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Abstract

SIRS epidemic models assume that individual immunity (from vaccina-
tion as well as infection) wanes in one big leap, from complete immunity
to complete susceptibility. For many diseases immunity on the contrary
wanes gradually, something which has become even more evident during
the COVID-19 pandemic where also recently infected have a risk for reinfec-
tion, and where booster vaccines are given to increase immunity. This paper
considers an epidemic model allowing for such gradual waning of immunity
(either linear or exponential waning) thereby extending SIRS epidemics, and
also incorporates vaccination. The two versions for gradual waning of immu-
nity are compared with the classic SIRS epidemic, where the three models
are calibrated by having the same average cumulative immunity. All models
are shown to have identical basic reproduction number R0. However, if no
prevention is put in place, the model with exponential waning has highest
long term prevalence (endemic level) and the classic SIRS model has lowest.
Further, the critical amount of vaccine supply needed to reach and maintain
herd immunity, is highest for the model with exponential decay of immunity
and lowest for the classic SIRS epidemic model. As a consequence, if real-
ity lies close to exponential (or linear) decay of immunity, and expressions
are based on the SIRS epidemic, then these will underestimate the endemic
level and the critical vaccine supply will not be sufficient to reach and main-
tain herd immunity. For parameter choices fitting to COVID-19, the critical
amount of vaccine supply is about 50% higher if immunity wanes linearly,
and more than 150% higher in case immunity wanes exponentially (the most
reasonable assumption), as compared to the classic SIRS epidemic model.
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1 Introduction

When considering infectious disease outbreaks over a longer time horizon, waning
of immunity, from disease exposure or vaccination, is known to play an impor-
tant role. This has been considered in epidemic models for many years, and the
most well-studied model is the SIRS (susceptible-infectious-recovered-susceptible)
epidemic model, where all individuals are classified as being either susceptible,
infectious or recovered (implicitly assuming also being immune), and where in-
dividuals eventually loose their immunity and go back to being susceptible after
some time, e.g. (Hethcote, 1976). The simplest form of this epidemic model,
defined by differential equations, assumes that recovered individuals go back to
being susceptible at constant rate, thus implying that immunity at the community
level wanes continuously. However, the SIRS model does not allow for partially
immune individuals or that immunity wanes gradually at the individual level : each
individual is either completely immune or fully susceptible.

During Covid-19, but also prior to this, it has become evident that individ-
ual immunity (to infection) is not a binary property, but rather that individual
immunity wanes gradually over time and can later be boosted either by vaccina-
tion or natural infection (see e.g. (Goldberg et al., 2021) for empirical evidence).
Quite surprisingly this gradual waning of individual immunity has hence not been
yet considered in epidemic models. As a consequence, SIRS epidemic models can
never have a group of individuals having lost about half of their immunity, but the
models do allow 50% of the community being completely immune and 50% being
completely susceptible. However, these situations are quite different, in particular
when additional individuals get infected.

In the current paper we define and analyse an epidemic model which allows for
gradual waning of immunity. This is done by assuming that individuals sequen-
tially loose a portion of their immunity in each step, up to a total of k steps when
all immunity is lost. For large k this approximates the situation where immunity
drops continuously in time, and we consider both the situation where immunity
drops linearly and when immunity drops exponentially (the latter seemingly more
biologically reasonable). We call our model the SIR(k)S epidemic model since there
now are k immunity (recovered) levels, k = 1 being the classic SIRS model. It is
worth pointing out that the current paper considers immunity to infection, and
not immunity to severe disease and how this wanes. The latter is also an impor-
tant area which has received attention in several other papers (cf. Hethcote (1997,
1999); Carlsson et al. (2020)).

The three models, the classical SIRS model with a sudden complete drop of
immunity, linear decay of immunity and exponential immunity decay, are cali-
brated by assuming the same cumulative amount of immunity. So for instance,
the SIRS model with, on average, 1 year complete immunity, and then returning to
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complete susceptibility, is compared with the linear immunity decay model taking
two years from complete immunity to ful susceptibility. For each model we derive
expressions for the basic reproduction number R0 and the steady state prevalence
(endemic level) if no preventive measures are put in place. We also derive the
critical amount of vaccine supply needed to reach and maintain herd immunity,
for each of the three models.

Our main conclusion shows that the situation is worse for the more realistic
models allowing for gradual waning of immunity compared to the classic SIRS
model: even though the three models share the same R0 the models with gradual
waning will result in higher prevalence (endemic level) if no preventive measures are
put in place, and more vaccine supply (or other preventive measures) are needed
to reach a steady herd immunity, implying that vaccination policies (or other
preventive measures) based on the SIRS epidemic model may lead to an incorrect
sense of security. Among the two studied models for immunity waning, linear
and exponential decay, the more realistic exponential decay shows the biggest
difference (of endemic prevalence and critical amount of vaccine supply) compared
to the classic SIRS model.

