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EXTREMES OF JOINT INVERSIONS AND DESCENTS ON FINITE
COXETER GROUPS

PHILIP DORR AND JOHANNES HEINY

ABSTRACT. The numbers of inversions and descents of random permutations are known
to be asymptotically normal. On general finite Coxeter groups, the central limit theorem
(CLT) is still valid under mild conditions. The extreme values of these two statistics are
attracted by the Gumbel distribution. The joint distribution of inversions and descents is
a likewise interesting object, but only the CLT on symmetric groups has been established
thus far. In this paper, we comprehensively extend the knowledge of the joint distribution
of inversions and descents. We prove both the CLT and the extreme value attraction for
the joint distribution of inversions and descents by using Hajek projections and a suitable
Gaussian approximation. On the signed permutation groups, we additionally show that
these results are still valid when the choice of the random signs is biased. Furthermore, we
investigate the applicability of these techniques to products of classical Weyl groups.

1. INTRODUCTION

The numbers of inversions and descents are two of the most important characteristics
of permutations or, more generally, of Coxeter group elements. On the symmetric group
Sy of permutations 7: {1,...,n} — {1,...,n}, an inversion is any tuple (i,7) with ¢ < j,
but 7(i) > m(j). A descent is any inversion of two adjacent numbers, that is, any ¢ with
m(i) > m(i+ 1). Symmetric groups belong to the class of finite Coxeter groups, on which the
concept of inversions and descents can be readily generalized, see [3, Section 1.4]. We can
treat the underlying Coxeter group as a probability space and draw its elements at random.
The study of stochastic properties of quantities such as the number of inversions and descents
belongs to the field of statistical algebra and is the aim of this paper. We use the notations
Xiny and Xges to indicate the nature of these numbers as random variables. In all following
scenarios, we suppose that elements of a symmetric group or finite Coxeter group are drawn
uniformly at random, unless stated otherwise. For some basics on finite Coxeter groups, we
refer to [3].

This paper will focus on the classes S, (symmetric groups), By, (signed permutation groups)
and D,, (even-signed permutation groups), for which we use the umbrella term classical Weyl
groups throughout.

The asymptotic distribution of Xj,, and X4es has been investigated by several authors (see,
e.g., [2, 6, 16, 17, 18, 23]), who showed that inversions and descents each satisfy a central
limit theorem (CLT) and thus are asymptotically normal. We say that a family of real-valued
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random variables X7, Xo, ... (or their respective distributions) satisfies the CLT if
X, — E(X
LU LA (Xon) D, N(0,1), n — 0o,
Var(X,,)1/2

where 25 denotes convergence in distribution. If the X,, are sums of independent random
variables, one can verify the classical Lindeberg or Lyapunov conditions to establish a CLT.

For the number of inversions or descents on finite Coxeter groups, there are several
techniques and approaches toward the CLT. Chatterjee & Diaconis provide an overview of
proofs of the CLT for Xges on the family of symmetric groups in [6, Section 3]. One approach
is based on a representation of Xy via m-dependent variables, which will be essential for
our own methods in Section 2. Alternative proofs of the asymptotic normality of Xges are
based on the zeros of its generating function [17, 23] or on certain regularity properties of
the generating function, see [2, Ex. 3.5 and 5.3]. Stein’s method of exchangeable pairs has
been applied in [10, 16], where the latter reference and [2, Ex. 5.5] also cover inversions. We
note that Stein’s method has been used in various settings, see, e.g., [11] for permutations on
multisets, [22] for generalized inversions, and [1] for non-uniformly random permutations.

Kahle & Stump [18] developed a full characterization of CLTs for inversions and descents
on sequences of finite Coxeter groups, by giving necessary and sufficient conditions on the
asymptotics of Var(Xi,y) and Var(Xges). The work of Dorr & Kahle [13] was the first to
provide extreme value theory for these classical permutation statistics. They showed that the
numbers of inversions and descents are in the maximum-domain of attraction of the standard
Gumbel distribution, assuming a triangular array where the number of samples per row obeys
an exponential upper bound.

