = 2,‘] = 2.
and
et/ 1 (A) fori=1,7=1,
1 — e—t/eon A) fori=1,7=2
o) (b, A) = ( Jmo2(4) A (136)
) 0 fori=2,5=1,
m.2(A) fori=2,5=2.

The following theorems take place.

Theorem 13. Let conditions F —J, Ny and Ky hold. Then, for every
Aelij=1,2 and any 0 < t. — o0 as ¢ — 0 such that t./w. — t €
(0,00) as e = 0,

P.yji(te, A) = 7)(t, A) as € — 0. (137)
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Theorem 14. Let conditions F —J, Ny and K, hold. Then, for every
Ael,i,j=1,2, and 0 <t. — 0o as € — 0 such that t./w. — t € (0,00) as
e —0,

Peij(te, A) — 73] (t, A) as € — 0. (138)

Proof. First, let us prove Theorem 13.

It can be noted, as in the proof of Theorem 11, that the analysis of asymp-
totic behaviour for probabilities P 11(t., A) can be performed in absolutely
analogous way with those presented in relations (112) — (118), in the proof
of Theorem 10. The only difference is that parameter § = 0, and, thus, the
limiting random variable in the analogue of asymptotic relation (114) has
the form, eg;(, where ¢ is a random variable exponentially distributed, with
parameter 1.

This analysis yields that the asymptotic relation (128) takes place, i.e.,
P.11(t., A) = mp1(A) ase — 0, for A e I' and any t./v. - 0ase — 0.

Also, as in the proof of Theorem 11, the renewal type relation (130),
connecting probabilities P: 11(t., A) and P- 9 (t-, A), takes place.

Let us take an arbitrary s, — s € [0,00) as € — 0. Obviously, (f. —
Sewe) Jwe = teJwe. —se >t — s ase — 0.

Thus, for ¢t > s, the following relations holds, (t. — s.w.) = (t./w. —
Se)we — 00 as € — 0 and (t. — scwe)/ve = (to/we — s.)w./v. — 0 as € — 0.

Also, for t < s function (t. — s.w.) = (t./w. — s.)w. — —oo for e — 0.

That is why, according relation (128) and the definition of F. 4 (t. —
swe, A) = 0, for t. — sw. < 0, in relation (130), the following asymptotic
relation holds, for A € I" and s # t,

P11 (t. — scw., A) = mo1(A)I(t > s5) as e = 0. (139)

Note that convergence of F: 1(t. — scw., A) as € — 0 is not guarantied
for s = t. However, the distribution of limiting ransom variable in relation
(129) is exponential and, thus, it has not an atom at any point ¢ > 0.

Therefore, relations (129) and (139) imply, by Lemma 2 given in Sub-
section 4.3, that the following relation takes place, for A € I' and any
0 <t.— oo as e — 0 such that t./w. -t € (0,00) as € = 0,

Pa,?l(ta> A) = / P&,ll(ta — SWe, A)Pz{we_l%a,l c dS},
0
- / 770,1(A)I(lf > s)ea;e_s/eo,zds
0 s
= (1 — e—t/eo,2)7To,1(A) as € — 0. (140)
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It remains to give the asymptotic analysis of asymptotic behaviour for
probabilities P. 12(t., A) and P: 2(t., A).

As was pointed out in Subsection 2.5, the phase space X € I'. Also,
70.1(X) = 1. Thus, relation (128) implies that the following relation holds,
for A €T and any 0 < t. — oo as € — 0 such that t./w. — t € (0,00) as
e — 0,

P.1a(te, A) < Popo(te, X) =1 — P14 (t.,X)
—1—m1(X)=0ase—0. (141)

Let us introduce random variables pic 2, = Keonl(Heon =2),n=1,2,.. ..
Let now consider the random sequence of triplets (E.0, = (&con(t),t >
0), Keom, Heomn),m = 1,2,..., the regenerative process & 2(t) = & 2,(t —
Teom—1), fort € [Teon—1,Tc2n), n =1,2,..., with regeneration times 7.5, =
Kea1+ -+ Keop,m=1,2,...,7.90 = 0, and the random lifetime p. oy =
Te2wes, Where Voo = min(n > 1: feopn < Kegp) =min(n > 1:1n.5, = 1).

Let us also denote P.o (t,A) = Po{&.2(t) € A, pic24+ > t}. In this case,
the distribution function F.5(t) = P{rc21 < €, plen1 > Keoi} = P{rc21 <
t,Me21 = 2},t > 0, the stopping probability f.o = P{u.21 < kca1} =
P{nz21 = 1} = p-21, and the expectation e.o = Ex.o11(ttc21 > ke21) =
EH5,2,1I(775,2,1 = 2) = €¢,22.