2 Model and main results

2.1 Formulation of the models

All three models assume that a) immunity from vaccination as well as disease ex-
posure initially confer complete immunity, and b) that immunity from vaccination
wanes in the same way is immunity from disease exposure. Further, infectious
individuals have infectious contacts at rate β and recover (and become fully im-
mune) at rate γ. infect fully susceptible individuals. The differences between the
models lie in how immunity wanes, and what is the rate of getting infected for a
partially immune in relation to a fully susceptible.

Figure 1 illustrates the immunity waning for the classic SIRS epidemic (as-
suming waning happens at its expected value) and for the models with linear and
exponential decay of waning.

The classic SIRS epidemic. The classic SIRS epidemic model assumes that
immunity drops from complete immunity to complete susceptibility in one single
step at a constant rate ω (so the mean duration of full immunity equals ω−1)
(Hethcote, 1976). The model is illustrated in Fig. 2a, where s(t), i(t) and r(t)
denote community fractions of susceptible, infectious, and recovered (=immune)
individuals at time t, respectively. The model is defined by the following three
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Figure 1: Different modes of decay of immunity on individual level: (blue) all-at-
once decay (taking place at its expected time-point), (red) linear decay function
g(u) = 1− ω/2u if 0 ≤ u ≤ 2/ω, and g(u) = 0 otherwise, and (green) exponential
decay function h(u) = exp (−ωu) , u ≥ 0. All three models having the same
average cumulative immunity.

differential equations:

s′(t) = µ− βs(t)i(t) + ωr(t)− µs(t),
i′(t) = βs(t)i(t)− (γ + µ)i(t),
r′(t) = γi(t)− (ω + µ)r(t).

(1)

The classic SIR(k)S epidemic with linear/exponential waning. Our
new model, denoted the SIR(k)S epidemic model, instead assumes that immunity
wanes sequentially in k steps (for some large k), as illustrated in Fig. 2b (k = 1
gives the classic SIRS epidemic). The linear version does so by choosing the k
down-jumps and their corresponding rates such that the decay mimics a linear
decay, and the exponential version chooses down-jumps and rates to mimic expo-
nential decay, and both models do this in a way such that the cumulative immunity
equals ω−1 (independent of k) just like the SIRS model. The new model is illus-
trated in Figure 2b and defined in detail with k+2 differential equations in Section
Materials and Methods. There r0(t) denotes the community fraction being having
no susceptibility, r1(t) the community fraction having gained one level of suscep-
tibility, and so on, and rk−1(t) the fraction having susceptibility level k − 1 being
the last step before becoming completely susceptible.

In (Machlaurin et al., 2020), similar waning functions were used to model the
vaccination efficacy over time while they estimate the cost-effective vaccination
strategy against tuberculosis.
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Figure 2: (a) Diagram of the standard SIRS epidemic model. (b) Diagram of
the SIR(k)S epidemic model. The green boxes represent the different classes of
partially immune states.
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We let SIR(∞)S denote the model being the limit of the SIR(k)S model as k
goes to ∞ (in our illustrations we use k = 1000). This limiting model converges
to an ODE-PDE system with three equations (Kermack and McKendrick, 1932),
see (Section 4.8).

Introducing vaccination. As mentioned earlier, we assume that vaccine as
well as infection initially give full immunity, and that the two immunities wane in
the same way.

In the classic SIRS model each individual is either fully susceptible or com-
pletely immune at any given point in time, and if this immune status is known it
of course only makes sense to vaccinate among the fully susceptible individuals at
some rate η (why waste vaccines on fully immune?).

In the case where immunity wanes continuously, vaccines can in principle be
distributed in many different ways (Fig. 3a). However, since individuals only differ
in terms of susceptibility in our model, it should be clear that the class of rational
vaccination strategies consist of vaccinating individuals as soon as their immunity
drops below some fixed level ι (or equivalently when the susceptible reaches the
level 1− ι). The level ι will determine how much vaccine that will be required: the
larger ι the bigger vaccine supply θ is needed. For finite k this amounts to vaccinate
fully susceptibles at rate η⋆s , to not vaccinate in states r0 up to rj−1 for some
j ∈ {1, · · · , k − 1}, to vaccinate rj at some rate η⋆j , and to immediately vaccinate
individuals who go from state rj to rj+1 (so the fractions in those states will
equal 0). Since individuals in state rj who loose more immunity are immediately
vaccinated, the effective vaccination rate equals in this classe is η⋆j + ck(j + 1).

Fig. 3b represents the corresponding SIR(k)S model with such vaccination scheme.
An important question is hence to determine how much vaccine supply θc (critical
vaccine supply) is needed to reach and maintain herd immunity.