While the asymptotic normality of inversions and descents as univariate statistics is well
studied, the knowledge of their joint distribution is comparatively sparse. Fang & Rollin [15]
gave a CLT for arbitrarily large collections of permutation statistics based on antisymmetric
matrices, including (Xiny, Xdes) as a special case. Their work can also be seen as a multivariate
extension of [16]. The aforementioned papers based on Stein’s method typically achieve an
O(nil/ 2) rate of convergence. Our novel approach will not achieve this rate, but it will
generalize the multivariate CLT to other classical Weyl groups and even further, it will cover
the asymptotic extreme value behavior of (Xiny, Xdes)-

This paper is structured as follows. Section 2 introduces the Hajek projection of inversions
and descents on symmetric groups and justifies its use to approximate Xj,,. Section 3
introduces the Gaussian approximation result on m-dependent random vectors by Chang et
al. [5], which we use to prove the asymptotic normality of (Xiny, Xqes). Section 4 presents
the corresponding extreme value limit theorem (EVLT) as the main result of this paper. In
Section 5, these results are extended to the larger groups B, and D,,, which are equipped
with a new family of probability measures, namely the so-called p-biased signed permutations.
Section 6 studies the CLT and EVLT for direct products of classical Weyl groups, and Section 7
concludes the paper with some open questions. The remaining technical proofs are gathered
in the appendix in Section 8.

Throughout this paper, we denote the standard uniform distribution on the interval [0, 1]
by U(0, 1), and the discrete uniform distribution on the set {0,1,...,n} by U({0,1,...,n}).
We sometimes also use these notations for accordingly distributed random variables when
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the meaning is clear from the context. The symbol 2 means equality in distribution and
>_i<j Will be used as an abbreviation of the double-indexed sum }; <, ;<,. For any random
variable X, we denote its standard deviation by o(X) = y/Var(X). Moreover, we use typical
Landau notation for positive sequences a,, b, as follows:

e a, = O(b,) means that a,, grows at most as fast as by, i.e., limsup,,_, . an/b, < 00.
e a, = o(b,) means that a, grows slower than b,, i.e., lim, ,~ a,/b, = 0. This is also
written as a, < b, or b, > a,.
e a, = O(b,) means that a,, and b, have the same order of magnitude, i.e., both
a, = O(b,) and b, = O(ay,) hold.
P

e a, = b, +op(1) means that a,, b, are sequences of random variables with a,, —b, — 0.

2. HAJEK PROJECTIONS ON SYMMETRIC GROUPS

A permutation drawn uniformly at random from the symmetric group S,, of permutations

on n letters is induced by the ranks of independent random variables Z1,..., 2, ~ U(0,1).
Thus, the numbers of inversions and descents of this permutation can be represented by
(1) Xiw = Y, UYZi>Z},
1<i<j<n
n—1
(2) Xaes = > W Zi > Zija}
i=1

The primary challenge in dealing with the joint permutation statistic (Xiny, Xdes) is the
dependence structure between Xij,, and Xges. The random variables 1{Z; > Z;},1 <i < j <
n in (1) are also dependent. It is worth noting that Xj,, has the following representation as a
sum of n — 1 independent terms:

n—1

(3) Xinw 2 3 U{0,1,...,3}).

i=1

This follows, e.g., from [13, Corollary 2.5a)] within the framework of all finite Coxeter groups.
The representation of Xges in (2) has m-dependent variables (precisely, m = 1). There is also
a decomposition of Xges into independent summands, based on the splitting of its generating
function (known as the Fulerian polynomial) into linear factors of its real-valued roots [13,
Corollary 2.5b)].

From the representations in [13, Corollary 2.5a)] and [13, Corollary 2.5b)] it is easy to
derive the generating functions of Xj,, and Xge. That Xj,y and Xges are not independent
follows from the fact that the joint generating function of (Xges, Xiny) does not factor into
those of Xj,y and Xges. It is an interesting question whether this polynomial factors at all.
Some tests were made on S3 or Sy, but there was no regularity detected so far.

To handle the dependence between Xj,, and Xqes, we approximate Xj,, through its Hajek
projection Xim, and write (Xinv, Xges) as a sum of m-dependent two-dimensional random
vectors. Then, we apply a Gaussian approximation theorem by Chang et al. [5] for triangular
arrays of m-dependent random vectors. This will give a new proof of the CLT, and more
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importantly, it will be essential to derive the extreme value limit theorem (EVLT) for
(Xinv, Xqes) on classical Weyl groups.