The following relation obviously takes place, for A € Bx,t > 0,

Pooy(t, A) = P{&a(t) € A, pie oy >t}
=Po{&(t) € A, 7.1 > t}. (142)

Conditions F — J, N; and K imply that conditions A — D holds. Thus,
conditions of Theorem 13 imply that all conditions of Theorem 3 hold for the
regenerative processes & 2(t), ¢ > 0 with regenerative times 7. 5,,n = 1,2, ...
and the regenerative lifetime g, o ;.

Therefore, the following relation holds, for any A € I', and any 0 < ¢, —
oo as € — 0 such that p.o1t. = t./w. =t € (0,00) as € — 0,

P2{§8(t6) € A77~_6,1 > te} = P€,2,+(t67 A)
— e 2, (A) as e — 0. (143)

The following renewal type equation connects probabilities P gs(t., A)
and Pe,lQ(te; A),

Pe,22(tea A) - P2{£€(ts) S A77~—6,1 > te}
te
+/ Pg’lz(tg — S, A)P2{7~'E71 I~ dS} (144)
0
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The integral at the right hand side of the above relation can be represented
in the following form,

te
A Pa,l?(ta — S, A) P2{7:571 € dS}

_ / T Pyt — sw., APo{w 'R, € ds), (145)
0

where function P 15(t. — sw., A) is defined as 0 for t. — sw. < 0.
Analogously to relation (139), one can get using relation (141) and the
definition of P.19(t. — sw., A) = 0, for t. — sw. < 0, in relation (145), the
following asymptotic relation holds, for any s. — s € [0,00) ase — 0, A €T
and s # t,
P.1o(t. — scw:., A) = 0 as e = 0. (146)

Therefore, relations (129) and (146) imply, by Lemma 2 given in Sub-
section 4.3, that the following relation takes place, for A € T' and any
0 <t.— o0 as e — 0such that t./w. =t € (0,00) as € — 0,

— [ 0-egae/®?ds =0as e — 0. (147)

Relations (143) — (145) and (147) imply that the following relation holds
for A €' and any 0 < t. — oo as ¢ — 0 such that t./w. — t € (0,00) as
e —0,

Proofte, A) — eft/eo’QWO,z(A) as e — 0. (148)

The proof of Theorem 13 is completed.

The proof of Theorem 14 is absolutely analogous to the proof of Theorem
13, due to simmetrisity conditions F — J and N; with respect to indices
i,7 = 1,2. The only formula (135) for the corresponding limiting probabilities
should be replaced by formula (136). O

5.5. Short time ergodic theorems for singularly perturbed alter-
nating regenerative processes, under the assumption that condition
K, or K hold and ¢./w. — 0 as € — 0. In this subsection, we consider
the case, where parameter ¢ = 0 in relation (122). In this case, relation (122)
means, for times . — oo as ¢ — 0, that,

te <w. as e — 0. (149)

The corresponding limiting probabilities are the same for both cases,
where condition Ky or K., holds, and take the following form, for A €
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Li,5=12,
moi(A)  for j =i,
ii(A) = ’
o5 () { 0 for j # 1.
The following theorem takes place.
Theorem 15. Let conditions ¥ —J, Ny and Kq or K, hold. Then, for
every A€ Ti,j=1,2, and 0 < t. — o0 as € — 0 such that t./w. — 0 as
e —0,

(150)

ngij(t&A) — 7'('071']‘(14) as € — 0. (151)

Proof. Let us, first, assume that condition K holds.

Relation t./w. — 0 as € — 0 implies relation t./v. — 0 as ¢ — 0. This
makes it possible to repeat the part of proof of Theorem 10 given in relations
(112) — (118) and to get the asymptotic relation,

Pll(tg, A) — 7T0’1<A) as € — 0. (152)

In the case, where condition K, holds, w. ~ p;%l as € — 0. According
this relation and relation (59), if 7.(0) = 2, then,

1

W, Ten BN ep2C as € — 0, (153)

where ( is a random variable exponentially distributed, with parameter 1.
Since, we assumed that t./w. — 0 as ¢ — 0, the above convergence in
distribution relation, obviously, implies that,

Po{fey > t.} = Po{w '7y > tow '} — 1 ase — 0. (154)

If n.(0) = 2, then, for every t > 0, event {n.(t) = 1} C {7.1 < t}. Thus,
for every A € T,

Poi(t., A) = P2{€a(ta) € A,ne(te) = 1}
< PQ{%g’l < ts} —0ase—0. (155)