2.1.1 Parameter choice

In what follows we will compare the three models in terms of steady state preva-
lence (endemic level) if no preventions are put in place, and how much vaccine
that is required to reach and maintain herd immunity. In Table 1 we show the
mid value and range for the model parameters that are used in our Results Section
when comparing the classic SIRS model with our new models having linear and
exponential waning of immunity respectively. Those values are commonly used
to characterize diseases like Covid-19, influenza, common cold, etc (Byrne et al.,
2020; Davies et al., 2020; Hall et al., 2022; Zhang et al., 2020). Average life ex-
pectancy is set at 80 years. Please note that the results are hence not applicable
to childhood diseases (measles, chickenpox, ...) where immunity typically is close
to life-long.
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Figure 3: Diagram of SIR(k)S epidemic model with vaccination. (a) General vacci-
nation scheme where partially susceptible individuals rj are vaccinated at rate ηj
for any j = 1, · · · , k−1, respectively. (b) Rational vaccination scheme where fully
susceptible individuals are vaccinated at rate η⋆s and, if needed, only one class rj
of partially susceptible individuals is vaccinated at rate η⋆j + ck(j + 1) for some
j ∈ {1, · · · , k − 1}.

2.2 Main results

We now compare the three epidemic models, the classic SIRS, the model with
linearly waning of immunity, and the model with exponentially decaying immu-
nity, all three models being calibrated by having the same cumulative immunity.
Analytical results are obtained for k = 2 (Appendix A.1) and conjectured to any
k > 2.

2.2.1 The basic reproduction number R0

The basic reproduction number, defined as the number of secondary cases produced
by one infectious individual in a fully susceptible population, equals R0 =

β
γ+µ

for
the classic SIRS model as well as our extended models. This holds true because
the models differ only in terms of how immunity wanes and in the initial phase
of epidemic when nearly everyone is susceptible immunity waning has no impact.
From now on we assume that R0 > 1 – otherwise none of the three models will
experience any outbreak and vaccination is not necessary.

2.2.2 Long-term prevalence in the absence of vaccination

A comparison of long-term prevalence is obtained by setting the defining differen-
tial equations for each of the three models (given in SectionMaterials and Methods)
equal to 0 and solving the equation system. When R0 > 1 there is one stable so-
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Table 1: Parameters description, their baseline values, and ranges of variation
studied.

Parameter Description Baseline value Range

R0 Basic reproduc-
tion number

5 1–7

γ−1 Mean infectious
period (in days)

7 3–14

ω−1 Average im-
mune period (in
months)

12 6–24

lution with a positive fraction infectives î, the endemic level or stable prevalence.
In Fig. 4 these endemic levels are given for the three models as a function of R0

(keeping the mean infectious period and average cumulative immunity fixed). It
can be seen that the model linear waning of immunity results in larger endemic
levels than the SIRS epidemic. The model with exponential waning of immunity
makes the long-term prevalence even larger. When R0 ≈ 5 as for Covid-19 Delta
strain (e.g. Zhang et al. (2020)) and with a mean infectious period of 7 days and an
average duration of immunity of 1 year, the stable prevalence will consist of 1.6%
being infectious according to the SIRS model. The linear waning model has about
twice the endemic level (3% of the population) and the model with exponential
waning has stable prevalence 4.9% (Fig. 4).

2.2.3 Critical vaccine to reach and maintain herd immunity

In Fig. 5 we show the necessary amount of vaccine supply (for the three mod-
els) continuously needed to reach and maintain herd immunity (see Materials and
Methods for the derivation). It is seen that the standard SIRS model requires a
lower vaccine supply as compared to the two models with gradual waning, and
that the model with exponential immunity waning require the largest vaccine sup-
ply. Moreover, the difference between the three models grows with R0. Take as
illustration R0 ≈ 5 (and mean infectious period 7 days and cumulative immunity 1
year (inspired by COVID-19 pandemic Delta strain), then the classic SIRS model
requires vaccinating at rate 0.81 to reach herd immunity (so 8.1 million vaccina-
tions per year in a population of 10 million), the model with linear waning requires
1.25, and the exponential decay model requires 2.14, some 55% and 164% more
vaccinations, respectively.
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Figure 4: Endemic levels from the standard model and the SIR(k)S model with
linear and exponential decay functions.
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Figure 5: Critical amount of vaccines needed to reach herd immunity.
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2.2.4 Comparison of the models for endemic diseases

For new emerging diseases R0 is often estimated from the initial growth rate of
the epidemic (together with knowledge about the generation time of the disease)
(Hu et al., 2021). Then the natural calibration of models was to assume the same
cumulative immunity ω−1, and the same transmission rate β, recovery rate γ as
done above.

For diseases that are currently endemic, a more natural calibration is instead
to assume the different models have the same cumulative immunity ω−1 and the
same recovery rate γ, and that the endemic level equals the empirical level (so
fixing the endemic level rather than R0). An argument for this calibration is that,
while immunity duration and infectious period may be easy to estimate, the same is
usually not true for the rate of infectious contacts β, which in turns determines R0.
Fig 6a shows the estimated R0 for the different models based on such a calibration,
for different values of the endemic level (stable prevalence). The estimate based
on the SIRS epidemic was derived in (Heffernan et al., 2005).