Definition 2.1. For independent random variables Z1, ..., Z, and any random variable X,
the Hdjek projection of X,, with respect to Z1,...,Z, is given by

z X | Z) = (n— DE(X,).

Note that E(X,) = E(X,). Since each E(X,, | Z;) is a measurable function only in
Z, the Hajek projection is a sum of independent random variables, regardless of the orig-
inal dependence structure between X,, and Zi. In Sections 2—-4, we always assume that
Ziy... Zn ~U(0,1) for our purposes. To decide whether the Hajek projection is a sufficiently
accurate approximation, the following criterion is useful.

Theorem 2.2 (cf. [24], Theorem 11.2). Consider a sequence (Xp)n>1 of random variables
and their associated Hdjek projections (Xy)n>1. If Var(X,) ~ Var(X,,) as n — oo, then
Xn —E(Xn) _ Xn —E(X,)
Var(X,)'2  Var(X,)!/2

0]}»(1).

In particular, if Var(X,) ~ Var(X,) and (X,),>1 satisfies a CLT, then Theorem 2.2
guarantees that (X,,),>1 also satisfies a CLT.

In what follows, for a random variable or vector X with finite variance, we write Y for its
standardization, that is, Y = (X —E(X))/+/Var(X). In particular, Yi,y is the standardization
of Xip and Vi, is that of Xi,. We use the symbols Xinv,Yinv,va,lA/inv,XdeS,YdeS with
suppression of n, the underlying symmetric group or its rank, unless needed for clarification.

The next result provides the Hajek projection of Xjy, defined in (1) and verifies the variance
equivalence condition stated in Theorem 2.2 for Xj,y.

Lemma 2.3. The Hdjek projection Xinv of Xiny is given by

n

N —1)
Xy = (n + Z —2k+1)Z
and it holds that Var(Xiny) ~ Var(XmV) as n — oo.

Proof. We first study the conditional expectations E(Xj,y | Z) for k =1,...,n and get

1/2, if k¢ {i,j},
E(Xiv | Ze)= Y. P(Zi>Zj| Zi)= > < Z if k=1,
1<i<j<n 1<i<j<n 1— Z]€7 if b = ]

We fix k € {1,...,n} and analyze the frequency of the three cases on the right-hand side.
As {1,...,n} \ {k} has cardinality n — 1, there are (”;1) subsets {7,7} C {1,...,n}\ {k}.
When picking ¢ = k, there are n — k indices j with j > k, for which we have P(Z;, > Z; |
Zy) =P(Z; < Zy | Zi) = Zy, since Zj, ~ U(0,1). Likewise, when picking j = k, there are
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1=1 1=k—1 k j=k+1 j=n

~—— - o o o ---—o

1 -2 1 —Zg Zy. L
(k—1) times (nfk;,times

F1GURE 1. Display of the non-constant contributions to E(Xiny | Zk)

k — 1 indices 7 with i < k, which gives P(Z; > Zj, | Z;) = 1 — Zj,. These contributions are
illustrated in Figure 1. Therefore, we obtain

E(Xiny | Z) = ;(n ) 1) T (0= k) Z + (k— 1)(1 — Z)

:;<n;1>—|—(n—2k+1)Zk+(k—1)a

from which we deduce that

Xinv = i II‘3(«}(inv ’ Zk:) - (n - 1)E(X1nv)

k=1

nfin—1 n n n—1(n

:2< ) gn—2k+1)zk+]§(k—1)— 5 <2>
(4) nn—1) zn:n—Qk—l—l

Since the Zp’s are i.i.d., the variance of the Hajek projection is

Var(Xiny) = Zn: Var((n — 2k + 1)Zy).

k=1
Due to Var(Z) = 1/12, we get
¢ 1 & s 1 ¢ 2y
Var(Xiny) = - k:1(2k —n—1)%= - kz::l(zug (n+1)% — 4k(n + 1))
1 - n(n+1)
=— (4 &? 12 -4 )——~
12( 1; +n(n+1) (n+1) 5 >
_ 1 <4n(n+ 1(2n+1) - 1)2> ls_ 1 n—s o0
12 6 36 36’ '
1 5 9m2+Tn
By [18, Corollary 3.2], we have Var(Xi,y) = %n + ey and therefore Var(Xi,y) ~

Var(Xinv) as n — o0o. O



6 P. DORR AND J. HEINY

A combination of Theorem 2.2 and Lemma 2.3 yields
}/inv:?inv'f'OIP’(l)’ n— o00.