As was pointed out in Subsection 2.5, the phase space X € I'. Also,
m01(X) = 1. Thus, relation (152) implies that the following relation holds,
for A€l and any 0 < t. — oo as € — 0 such that t./w. — 0 as € — 0,

PE,12(t87 A) S PE,lQ(tE; X) =1- P5,11<t57 X)
—1—-m1(X)=0ase—0. (156)

Finally, let us analyse the asymptotic behaviour of probabilities P. 55(t., A)
and, thus, assume that 7.(0) = 2.
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We return back to the initial alternating regenerative process (&.(t), n-(t)),
t > 0 with regeneration times 7. ,,n =0,1,....
Recall the stopping time 7.1, which is the time of first hitting sate 1 by

process 1.(t).
Let us again consider the regenerative process & »(t),t > 0 with regener-

ation times 7.2,,n = 0,1,..., and the random lifetime . 5+ introduced in
Subsection 4.4.
It is readily seen that, for every t > 0,

Qe (t) = Po{Tey <t} = P{pepy <t} (157)
and, for every A € Bx,t > 0,
Po{ée(t) € Ane(t) = 2,7c1 >t} = P{&a(t) € A prep s >t} (158)
Since, t./w. — 0 as € — 0, relations (153) and (157) imply that,

P{/vbe,2,+ > ts} = PQ{%&:,l > tf—:}
=Py{w '7 1 > tw '} = 1ase — 0. (159)

Relations (113) and (159) imply that

Pg{fg(tg) - A, 775<t€) = 2} — Pz{fa(t&‘) € A, 775<t5) = 2,’7'571 > ta}
< P2{7~'571 < te} —0ase—0. (160)

and, analogously,

P{gs,Q(te) € A} - P{gs,Q(ta) € A, Ma,2,+ > te}
< P{lteos+ <t.} - 0ase—0, (161)

These relations and Theorem 1, which can be applied to the regenerative
processes & o(t), imply that, for every A € T,

lim Pyy (1, A) = lim Po{&.(t.) € A, n.(L:) = 2}
= lim Py {&(t:) € A, ne(le) = 2,71 > 1e}
= ll_{% P{&a(te) € A, preo 4 >t}
= lim P{&. »(t:) € A} = 70.2(A), (162)

In the case of holding condition K., the proof is analogous. [J
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6. Ergodic theorems for super-singularly perturbed alternating
regenerative processes

In this section, we present ergodic theorems for super-singularly per-
turbed alternating regenerative processes. As for singularly perturbed alter-
nating regenerative processes, these theorems take different forms of super-
long, long and short time ergodic theorems for different asymptotic time
zones.

6.1. Super-singularly perturbed alternating regenerative pro-
cesses. Let us consider the alternating regenerative processes with the
super-singular modulation model, where, additionally to F — J, the following
condition holds:

Ny: (a) pe1a =0, for e € [0,1], and 0 < p.21 — po21 = 0 as € — 0, or (b)
0< Pe12 — Po,12 = Oase — 0, and Peo1 = 0, for e € [0, 1]

In this case, v. = oo,¢ € (0, 1].

The role of time scaling factor is played function w,, e € (0, 1]. Note that
W, = p;él, e € (0,1], if condition Ny (a) holds, while w. = p;b, e € (0,1], if
condition Ny (b) holds.

We shall investigate asymptotic behaviour of probabilities P. ;;(t., A) un-
der for 0 < t. — 0o as € — 0 such that the following time scaling relation
holds,

te/w. —t €10,00] as e — 0. (163)

It is readily seen that that conditions Ny (a) and Ny (b) are, in some
sense, stronger forms, respectively, of conditions Ky and K,. That is why, it
is expectable that the corresponding individual ergodic theorems for super-
singularly perturbed alternating regenerative processes should take forms
analogous to those presented for singularly perturbed alternating regener-
ative processes in short time ergodic Theorems 11 — 15, for models with
asymptotic time zones generated by the asymptotic relation (163).

We also include in the class of super-singularly perturbed alternating
regenerative processes the extremal case of absolutely singular perturbed
alternating regenerative processes where, additionally to F — J, the following
condition holds:

Ns: pej2,pe21 =0, for € € [0, 1].

6.2. Super-long time ergodic theorems for super-singularly per-
turbed alternating regenerative processes. In this subsection, we inves-
tigate asymptotic behaviour for probabilities P ;;(t., A) for times 0 <t. —
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oo as € — 0 satisfying the following relation,
te/w. — o0 as € — 0. (164)

The corresponding limiting probabilities take the following form, for A €
Ii,5=1,2,

7{'071(14) for j = 17
Wé?ﬂA) - { 0 for j =2 (165)
and
0 for =1
(%) 4) = J=0 166
o5 (4) { mo2(A) for j =2. (166)

The following theorems takes place.