1.0

2.1

2.6

3.0

4.0

5.05.0

6.0

7.0

0.000 0.004 0.008 0.012 0.016
Endemic level

SIRS model

Linear decay model

Exponential decay model

R0

(a)

0.00

0.25

0.50

0.65

0.75

0.81

0.000 0.004 0.008 0.012 0.016
Endemic level

SIRS model

Linear decay model

Exponential decay model

Critical vaccine supply θc

(b)

Figure 6: (a) R0 estimates from prevalence (endemic) data and (b) the correspond-
ing amount of vaccines needed to reach herd immunity.

As seen in the figure, the SIRS model results estimates R0 being larger than
the models with gradual waning, and in particular compared to the model with
exponential waning. When the endemic level (prevalence) is 1.6% of the popu-
lation, the exponential decay model and the linear decay model estimate R0 to
2.1 and 2.6, respectively, which are 58% and 48% less than the value 5 estimated
by the classic SIRS model. Yet, when the prevalence is low, all models result in
approximately the same R0.

If we instead use the endemic level (together with fixing cumulative immunity
and the infectious period) to estimate the required amount of vaccine supply, for
the different models, then the classic SIRS model requires higher vaccines. This
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is because the disease is spreading faster in the SIRS setting than in the models
with gradual waning. This is illustrated in Fig. 6b which shows that slightly
less vaccine supply is required to reach herd immunity under the SIR(∞)S models
in comparison to the standard SIRS model, and this applies for both linear and
exponential decay modes of immunity (19% less vaccines if the disease persists in
1.6% of the population).

3 Discussion

The classic SIRS model assumes that immunity at the individual level is binary,
i.e. each individual is either fully immune or fully susceptible. This paper relaxes
this assumption by presenting and analyzing a novel model allowing for gradual
waning of immunity, either linear waning or exponential waning. It is shown that,
when calibrating the models by assuming the same R0 and mean infectious period
and cumulative infectivity, the new more realistic models result in higher endemic
levels if prevention is not put in place, and that a substantially larger vaccine
supply is required to reach and maintain herd immunity. The most realistic model
having exponential waning of immunity is shown to exhibit the biggest difference
between the classic SIRS model.

The studied model can in principle be defined also for other forms of determin-
istic immunity waning modes.

Our model extends the SIRS epidemic to allow for gradual waning of immunity.
Many other model assumptions are admittedly unrealistic. It would of course
be interesting to study this extension to gradual waning of immunity when also
allowing for e.g. not obtaining full immunity from start, having different forms of
immunity for vaccine as compared to disease exposure, considering asymptomatic
and symptomatic individuals. Still it our belief that the qualitative feature, that
gradual waning requires bigger vaccine supply, remains.

Another assumption was that the immunity status of individuals were known
when determining whom to vaccinate. In case immunity wanes deterministically,
as in the two new models, this might be a reasonable approximation since the time
of last vaccination or infection might be known, but when immunity wanes in one
leap after an exponential time, this may not be possible. Analysing models where
the exact immunity status, perhaps also introducing randomness in waning decay,
is an interesting problem to analyse.

4 Material and Methods

We summarize the methods used to establish the results listed in Section Results.
We start by formulating the SIR(k)S model with gradual waning of immunity
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including linear and exponential decaying functions. A rigorous mathematical
analysis of the model is given in the case k = 2 (Appendix A.1), thus, allowing to
make conjectures for any k > 1.

4.1 General SIR(k)S epidemic model

The general SIR(k)S model (Fig. 2b) we introduced in this paper aims to ap-
proximate the linear and exponential immunity decay modes (Fig. 1) using step
functions such that all immunity is lost in k jumps, starting by complete immunity
to zero immunity, loosing a portion 1

k
each step. Here we outline how to construct

the SIR(k)S model following any function of waning of immunity.
Suppose that for a given decaying function and an arbitrary integer k ≥ 1,

immunity level k−j
k

lasts for an exponentially distributed time with rate ck(j+1) >

0 before decaying to k−j
k

− 1
k
with j going from 0 to k − 1, such that the rates

{ck(j)}kj=1 verify the constant cumulative immunity condition

k−1∑
j=0

1

ck(j + 1)

(
1− j

k

)
=

1

ω
, (2)

and approximate the underlying waning of immunity. Denote by {rj(t)}k−1
j=0 the

fractions of individuals (at time t) with the immunity level k−j
k
. Clearly, recovered

infectious individuals enter to the highest immunity class, r0(t), and then their
immunity declines through k steps. The class of individuals rk−1(t) has the lowest
immunity level, 1

k
, to be lost altogether to become fully susceptible again. Thus,

the resulting SIR(k)S model with gradual decay of immunity can be formulated as
in the following equation

s′(t) = µ− βs(t)i(t) + ck(k)rk−1(t)− µs(t),

i′(t) = βs(t)i(t) + β
k−1∑
j=1

j
k
rj(t)i(t)− (γ + µ)i(t),

r′0(t) = γi(t)− (ck(1) + µ)r0(t),
r′j(t) = ck(j)rj−1(t)− β j

k
rj(t)i(t)− (ck(j + 1) + µ)rj(t),

(3)

for j = 1, · · · , k−1, where we omit the dependence on k in (s(t), i(t), r0(t), · · · , rk−1(t))
for simplicity of notation. We will also use the notation (ŝ, 0, r̂0, · · · , r̂k−1) for the
disease free equilibrium and (s̄, ī, r̄0, · · · , r̄k−1) for the endemic equilibrium.