Remark 2.4. Interestingly, this approach fails for Xes, since Var(Xges) ~ Var(Xdes) does
not hold. Repeating the considerations in the proof of Lemma 2.3 for Xg4es, we first obtain

n—1 n—1 1/2, k ¢ {Z,’L + 1}7
IE(AXdes ’ Zk) = ZP(ZZ > Zi+1 ‘ Zk) = Z Zy., k= i,
- S 2, k=it

Now, except for the border cases kK = 1 and k = n, the summands for Kk =4 and k =i+ 1 are
each used exactly once, so the Zj in their sum Zj + (1 — Zj) cancel out. In total, we obtain

Xdes:ZI_Zn+Cna
where ¢, is some constant that depends only on n. Therefore, Var(Xdes) = 2/12 does not

have the linear order of Var(Xges) = (n +1)/12 (see [18, Corollary 4.2]).

For these reasons, our results will be based on the following consequence of Theorem 2.2
and Lemma 2.3.

Corollary 2.5. Let (Xiny, Xqes) | be given from the symmetric group Sy,. For the standardized
random vector (Yiny, Ydes)T and the standardized Hdjek projection Yin,, we have

(Knv) _ Y/inv + O]P’(l)
Ydes Ydes .

A decomposition of (Xinv, Xges) | into 1-dependent summands is given by
> n—1 . (n—1)
(5) i{flnv -y <(1n , 2k ;1)21@) L (= DZ+ P
des =1 { k> k+1} 0
Likewise, a 1-dependent decomposition for (Yinv, Yies) | can be found by standardization.

It is worth noting that the correlation Corr(Xij,y, Xqes) is not zero. However, we now show
that Corr(Xiny, Xdes) — 0 as n — 0o. Moreover, by Corollary 2.5 the same holds true for
(Xinv, Xdes) | as well (in fact, Corr(Xiny, Xqes) is even easier to compute). To proceed, we
need the covariance of Xy and Xges. Our next result additionally provides Cov(Xinyv, Xdes),
which — to the best of our knowledge — is not available in the literature.

Lemma 2.6 (see Subsections 8.1, 8.2 for the proof). On the symmetric group S,,, we have
a) Cov(Xiny, Xdes) = (n —1)/4.
b) Cov(Xiny, Xdes) = (n — 1)/6.
Corollary 2.7. Since Var(Xi,y)Var(Xges) = O(n*) according to [18, Corollaries 3.2 and 4.2],
and the same holds true if Var(Xiny) is replaced by Var(Xiny), we conclude from Lemma 2.6
that
COV(XinW Xdes)

C XinV;X es) — =0(1 3
orr( des) /Var (X ) Var(Xae) (1/n)

Corr(f(inv, Xaes) = O(1/n), n — 00.




EXTREMES OF JOINT INVERSIONS AND DESCENTS ON FINITE COXETER GROUPS 7

3. THE BIVARIATE CENTRAL LIMIT THEOREM

In this section, we establish the joint normality of (Xiny, Xdes) ' by using the 1-dependent de-
composition of (X'inv, Xdes)T and applying a recent (and quite optimized) CLT for m-dependent
triangular arrays from Chang et al. [5]. Their work provides Gaussian approximations for
high-dimensional data under various dependency frameworks, including m-dependence. It
gives error rates over the system of all hyperrectangles, including the Kolmogorov distance as a
special case. Moreover, the high-dimensional framework implicitly covers the finite-dimensional
one by repeating the components of a vector.

Refining the notation of [5], we consider triangular arrays (Xt(n))t:l,,,,m whose entries