Theorem 16. Let conditions F —J and Ny (a) hold. Then, for every
Ael,i,j=1,2, and 0 <t. — o0 as e — 0 such that t./w. — o0 as e — 0,

P.ij(te, A) — w5 ) (A) as e — 0. (167)

Theorem 17. Let conditions F —J and Ny (b) hold. Then, for every
Ael,i,j=1,2, and 0 < t. — o0 as € — 0 such that t./w. — o0 as e — 0,
Peij(te, A) — 15 (A) as € — 0. (168)

Proof. The asymptotic behaviour for probabilities P.1;(t., A) is obvi-
ously given by Theorems 1. Indeed, if 7.(0) = 1, then condition N» (a)
implies that the process &:(t),t > 0 coincides with the process & 1(t),¢ > 0,
while the process 7.(t) = 1,¢t > 0. Thus, the following relation takes place,
for any A €T, and any 0 <t. — o0 as € — 0,

Pe’ll(t€7A) — 7T071(A) as € — 0. (169)
Also, for any A € I" and t > 0,
Pg’lz(t, A) - O (170)

According relation (59), if n.(0) = 2, then,
wo 'y LN ep2C as € = 0, (171)

where ( is a random variable exponentially distributed, with parameter 1.
The following renewal type relation connects probabilities P 11(t., A) and
Pe,21(t67 A),

te
P.oi(t:,A) = /0 P.11(te — s, A)Po{7.1 € ds}

= / P&U(tg — SWe¢, A)PQ{wQI%&l S dS}, (172)
0
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where function P 11(t. — sw., A) is defined as 0 for t. — sw. < 0.

Let us take an arbitrary s. — s € [0,00) as ¢ — 0. Obviously, (. —
Sewe) Jwe = to./w. —s. — oo as € — 0. That is why, according relation (169),
the following asymptotic relation take place, for A € T and s € [0, 00),

P&H(ts — SeWe, A) — 7T0’1<A) as € — 0. (173)

Relations (171) and (173) imply, by Lemma 2 given in Subsection 4.3
that the following relation takes place, for A € T,

Pooi(te, A) — /0 T ro1(A)P{eoaC € dst = mo1(A) as & — 0. (174)

As was pointed out in Section 3, the phase space X € I'. Also, mp(X) = 1.
Thus, relations (174) implies that the following relation holds, for A € T,

Proo(te, A) < Pogo(te, X) =1 — P. 5 (t.,X)
—1—-m1(X)=0ase—0. (175)

The proof of Theorem 16 is completed.
The proof of Theorem 17 is absolutely analogous. [J

6.3. Long time ergodic theorems for super-singularly perturbed
alternating regenerative processes. In this subsection, we investigate
asymptotic behaviour for probabilities P, ;;(t., A) for times 0 < t. — oo as
e — 0 satisfying the following relation,

te/w. =t € (0,00) as € — 0. (176)

The corresponding limiting probabilities take that following form for A &
[i,7=1,2and t € (0,00),

7T071(A) for ¢ = 1;] = 17
0 fori=1,7=2
. (0) ’ ’
WO’”( A) (1-— e*t/eo’g)ﬂog(z‘l) fori=2,5 =1, {7)
6_t/60’2770,2(A) for 7 = 2)] = 2.
and
€_t/60’1770,1(14) for 1 = 173 = 17
1 — e t/eon A fori=1,7=2
Ay = T mal) or i LI =3 g
" 0 fori=2,7=1,
mo,2(A) fort=2,5=2.

The following theorems take place.
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Theorem 18. Let conditions F —J and Ny (a) hold. Then, for every
Ael,i,j=1,2, and 0 <t. — 0o as € — 0 such that t./w. — t € (0,00) as
e —0,

Pij(te, A) — 7 (t, A) as & — 0. (179)

Theorem 19. Let conditions F —J and Ny (b) hold. Then, for every
AeTl,i,j=1,2, and 0 <t. — o0 as e — 0 such that t./w. — t € (0,00) as
e —0,

P ij(te, A) — 7%(()?2) (t,A) as e — 0. (180)

Proof. The asymptotic behaviour of probabilities P. 1,(t., A),j = 1,2 is
given, under the assumption that condition Ny (a) holds, is given by relations
(169) and (170), in the proof of Theorem 16.