The disease free equilibrium of (3) is Ek,0 = (1, 0, · · · , 0) and the basic repro-
duction number is given by

R0 =
β

γ + µ
.

The sequence {ck(j)}kj=1 is chosen to fit the required decay mode of immunity
and the fixed cumulative immunity condition (2) regardless of k.
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4.2 SIR(k)S models with linear and exponential waning of
immunity

The linear and the exponential functions modelling the decay of immunity (Fig.
1) given by

g(u) =
(
1− ω

2
a
)
1{a< 2

ω
} and h(u) = exp (−ωu) , u ≥ 0, (4)

respectively, with the indicator function 1A equals 1 if the condition A holds and
0 otherwise, verify the same cumulative immunity condition∫

R+
g(u) du =

∫
R+

h(u) du =
1

ω
,

which is equal to the average cumulative immunity from the standard SIRS model
with immunity waning rate ω. One can fit the linear decay mode g by letting

ck(j) =
k + 1

2
ω, j = 1, · · · , k, (5)

which verifies the condition (2). We refer to the model (3) with (5) as the SIR(k)S
model with linear decay of immunity. A way to fit the exponential decay mode is
to choose, for any j = 1, · · · , k − 1,

ck(j) =

− 1

ω
log(1− j(k − 1)/k2)−

j−1∑
l=1

1

ck(l)

−1

, (6)

and obtain ck(k) by solving the equation (2). We refer to the resulting model as the
SIR(k)S model with exponential decay of immunity. Fig. 7 plots the corresponding
step functions for k = 10 and where the duration of each immunity level is set to
its expected value.

Different rates {ck(j)}kj=1 other than (5) and (6) can be considered to approx-
imate the linear and the exponential decay modes, respectively. Still, they will
have no effect on the model dynamics as k → ∞.

4.3 SIR(k)S model with vaccination

We now introduce vaccination into the model and make the simplifying that im-
munity from vaccination is identical to immunity from disease exposure (complete
immunity with the same decaying mode). The resulting SIR(k)S model with a
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Figure 7: Step functions approximating the immunity decay functions g and h in
k = 10 steps.

general vaccination scheme can be written as

sη ′(t) = µ− βsη(t)iη(t) + ck(k)r
η
k−1(t)− µsη(t)− ηss

η(t),

iη ′(t) = βsη(t)iη(t) + β
k−1∑
j=1

j
k
rηj (t)i

η(t)− (γ + µ)iη(t),

rη0
′(t) = ηss

η(t) + γiη(t)− (ck(1) + µ)rη0 (t) +
k−1∑
j=1

ηjr
η
j (t),

rηj
′(t) = ck(j)r

η
j−1(t)− β j

k
rηj (t)i

η(t)− (ck(j + 1) + µ)rηj (t)
−ηjr

η
j (t),

(7)

for j = 1, · · · , k − 1, where ηs and ηj ≥ 0, j = 1, · · · , k − 1 are the rates of
vaccination of sη(t) and rηj (t), j = 1, · · · , k − 1, respectively. The disease free
equilibrium Ek,0

v = (ŝη, 0, r̂η0 , · · · , r̂
η
k−1) is given by

ŝη =
µ

µ+ ηs − ηsck(k)AkBk

, (8)

r̂ηj = ηsŝ
ηAkBj, j = 1, · · · , k − 1, (9)

r̂η0 = 1− ŝη −
k−1∑
j=1

r̂ηj , (10)

where Bj =
j−1∏
l=1

ck(l)
µ+ck(l+1)+ηl

, j = 1, · · · , k, and Ak =

(
µ+ ck(1)−

k−1∑
j=1

ηjBj

)−1

.

The effective reproduction number is given by

R(k)
e = R0

ŝη +
k−1∑
j=1

j

k
r̂ηj

 , (11)
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where we recall that j
k
is the relative susceptibility in the j’th immunity state.