X {n) b ,Xﬁb”) are mean zero random vectors in RP, where p = p(n) can grow with respect to
n. For the sum

n
(6) XM .= Z Xt(") with covariance matrix £ := Var(X ™),

t=1

the work of Chang et al. [5] gives bounds and rates of convergence for

n(A) = sup IP(X™ € A) — PN, € A)],

where A encompasses a system of Borel sets and A, ~ N(0, E(”)) is a normal distribution with
the same covariance structure as X ™. Bounds for 7,,(.A) in both constant and high dimensions
have been strongly investigated for independent variables. A seminal work for the system
A:={[x,0) | x € R*} to compare the maxima of X(™ and A, in high dimensions is given
by Chernozhukov et al. [7]. In recent years, there have been great efforts to improve the error
bounds and the growth of dimension within the independent framework, see [8, 9, 12, 14, 19].
An interesting feature of [5] is that the Xt(n) are allowed to be dependent which offers a
wide range of applications beyond the independent framework, including the 1-dependent
decomposition of (Xinv,XdeS)T. The following two conditions need to be imposed on the
XM= (x L xIT
Condition 1: There exists a sequence of constants B, > 1 and a universal constant y; > 1
such that

jmax E (exp (‘ \/ﬁXt(Z,)

Condition 2: There exists a constant K > 0 such that for all n € N

‘min Var <Z Xt(,?‘)> > K.
t=1

7IB;’Vl))gz, t=1,...,n.

J=Loeesp
Remark 3.1. Condition 1 means sub-Gaussianity, i.e., by Markov’s inequality,
Vu>0: P(vaX(| > u) < 2exp(—u By ).

For sub-Gaussian variables, particularly for the bounded variables Xges, Xinv and their Hajek
projection Xiyy, we can choose v; = 2 and B, = O(1). Condition 2 implies non-degeneracy,
which obviously holds true in our setting.
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A very useful estimate of r,,(A"™) is given for the system of hyperrectangles

A= {{weR:a<w<b}|abe |00}

Proposition 3.2 (see [5], Corollary 1). Let (Xt(n))tzl,m,n be a triangular array of mean

zero random vectors in high dimensions, i.e., an), . ,Xq(ln) € RP with p =p(n) > n" for a
constant k > 0. Assume that each row X{"), e ,X;ln) is m-dependent with a global constant
m € N. Under Conditions 1 and 2, it holds that

X Bnm2/3 log p 7/6
rn(Ae):O< nl/ﬁ() , n — o00.

We note that if p remains constant, we can artificially repeat the vector components (say
n times) and therefore, the requirement p > n* can be removed. We obtain the following
corollary.

Corollary 3.3. Let (Xt(n))tzl,...,n be a triangular array of mean zero random vectors in fizved
dimension p and suppose that each row Xl(n), ... ,X,S”) is m-dependent with a global constant

m € N. Under Conditions 1 and 2, it holds that

ro B,m?/31og(n)7/
rn(A):O< n1/6<> , n — oo.

Our next result establishes a CLT for the joint distribution of inversions and descents.

Theorem 3.4. The joint distribution of (Xiny, Xdes)' on the family of symmetric groups
satisfies the CLT. This means

T
Xinv - E(Xinv) Xdes - E(Xdes)> D

, — Ng(0,1s), — 0.
SV (X)) | /Var(Xue) 2(0,I2) oo

Proof. Due to Corollary 2.5 and Slutsky’s Theorem, it suffices to show that (ﬁnv, Yies) | o,
N2(0,I2). By (5), we have that

Kiw — EXim)) = ((n— 2k + 1)(Z, — 1/2) —(n—1)(Zy —1/2)
(7) (Xdes - Enges%) B Z ( 1{Zk‘ > Zk+1f_ 1/2 ) * < 0 >

(Yvian'des)T - (

k=1
is a sum of 1-dependent random vectors with mean zero. Setting

XM ((n—2k+1)(2k—1/2)/\/m>7 k=1,...n—1,
({Zk > Zry1} — 1/2)/v/Var(Xges)

X0 o (—(n —1)(Zn - 1/2)/\/Var(f(inv)> |
0

we obtain the representation (ffmv, Yies) | = Y1 X ,gn) =: X", The covariance matrix of

X ™) (see (6)) is given by X(®) = (pl p1">, where p,, := Corr(Xiny, Xqes). An application of
n
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Corollary 3.3 yields that for A, ~ N(0, (),

sup [P(X®™ < u) ~ BN, < w)] < ro(A*) = O (0O log(n)7/%) .
ucR?