Recall again relation (59). If 1.(0) = 2, then, for u > 0,

Po{w 17, <u} — 1 —e /2 as e — 0. (181)

Also recall the renewal type relation connecting probabilities P 14 (t., A)
and P€,21(t67 A),

te
P.oi(t., A) = / P.11(te — s, A)Po{7.1 € ds}
0
- / Pt — sw.,, APolw 1%, € dsy,  (182)
0
where function P.q(t. — sw., A) is defined as 0 for t. — sw. < 0.
Let us take an arbitrary s, — s € [0,00) as € — 0. Obviously, (f. —
Sewe) /we = t./w. —s. — t — s as ¢ — 0. That is why, according relation

(169) and the above definition of P 1;(t. — sw., A) = 0, for t. — sw. < 0. the
following asymptotic relation holds, for A € I and s # ¢,

P&"ll(te — ScWe, A) — 7T071(A>I(t > 8) as e — 0. (183)

Note that convergence of P.;(t. — scw., A) as ¢ — 0 is not guarantied
for s = ¢t. However the limiting distribution in relation (181) is exponential
and, thus, it has not an atom at any point ¢ > 0.

Therefore, relations (181) and (183) imply, by Lemma 2 given Subsection
4.3, that the following relation takes place, for A € T and t € (0, 00),

Poonlte, A) = [ moa(A)I(E > s)eghe/2ds
0 )
= (1—e ) (A) as £ — 0. (184)

It remains to give the asymptotic analysis of asymptotic behaviour for
probabilities P 55(t., A).
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Let us introduce random variables pic 2, = Ke2nl(Heon =2),n=1,2,.. ..
Let now consider the random sequence of triplets (&0, = (&con(t),t >
0), Keoms fean),n = 1,2,..., the regenerative process & o(t) = & 2,(t —
Teom—1), fort € [Teon—1,Tc2n), n =1,2,..., with regeneration times 7.5, =
Keo1+ o+ Keop,m=1,2,...,7.20 = 0, and the random lifetime p. o y =
Te2wes, Where vep =min(n > 1: peoyn < Kegp) =min(n > 1:1n.0, = 1).

Let us also denote P. 5 (t,A) = Po{&.2(t) € A, pic24+ > t}. In this case,
the distribution function Fs(t) = P{kc21 < t,pie21 > keo1} = P{kc21
t,men1 = 2},t > 0, the stopping probability f.o = P{pc21 < Keo1}
P{ne21 = 1} = p.21, and expectation e.o = Erco1l(pteo1 > Keo1)
Erco1l(Me21 = 2) = ec 2.

Condition Ny (a) implies that, for every A € Bx,t > 0,

P€722(t, A) = P2{£€(t) S A, %6’1 > t}
=P{&a(t) € A pteny >t} = P.o (1, A). (185)

Conditions F — J and Ny (a) and imply that conditions A — D holds.
Thus, conditions of Theorem 18 imply that all conditions of Theorem 3 hold
for the regenerative processes & »(t),t > 0 with regenerative times 7.9, n =

A

1,2, ... and random lifetimes p. 5 . Therefore, the following relation holds,
forany A €T, and t. =t € (0,00) as € — 0,
P5722<t57 A) = P€72’+(t5, A) — e_t/eo’27T0’2<A) as € — 0. (186)

The proof of Theorem 18 is completed.

The proof of Theorem 19 is absolutely analogous. [J

6.4. Short time ergodic theorems for super-singularly perturbed
alternating regenerative processes. In this subsection, we investigate
asymptotic behaviour for probabilities F:;;(t., A) for times 0 < t. — oo as
¢ — 0 satisfying the following relation,

te/w. — 0 as e — 0. (187)

The corresponding limiting probabilities are the same for both case, where
condition Ny (a) or Ny (b) holds. They take the following form, for A €
F? Z?.] - ]'7 27

mo,i(A)  for j =1,
sA) =1 "
moj(4) { 0 forj#i.
The following theorem takes place.

Theorem 20. Let conditions F —J and Ny hold. Then, for every A €
['Vi,j=1,2, and 0 < t. — 0o as € — 0 such that t./w. — 0 as e — 0,

Pg7ij(ta7 A) — 7T07Z'j(A) as € — 0. (189)

(188)
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Proof. Let us, first, assume that condition Ny (a) holds.

The asymptotic behaviour of probabilities P.;;(t., A),j = 1,2 is given,
under the assumption that condition Ny (a) holds, by relations (169) and
(170), in the proof of Theorem 17.