4.4 Critical vaccine supply

The vaccine usage (per unit of time) for the general vaccination scheme of the
previous subsection, once it has reached steady state, is given by

θ(k) = ηsŝ
η +

k−1∑
j=1

ηj r̂
η
j . (12)

For fixed k, the best vaccination strategy, given some amount of vaccine supply de-
livered continuously, is clearly to vaccinate the most susceptible (=least immune)
individuals. More precisely, the best strategy is to immediately vaccinate indi-
viduals having higher susceptibility than some class j, to vaccinate individuals in
susceptibility class j at rate η⋆j , and to not vaccinate individuals in susceptibility
classes lower than j (i.e. r0, . . . rj−1), where j and η⋆j will depend on the amount
of available vaccine. With this vaccination strategy, individuals moving to state
j + 1 (with rate ck(j + 1)) will be vaccinated immediately and no individuals will
ever reach higher susceptibility classes, so the actual vaccination rate among indi-
viduals in class rj is η

⋆
j + ck(j + 1). Newborns should also be vaccinated, at their

incoming rate µ, when we vaccinate in class the class rj. For this strategy to be
successful in the long run the amount of vaccine supply should be such that the
corresponding j and η⋆j result in Rη ≤ 1. Hence, the critical vaccine supply can
be written as

θ(k)c =

η⋆s ŝη if we only vaccinate fully susceptibles,

µ+ (η⋆j + ck(j + 1))r̂ηj if we vaccinate in the class rj.
(13)

A detailed derivation of (13) when k = 2 is given in Proposition A.1.
An alternative way to derive the critical vaccine supply is to assume that the

disease is in the endemic steady state and then vaccinate in each immunity class
and to check that the disease-free equilibrium Ek,0

v is the only stable steady state.

4.5 Standard SIRS epidemic model

It has been shown that the standard SIRS model (1) admits a unique endemic
equilibrium when R0 > 1 and only the disease-free equilibrium exists when R0 ≤ 1
(Hethcote, 1976). When susceptibles are vaccinated at a constant rate η, the
resulting SIRS model has a unique endemic equilibrium when Rη > 1, and only
the disease-free equilibrium exists when Rη ≤ 1, where Rη = R0ŝ is the average
number of new infections generated by an infective individual in a population
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with susceptible fraction of ŝ (Hethcote, 1978). Since ŝ = µ+ω
µ+ω+η

, the minimum

vaccination rate to drive the epidemic dynamic to the disease-free state (i.e., at
which R0ŝ = 1) is given by

ηc = (ω + µ)(R0 − 1).

Hence, the critical vaccine supply required to achieve and maintain the disease free
equilibrium is defined as the product of the rate ηc and the fraction ŝ = 1/R0 by

θ(1)c = (ω + µ)
(
1− 1

R0

)
. (14)

4.6 Endemic level

For k = 2, we proved that the SIR(2)S model without vaccination (with vaccina-
tion) has a unique endemic equilibrium whenever R0 > 1 (R(2)

e > 1). See Lemmas
A.1 and A.2. For k > 2, computing the endemic level from the SIR(k)S model (3)
implies finding feasible roots of a k’th degree polynomial function. This is numer-
ically done for the parameter values in the (finely discretized) ranges in Table 1 as
finding explicit formulae of the roots of high-degree polynomials is a challenging
task. We obtain that the SIR(k)S model admits a unique endemic equilibrium for
the values in Table 1. Those numerical simulations suggest the following conjec-
tures.

Conjecture 4.1.

1. The SIR(k)S model (3) has a unique endemic equilibrium Ek,∗ = (s̄, ī, r̄0, · · · , r̄k−1)
if and only if R0 > 1.

2. The SIR(k)S model (7) has a unique endemic equilibrium Ek,∗
v = (s̄η, īη, r̄η0 , · · · , r̄

η
k−1)

if and only if R(k)
e > 1.

4.7 Critical immunity level

Fig. 8 shows the immunity level ι (as a function of R0) at which individuals have
to be vaccinated in order to reach herd immunity from the limiting SIR(k)S models
with linear and exponential decays of immunity. We recall that the classic SIRS
model assume all individuals are either completely immune or completely suscep-
tible, something which is not true in the models for gradual immunity waning.
For parameter choices resembling the Covid-19 Delta strain (R0 ≈ 5, ω−1 = 12
months and γ−1 = 7 days), herd immunity will only be achieved if individuals are
vaccinated before their immunity drops below ι ≈ 60%, according to the SIR(k)S
models with linear and exponential decays of immunity. This also means that
individuals should get booster vaccines approximately every 6 months since their
last vaccination/infection.
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Figure 8: Immunity level ι at which individuals have to be vaccinated as a function
of R0, with other parameter values from Table 1.

4.8 Connection with ODE-PDE model

As k → ∞, the number of states in the SIR(k)S model increases and there is a con-
tinuity of immunity states. This limiting model can be described by an ODE-PDE
system. Since we are interested in deterministic linear and exponential waning
of immunity, knowing an individual’s immunity level is equivalent to knowing the
amount of time since his last recovery: time since recovery. The corresponding
models can be formulated as follows.