In combination with the fact that the correlation p,, vanishes in the limit (see Corollary 2.7),
we can conclude that (f’mv, Yies) | D, N2 (0,1I3), completing the proof of the theorem. O

4. THE EXTREME VALUE LiMIT THEOREM

In what follows, we use the Gaussian approximation of Proposition 3.2 to prove that
the vector of componentwise maxima of i.i.d. copies of (Xim,,Xdes)T is attracted to the
bivariate Gumbel distribution with independent margins. First, we briefly recapitulate the
procedure used in [13] for the univariate case. Let (ky)nen be a divergent sequence of positive
integers. It is well known (see, e.g., [20, Theorem 1.5.3]) that the maximum of k, i.i.d.
standard normal variables (N;);—1, .k, is attracted toward the standard Gumbel distribution
A(x) = exp(—exp(—=x)) by virtue of
apn(max{Ny,..., N, } — an) Do, n — oo,

where
log log ky, + log(4m)
a 2v/2log ky,
The key step in the results of [13] was to employ large deviations theory in order to establish
the tail equivalence

an = +/2logk,

P(X/\/Var(X) > x,) ~ 1 — ®(xy,), n— oo,

where X denotes the centered version of either Xj,, or Xges on .5, and ® is the standard
normal distribution function and z,, — oo is a suitable sequence of real numbers. In the
multivariate case, we additionally need to control the dependence between Xi,, and Xges
which we facilitate by Proposition 3.2 after first replacing Xi,, with its Hajek projection Xinv.

Let (X(j) Xc(é)s)T,j = 1,...,k, be independent copies of (Xiny, Xges)' on S,. We are

inv’
interested in the asymptotic joint distribution of the component-wise maxima of (Xiny, Xqes) ' -

Equivalently, we investigate the standardized maxima

max;—1.._p, X9 — B(Xiny) maxj_1._p, X3 — E(Xdes)

n “Yinv s
U(Xinv) U(Xdes)
We now postulate the main result of this paper. If the number of samples k,, is not too large,
then the distribution of (Xj,y, XdeS)T is in the maximum domain of attraction of a bivariate
Gumbel distribution with independent margins.

(8) Mn,inv = and Mn,des =

Theorem 4.1. Consider the setting from above and assume (kylogk,)/n — 0 as n — oo.
Then, it holds that

9) nh_)n;o P(an (M iny — ) < @, an(My des — o) < y) = Ax)A(y) , T,y €R.

In particular, the maxima of inversions and descents on S, are asymptotically independent.
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Proof. Let (Z7); j>1 be a collection of independent U(0,1) distributed random variables and
recall that «,, ~ +/2logk,. Then we have the representation

(Xlirz%) 2 <21§i<k§n 1{(%5]') >(%Igj)}> |
) Usmias )L

des

-----

Therefore, by Slutsky’s theorem, (9) is an immediate consequence of

(10) nh—>n;o P(an(Mn - an) S xvan(Mn,des - an) S y) = A(x)A(y) ) z,Yy € R,

and
(11) VIogkn | Mpiny — Mp| =50,  n— o0,
where M,, := U(va)’l (maszl,,..7kn )A(l(g\), — E(va)). It remains to show (10) and (11). We

begin with the proof of (11) and get
XJ) - E(Xiw) X — E(Xin)

inv inv

‘Mn,inv - Mn| < max

j=1,...kn U<Xinv) U(Xinv)
X0 g0 Riny) — 0(Xiny
— ax Kinw — Xinw + (Xl(g‘z B E(Xinv))a( in ) O-(A in ) ]
i=Liokn | 0(Xinv) 0 (Xiny) o (Xinv)

Thus, for any € > 0, we obtain

. <0 _ %)
IP)(\/long|Mn,inv - Mn| > 25) < P(\/k)gikn‘j:r{laxk W > 5)
% U(XiHV) — U(Xinv)

(X) = B(Xiny))

+ P(\/log kn max,

J=L.-sRn

= >e) =P+ P.
U(XinV)U(XiHV) ) ' ?