It is readily seen that, for every t > 0,

Qe (t) = Po{foy <t} = P{ucay <t} (190)

and, for every A € Bx,t > 0,
Po{&:(t) € An(t) = 2,710 >t} = P{&2(t) € A, peo+ > t}. (191)

According relation (59), if 7.(0) = 2, random variables, w;'7. d, ep.2C
as ¢ — 0, where ( is a random variable exponentially distributed with param-
eter 1. Since, we assumed that ¢./w. — 0 as € — 0, the above convergence
in distribution relation and relation (190) imply that,

P{M5727+ > ts} = P2{7~'571 > t&‘}
=Py{w 7. > tw '} = 1ase — 0. (192)

Relations (191) and (192) imply that

P2{§6@6) S A; 775(755) - 2} - P2{§6(t6) € A7 %(te) = 27 725,1 > ts}
<Py{fc1 <t} —-0ase—0, (193)

and, analogously,

P{ée,Q(ts> S A} - P{£€,2<ts) S A, He,2,+ > te}
<P{pteot+ <t.} »>0ase—0, (194)

These relations and Theorem 1, which can be applied to the regenerative
processes & o(t), imply that, for every A € T,

lli% P22<t57 A) - }:g% P2{§s<ts € A, ne(ts) - 2}
= ll_I}I(l) PQ{ga(ta S Aa ne(ts) = 2: %871 > ta}
= lim P{&. (.
= ll_g% P{&E,Q(tE

If n.(0) = 2, then, for every t > 0, event {n.(t) = 1} C {7.1 < t}. Thus,
for every A €T,

)
)
€ A, ,LLE,Z,-‘r > t&}

)
) € A} = mpa(A). (195)

P21(t€7A) = P2{§E<ts) € Au”z—:(ts) = 1}
< P2{7~'571 < tg} —0Qase —0. (196)
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The proof for the case, where condition Ny (b) holds, is absolutely anal-
ogous to the above proof, due to the simmetrisity conditions F —J and N,
(a) and (b) with respect to indices i,j = 1,2. O

6.5. Ergodic theorems for absolutely singular perturbed alter-
nating regenerative processes. This is the extremal and trivial case,
where condition N3 holds.

In this case, the process &.(t),t > 0 coincides with the process & ;(¢),t > 0
and the process 1.(t) =i,t > 0, if n.(0) =4, for i = 1, 2.

Thus, the asymptotic behaviour for probabilities P. ;(t., A) is given by
Theorem 1.

Also, probabilities P.15(t, A), P.21(t,A) =0, for t > 0.

The above remarks can be summarised in following theorem.

Theorem 21. Let conditions F —J and N3 hold. Then, for every A €
I't,7=1,2, and any 0 <t. — o0 as e — 0,

Ps,ij(tsa A) — 71'07,5]'(14) as € — 0. (197)

6.6. One- and multi-dimensional distributions for perturbed
alternating regenerative processes. Individual ergodic theorems pre-
sented in this paper give ergodic relations for one-dimensional distributions
P.;i(t,A) = Pi{&(t) € A, n.(t) = j} for alternating regenerative processes
with semi-Markov modulation (&.(t),n.(t)).

This makes it possible to weaken the model assumption (j) formulated
in Subsection 2.4. This assumption concerns multi-dimensional joint dis-
tributions of random variables & ;,(tx),k = 1,...,r and Ke;n,Nein. This
assumption can be replaced by the weaker assumption that the joint distri-
butions of random variables & ; ,(¢) and k¢, 1)z do not depend on n > 1,
for every t > 0 and ¢ = 1, 2.

Process (&:(t),n-(t),t > 0 still will process a weaken, say, one-dimensional
regenerative property, which, in fact, means that one-dimensional distribu-
tions P.;;(t, A) = Pi{&(t) € A, n.(t) = j},t > 0,1 = 1,2 satisfy the system
of renewal type equations (13). Respectively, formulations of conditions,
propositions and proofs of Theorems 4 — 21 still remain to be valid.

6.7. Alternating regenerative processes with transition periods.
Ergodic theorems for perturbed alternating regenerative processes can be
generalised to such processes with transition periods. In this case, the model
assumption (j) formulated in Subsection 2.4 is assumed to hold only for
n > 2. The alternating regenerative process (£.(t),7n:(t)),¢ > 0 has the
transition period [0, 7. 1), while the shifted process (€ (), n()(¢)) = (& (71 +
t),me(1=1 +t)) > 0 is a usual alternating regenerative process.
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All quantities appearing in conditions G — J the renewal type equations
(13) and relations (12) and (15) should be, in this case, defined using shifted
sequence of triplets (& ;0 = (Eia(t),t > 0),Kei9,-02),4 = 1,2. It is also
natural to index the above mentioned quantities by the upper index (M,
for example, to use notation Pé.(;?j(t,A) = P{eM () € A,nM(t) = j}, etc.
Probabilities Ps(;}(t?A) satisfy the system of renewal type equations (13).
Theorems 4 — 21 present, in this case, the corresponding ergodic relations for
these probabilities.