Linear decay model. Assume a continuous linear decay of immunity and let
r(t, a) to be the fraction (density) of recovered individuals at time t with age a
since recovery. For an infinitesimal time step dt, the individuals in r(t, a) are those
among r(t − dt, a − dt) who will neither die nor get infected during the interval
time [t, t+ dt], that is, we have for any a > 0

r(t, a) =r(t− dt, a− dt) (1− µdt)

×
(
1− β

((
ω

2
a− 1

)
1{a< 2

ω
} + 1

)
i(t)dt

)
, (15)

r(t, 0) =γi(t). (16)

Rearranging the (15) and sending dt to 0, it yields that

∂r(t, a)

∂t
+

∂r(t, a)

∂a
=− β

((
ω

2
a− 1

)
1{a< 2

ω
} + 1

)
r(t, a)i(t)

− µr(t, a). (17)
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Then the PDE-ODE model has the following form

s′(t) = µ− βs(t)i(t)− µs(t),

i′(t) = β

(
s(t) +

∫ ∞

2/ω
r(t, τ) dτ

)
i(t) + β

∫ 2/ω

0

ω

2
τ r(t, τ) dτ i(t)

− (γ + µ)i(t),

∂r(t, a)

∂t
+

∂r(t, a)

∂a
= −β

((
ω

2
a− 1

)
1{a< 2

ω
} + 1

)
r(t, a)i(t)

− µr(t, a), a > 0, (18)

with the boundary condition r(t, 0) = γi(t).
Exponential decay model. Similarly to the previous paragraph, the corre-

sponding PDE-ODE model when immunity wanes exponentially can be written
as

s′(t) = µ− βs(t)i(t)− µs(t),

i′(t) = β

(
s(t) +

∫ ∞

2/ω
r(t, τ) dτ

)
i(t)

+ β
∫ ∞

0

(
1− e−ωτ

)
r(t, τ) dτ i(t)− (γ + µ)i(t),

∂r(t, a)

∂t
+

∂r(t, a)

∂a
= −β

(
1− e−ωa

)
r(t, a)i(t)

− µr(t, a), a > 0, (19)

with the boundary condition r(t, 0) = γi(t).
It has been shown in (Thieme and Yang, 2002) that each of (18) and (19) has

only a disease free equilibrium (which is globally asymptotically stable) when the
basic reproduction number R0 ≤ 1, and a unique locally stable endemic equilib-
rium when R0 > 1. We refer to the seminal works (Kermack and McKendrick,
1932, 1933) and the revisiting paper (Inaba, 2001) for a general formulation in
case both virgin and recovered individuals have varying susceptibility and infec-
tives have variable infectivity. See also (Forien et al., 2022) where the authors
consider the effects of previous infections on the susceptibility of partially suscep-
tible individuals.
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A Appendix

A.1 Case k = 2: immunity waning in two steps

We have the following results when immunity is lost in two steps.

Lemma A.1. The SIR(2)S model (3) in the main text has a unique endemic equi-
librium E2,∗ = (s̄, ī, r̄0, r̄1) if and only if R0 > 1.

Proof of Lemma A.1 is similar to the proof of the following lemma when the
vaccination rates are equal to zero.

Lemma A.2. The SIR(2)S model (7) in the main text with vaccination has a
unique endemic equilibrium E2,∗

v = (s̄η, īη, r̄η0 , r̄
η
1 ) if and only if R(2)

e > 1.

Proof. Solving the endemic equilibrium of equation (7) in the main paper for k = 2
implies that the endemic level īη is the positive root of the following quadratic
polynomial equation

ax2 + bx+ c̃ = 0, (20)

where

a =β
µ

c2(1)
(c2(1) + γ + µ) ,

b =µ
c2(1) + µ+ γ

c2(1)
(µ+ ηs + 2c2(2))− β

c2(1) + µ

c2(1)

(
µ+ 2

c2(2)

R0

)

+
β

R0

(
2
c2(1) + µ

c2(1)
(µ+ c2(2) + η1)− 2η1

)
,

c̃ =((c2(1) + µ)(c2(2) + µ) + η1µ+ ηs(c2(1) + c2(2) + µ+ η1))

× 2µ

c2(1)R0

(
1−R(2)

e

)
.

If R(2)
e > 1, we have ac̃ < 0 and then the equation (20) has a unique positive root

given by īη = (−b+
√
b2 − 4ac̃)/(2a). Furthermore, we have

s̄η =
µ+ c2(2)/R0

(βīη + µ+ ηs) /2 + c2(2)
, (21)

r̄η1 = 2
(

1

R0

− s̄η
)
, (22)

r̄η0 = 1− īη − s̄η − r̄η1 . (23)

Otherwise, it can be shown that all the coefficients a, b and c̃ are non-negative
and then the equation (20) has no positive roots, that is, only the disease-free
equilibrium exists when R(2)

e ≤ 1.

21



The following result gives the critical vaccine supply from the SIR(2)S model
with vaccination.

Proposition A.1.