Using the union bound and Markov’s inequality, we have

O'(Xinv)g) < log kr,

— O Bl X — Xinel?
Viogk, / =" Var(Xipny)e? [Kin inv]

Pt < b P(| Xiny = Kiny| >

knlog ky, . .
= X (Var(va) + Var(Xiny) — 2Cov(Xiny, Xinv))
knlog ky, Var(Xiny)
12 - _
1) €2 ( Var(XmV)) ’

where the last equality follows from the fact that Cov(Xipy, Xinv) = Var(f(inv), see, e.g., [24,

A

Theorem 11.1]. Plugging in the formulas for Var(Xj,,) and Var(Xj,,) from the end of the

A

proof of Lemma 2.3, we get Var(Xipy)/Var(Xiny) = 1+ O(1/n) from which we conclude that
Py, = kylogk, O(1/n), n — oo,
which tends to zero by the assumption on k,. Repeating the above considerations for P

yields

P

~

< kn, log kn (U(Xinv) - U(Xinv))QE(Xi(g\), - E(Xinv) 2
o 62 G(Xinv) U(Xinv)
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(13) = knplogk, O(1/n) =0(1), n — oo,

which completes the proof of (11). Regarding (10), we recall that by Corollary 2.5,
(ng - E(Xﬁzj&)) 5 (m —2k+1)(2 - 1/2)) N <—<n — 1)z - 1/2))

X -EXQ)) S\ uz) >z -1 0

This is a sum of 1-dependent centered random vectors. Setting

ym) ((n - 2(’3 + 1)((%;9) - 1/2)/‘7(Xinv)> k=1,...,n—1
(1{Zk] > ij+1} — 1/2)/0'(Xdes)

yon) oo (—(n —1)(z¢) - 1/2>/a<f<mv)> ,

we obtain the representation (Y(j ) Yd(g 5) )T =30 Yk("’j ) The covariance matrix of (f/(ﬂ') Y(j))‘r

inv > inv’ *des

is given by X(") = ( Lo "), where p,, := Corr(f(inv, Xges)- For a centered normal random

pn 1
vector N, = (N1, ..., Na, )" whose covariance matrix is block-diagonal with all k,, diagonal
blocks equal to (), we write
P, (z,y):=P (an( max  Noj_1 — an) < x,an( max Noj — an) < y) , z,y € R.
j:17"'7 n j:]-a'~~7 n

An application of Proposition 3.2 then yields, as n — oo,
’P(an(Mn - an) < T, CV’rz(-Z\J?l,dezs - an) < Z/) - Pn(a?,y)\
=0 (n_l/G log(max{n, kn})7/6) =o(1).

Finally, since p, — 0 (see Corollary 2.7), it is a standard result for maxima of bivariate
Gaussian random vectors (with correlation strictly less than 1) that

Po(,y) =% Az)A(y),
completing the proof of (10). O

Remark 4.2. The upper bound for the row-wise number of samples k,, is stricter than
that for the individual statistics Xiny and Xges given in [13], due to the error that arises
from replacing Xj,, with Xinv. In particular, this excludes the choice of k, = m which
gives a uniformly stretched triangular array. On the other hand, this new EVLT can be
transferred to other individual and joint permutation statistics, since it is mainly based on a
Gaussian approximation for m-dependent random vectors (or variables). Besides descents,
some other examples of m-dependent permutation statistics on S, are peaks (all indices ¢ with
w(i—1) <m(i) > w(i+1)) and valleys (all ¢ with (i — 1) > 7(i) < 7(i + 1)). Since the proof
of Theorem 4.1 does not rely on any special property of descents other than m-dependence,
any other m-dependent permutation statistic could be combined with inversions.
Furthermore, if we consider a permutation statistic consisting of one or two m-dependent
components, then there is no need to use Hajek’s projection and the corresponding part in
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the proof of Theorem 4.1 can be removed. In this case, only (10) needs to be shown and the
upper bound of k,, only comes from

n~Y%log(k,)/% = 0(1) <= ky, = exp (o(n'/7)).

Therefore, in this situation, Theorem 4.1 can be modified to give almost the same flexibility
as [13, Theorem 4.2].

5. SIGNED AND EVEN-SIGNED PERMUTATION GROUPS

The previous two sections established the CLT and the EVLT for the joint distribution
(Xinv, Xqes) | on the family of symmetric groups. We now work toward these results for
(Xinv, Xqes) | on the signed and even-signed permutation groups B, and D, that generalize
the symmetric groups S,.