Instead of condition E, condition G should be assumed to hold for prob-
abilities p.;; = P{n.,1 = j},7,7 = 1,2 and condition H (with omitted the
non-arithmetic assumption) for transition probabilities ngij (t) = P{rci1 <
t,Mein =7}t >0,4,5 =1,2. The corresponding ergodic relations for proba-
bilities P ;;(t., A) = P;{&(t) € A,n.(t) = j} take the form similar with the
asymptotic relation (16). If, for example, Pa(lli (te, A) — Wéﬁl)] (t,A) as e — 0,
for i = 1,2, then, P.;;(t.,A) — ﬁo’ilﬂ'(()i)j (t,A) —1—13071»27?(()@]-(15, A)ase—0.

7. Summary of results

In this section, a summary of results obtained in the paper and a list of
some open directions for further extension of its results are given.

7.1. Summary of results. As it was pointed in the introduction,
the paper presents results of complete analysis and classification of ergodic
theorems for perturbed alternating regenerative processes modulated by two
states semi-Markov processes.

It is shown that the forms of the corresponding ergodic relations and
limiting probabilities appearing in these relations are essentially determined
by two parameters.

The first one is parameter 8 € [0,00], which asymptotically balance
switching probabilities p. 12 and p.o1 between two alternative variants of
regenerative processes, in the form of asymptotic relation, p. 12/p.21 —  as
e — 0.

The second one is a time scaling parameter ¢ € [0, oc], which determines
the asymptotic time zones for time t. — oo as € — 0, in the form of one of
two asymptotic relations, t./v. — t or t./w. — t as ¢ — 0, with time scaling
factors, respectively, v, = p;%z + pg_él or we = (P12 +p5721)_1.

The variants of ergodic relations are presented in Theorems 4 — 21, which
we split in groups as ergodic theorems for regularly perturbed alternating
regenerative processes, and short, long, and super-long time ergodic theo-
rems for singularly and super-singularly perturbed alternating regenerative
processes.
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The classification of the corresponding individual ergodic theorems is
summarised in the following Table 1 (where numbers of theorems, their condi-
tions, the corresponding asymptotic time zones, and the limiting probabilities
are given, respectively, in columns 1, 2, 3 and 4).

’ Regular perturbations ‘

T Conditions Asymptotic time zones | Limiting probabilities
4 F-3, My, =1 I > oo ~(4)
5 | F-J, My, g€ (0,00) te = 00 Wéi-)(A)
6 | F-J M, =0 t. — 00 o) (A)
7| F-J, Ms, 3= o0 te — 00 5 (A)
’ Singular perturbations ‘
T Conditions Asymptotic time zones | Limiting probabilities
8 | F-J, Ny, Kg, [€0,00] Ve < te Tr[()ﬁj)(A)
9 | F-J, Ny, Kg, Be[0,00] | ton~ tve,te(0,00) i (t, A)
10| F-J, Ny, Kg, € (0,00) te < Ve, te — 00 70,15 (A)
11| F-J, Ny, Ko we <t < ve Tré?]?(A)
12 | F-J, Ny, K We < te < Vg (A)
13| F-J, N, Ko te ~ tw.,t € (0,00) Wgogj (t, A)
14| F-J, N., Ky te ~ tw.,t € (0,00) o) (8, A)
15 | F-J, Ny, K or Ko te < We,te — 00 70,15 (A)
’ Super-singular perturbations ‘
T Conditions Asymptotic time zones | Limiting probabilities
16 | F - J, N, (a) we < t. ) (A)
17 | F—J, N, (b) we < t. 753 (A)
18 | F - J, N, (a) te ~ tw.,t € (0,00) s (t, A)
19 | F-J, N, (b) te ~ tw.,t € (0,00) w5 (8, A)
20 | F-J, Ny te < we,te — 00 70,ij(A)
21 | F—J, N3 te — 00 70,15 (A)

Table 1: Classification of ergodic theorems

It should be noted that the limiting probablhtles appearing in Theorems
4 — 21 have the forms W(’B)(A) = p;(B)mo;(A), 7r0 g (t A) = sz)< t)mo,j(A) and

o (t, A) = p<.>(t)7ro,j(A>, s (8, A) = P (t)mo(A).  Coefficients p;(5)

ij
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and pz(f )(t), pg-)) (1), p§§°) (t) can be interpreted as, respectively, stationary
probabilities and transition probabilities for some semi-Markov processes or
Markov chains controlling switching of regimes for the limiting alternating
regenerative processes, while 7 ;(A) are the stationary probabilities for these
limiting regenerative processes corresponding to different regimes.