1. If 1 < R0 < 2(c2(1) + c2(2) + µ)/c2(1), then, the critical vaccine supply is
given by

θ(2)c =
(c2(1) + µ)(c2(2) + µ)

c2(1) + c2(2)/2 + µ

(
1− 1

R0

)
.

2. If R0 ≥ 2(c2(1) + c2(2) + µ)/c2(1), then, the critical vaccine supply is given
by

θ(2)c = µ+
(
c2(1)

R0

2
− (c2(1) + c2(2) + µ) + c2(2)

)
2

R0

.

Proof. Let (ηs, η1) ∈ [0,∞]2 such that Rη = 1. Then, we have

θ(2) (ηs, η1) = ηsŝ
η(ηs, η1) + η1r̂

η
1 (ηs, η1) (24)

=
ηs
R0

+
(
η1 −

ηs
2

)
r̂η1 (ηs, η1). (25)

1. Assume that 1 < R0 < 2(c2(1) + c2(2) + µ)/c2(1) and set

η⋆s :=
(c2(1) + µ)(c2(2) + µ)

(c2(1) + c2(2) + µ)− c2(1)R0/2
(R0 − 1).

Then, we have

θ(2) (ηs, η1)− θ(2)c (η⋆s , 0) (26)

=
ηs
R0

+
(
η1 −

ηs
2

)
r̂η1 (ηs, η1)−

η⋆s
R0

+
η⋆s
2
r̂η1 (η

⋆
s , 0) . (27)

Rearranging the equality Rη = 1 allows to write ηs in terms of η1 as

ηs =
(c2(1) + µ)(c2(2) + µ) + η1µ

c2(1) + c2(2) + µ+ η1 − c2(1)R0/2
(R0 − 1). (28)

Therefore, a direct computation leads to

θ(2) (ηs, η1)− θ (η⋆s , 0) (29)

=
η1c2(1)(c2(1) + µ)(1− 1/R0)/2

(c2(1) + c2(2) + µ− c2(1)/2) (c2(1) + c2(2) + µ+ η1 − c2(1)/2)

≥ 0. (30)

That is, the critical vaccine supply is given by

θ(2)c = θ(2) (η⋆s , 0) =
(c2(1) + µ)(c2(2) + µ)

c2(1) + c2(2)/2 + µ

(
1− 1

R0

)
. (31)
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2. Now, assume that R0 ≥ 2(c2(1) + c2(2) + µ)/c2(1) and set

η⋆1 = c2(1)R0/2− (c2(1) + c2(2) + µ) > 0.

Similarly, one can show that

θ(2) (ηs, η1)− θ(2) (∞, η⋆1) =
(c2(1) + µ)(c2(2) + µR0/2)

R0(c2(2) + (µ+ ηs)/2)
≥ 0. (32)

and then the critical vaccine supply is given by

θ(2)c =θ(2) (∞, η⋆1) (33)

=µ+ (η⋆1 + c2(2))
2

R0

(34)

where 2
R0

is the fraction of individuals in the class rj under the optimal
vaccination strategy (∞, η⋆1).

Fig. 9 plots the endemic level and the critical vaccine supply for the the
SIR(2)S models with linear and exponential decay of immunity, where it can be
seen that the classic SIRS model underestimates both of the endemic level and the
the critical vaccine supply. For a relatively small k > 1, it should be clear that
the long-term prevalence and the critical vaccine supply are affected by the choice
of the transition rates between the immune states. When k is large enough to
fit the the linear and the exponential decays of immunity, both the corresponding
long-term prevalence and the critical vaccine supply converge (Figs. 4 and 5 in
the main text).

A.2 Sensitivity of the endemic level and the critical vaccine
supply

Figs. 10–11 plot the endemic level and the critical vaccine supply, as functions
of the basic reproduction number R0, for the limiting SIR(k)S epidemic models
with linear and exponential waning of immunity. It can be seen that both the
infectious period γ−1 and the average immune period ω−1 strongly affect the long
term prevalence for both modes of waning of immunity. We did not vary γ−1 in
Fig. 11 as the critical vaccine supply is only dependent on γ−1 through R0. It is
also clear that varying the immunity duration from 6 months to 2 years can result
in large reduction of the amount of vaccine needed to reach herd immunity.
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Figure 9: (a) Endemic level and (b) critical vaccine supply from the classic SIRS
model and the SIR(2)S models with linear and exponential waning. All other
parameters are set to their baseline values in Table 1 in the main text.
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Figure 10: Endemic levels from the limiting SIR(k)S epidemic models, varying the
mean infectious period and the average immunity duration from their baseline
values. Solid lines correspond to the case where ω−1 = 6 months and dashed lines
correspond to the case where ω−1 = 24 months. (a) Linear waning of immunity.
(b) Exponential waning of immunity.
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Figure 11: Critical vaccine supply from the limiting SIR(k)S epidemic model, vary-
ing the average immunity duration from its baseline value. (a) Linear waning of
immunity. (b) Exponential waning of immunity.
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