Also it is Worth noting that limiting probabilities ﬂéﬁ]) (A) and 7r0 i (t A),

7'('0 0 (t A), 7'r0 oy (t A) possess some natural continuity properties as functions
of parameters /5 € [0, 00] and t € [0, o0].

In particular, the limiting probabilities F(B )(A), which appear, for regu-
larly perturbed alternating regenerative processes, in Theorems 4 — 7, and,
for singularly and super-singularly perturbed alternating regenerative pro-
cesses, in Theorems 8, 9, 11, 12, 16, and 17, are continuous functions of
parameter 5 € [0, 0o].

Analogously, the limiting probabilities Wé’i)j(t,A), which appear, for sin-
gularly perturbed alternating regenerative processes, in Theorem 9, are con-
tinuous functions of parameter (3,t) € [0, 00] x [0, 0], except points (0,0)
and (00,0). Also, the limiting probabilities 7%6%(15, A) and #é?fj) (t, A), which
appear, for singularly and super-singularly perturbed alternating regenera-
tive processes, in Theorems 13, 14, 18, and 19, are continuous functions of
parameter ¢ € [0, oco].

Moreover, the corresponding limits, Z](0 A) = limyo Wéjﬁi)j(t,A) =
7045 (A), for 5 € (0,00), while 7T00) (0,A) = limy0 ﬂé%(t,A) = Wé?;(A) and
W(()?fj)(O,A) = lim; WOOO)(t A) = 7r(()7j)(A). Also, the limit, ﬂ(()g)j(oo,A) =
limy o0 Wé’i}(t, A) = Wé’?(A), for B € [0,00]. Here, m;;(A) are the limiting
probabilities appearing in Theorems 10, 15, 20 and 21.

The latter asymptotic relations have a natural explanation. As a matter
of fact, there exists some kind of “competition” between the velocities with
which the switching probabilities p; 12, p- 21 tends to zero and time ¢. tends
to infinity, for singularly and super-singularly perturbed alternating regener-
ative processes. Probabilities p. 12, p. 21 determine the “grade of singularity”
for perturbed alternating regenerative processes. These processes become
more singular if parameter 8. = p. 12/p 21 takes values close to 0 or co. The
time parameter t controls the “grade of ergodicity” for perturbed alternat-
ing regenerative processes. Values of (3. closer to 0 or oo and smaller values
of parameter ¢ promote convergence of probabilities P. ;;(t., A) to limiting
probabilities 7 ;;(A) = I(j = i)m0,:(A), characteristic for absolutely singular
alternating regenerative processes (for which switching of regimes is impossi-
ble). Larger values of switching probabilities and parameter ¢ promote man-
ifestation of ergodic phenomena and convergence of probabilities P. ;;(t., A)
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to limiting probabilities Wé%)(A) = p;(B)mo,;(A), which are characteristic for
regular alternating regenerative processes.

6.2. Directions for future research. Let us list some directions for
further continuation of research studies, which results are presented in the
paper.

It is clear that analogous individual ergodic theorems can be obtained for
perturbed alternating regenerative processes with discrete time.

Individual ergodic theorems presented in this paper relate to one-dimen-
sional distributions of alternating regenerative processes. It would be useful
to get also analogous ergodic theorems for multi-dimensional distributions.

A very interesting and prospective direction for future studies is indi-
vidual ergodic theorems for singularly and super-singularly perturbed multi-
alternating regenerative processes. These are models analogous to those stud-
ied in the present paper, but with alternative regenerative processes choosing
from some parametric finite or more general sets, which serve as the phase
space for the corresponding switching (modulating) semi-Markov processes.

An important is model of alternating regenerative processes with termi-
nating regeneration times, where the regenerative processes &.;,(t),t > 0
and random vectors (ke n, 7)ein) are independent.

Another important model is where the processes &.;,(t),t > 0 are of
Markov processes, random variables k. ;, are some Markov moments for
these processes, and the switching random variables 7, ;,, are determined by
some events for random trajectories & ; ,(t),t € [0, Kz ip).

An unbounded area of applications constitute queuing, reliability, control
and other types of stochastic systems with alternating regimes of function.

Results in the listed above directions shall be presented in future publi-
cations.
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