The group B, of signed permutations on n letters arises from S,, by assigning any combina-
tion of positive or negative signs to the entries of a permutation. The even-signed permutation
group D,, is the subgroup of B,, consisting of elements with an even number of negative signs.
As in [18, Section 2.1], we use the in-line notation

B, ={n=(r(1),...,m(n)) : w(i) € {£1,...,£n} Vi,
(14) {lm@)],..., [w(m)|} = {1,...,n}},
and we have D,, = {m € B,: 7(1)7(2)---w(n) > 0}.
According to [18], the combinatorial representation of inversions on B,, and D,, is given by
Invt (7)) UInv™ (7) UInv®(n), if 7 € By,
Invt(7) UInv™ (), itreD,,

(15) Inv(7m) = {

for the disjoint sets
Inv*(m) = {1 <i<j<n|n(@)>r()}
Inv™(m) ={1<i<j<n|-n(i)>r(j)}
Inv® () = {1 <i<n|x(i) <0}

Thus, the numbers of inversions on B,, and D,, are
XB (7)) = [Inv™ ()] + [Inv™ ()] + |Inv°(7r)],

XP (7) = [Inv (m)| 4 [Inv™ (7).

mv

The set Inv™ is analogous to inversions on symmetric groups. Note that on B,, and D,,, one
must pay attention to signs, that means, a pair (4, j) with 7(:),7(j) < 0 and |7 (2)| < |7 (j)]
also adds to Inv" (7). The set Inv™ is that of negative sum pairs. The set Inv°(7) simply
collects positions with negative entries. The latter two sets need to be counted so that |[Inv(r)]
equals the word length on B,, with respect to the generating system {sg, s1,...,S,—1}, where
so = (—1,2,3,...,n) negates the first entry and s; = (1,...,0 — 1,i + 1,4,i + 2,...,n) is
the transposition of ¢ and i + 1. The group D, is generated by {3¢,s1,...,Sn—1} with
50 = (=2,—1,3,...,n), thus it is sufficient to add only |Inv~(7)| to |Inv*(7)|. For more
details and formal proofs, see [3, Sections 8.1 and 8.2].
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The knowledge of generating systems also allows to derive simple representations of X jeg
on B, and D,,. Expand the in-line notation in (14) by setting 7(0) := 0. Then, according to
[3, Sections 8.1 and 8.2],

(16a) XB.(r Z nr(i) > n(i + 1)},

and on the even-signed permutation group D,,

(16b) X2 (r) =1{-n(2) > n(1)} + Z 1{n(i) > (i +1)}.

To draw elements uniformly from B,,, one can first draw some uniform 7 € S,, and then
multiply each 7(7) with a Rademacher variable independent of everything else. Instead of the
Rademacher variables, we propose a more general approach by drawing signs with a fixed
p-bias, i.e., each sign is —1 with probability p € [0,1] and +1 with probability ¢ := 1 —p
This yields a family of probability measures on B,,, where the case p = 1/2 corresponds to
the uniform distribution on B,,, while if p = 0, all mass is on the symmetric group S, C B,,.

A corresponding probability distribution on the even-signed permutation group D, is
obtained by first choosing the unsigned permutation |7| € S,, uniformly and then assigning
n — 1 signs for the entries 7(1),...,m(n — 1) with p-bias, and finally specifying the sign of
m(n) such that w(1)---m(n — 1)7(n) > 0.

Definition 5.1. Let p € [0,1] and ¢ := 1 —p. Then, the p-biased signed permutations measure
on the group B, is the probability measure induced by the point masses

({7‘(}) neg ﬂ)qn neg(m )7 = Bn7

where neg(7) denotes the number of negative signs in 7 and we use the convention 0° := 1.
The p-biased signed permutations measure on D, is derived as described above.

Therefore, the entries of 7, with m distributed according to the p-biased signed permutations
measure, can be represented by i.i.d. random variables Zy,...,Z, withVi =1,...,n: Z; =
U;R;, where R; is a +1-valued random variable with

P(Ri=—-1)=p and P(R;=1)=gq,
and U; ~ U(0,1) is independent of R;. The probability distribution function of Z is

pz+p7 S [_170]7

Fy(z) =P(Z1 < 2) = {qz-i—p z € [0,1]

and we simply write Z; ~ GR(p) (generalized Rademacher with parameter p). Note the special
cases GR(0) = U(0,1), GR(1/2) = U(—1,1) and GR(1) = U(—1,0). Figure 2 illustrates F,
in the cases of p = 0,p = 1/4 and p = 3/4. Accordingly, the Lebesgue density of GR(p) is
fp(z) =p1{-1< 2 <0} +¢1{0 < z < 1}.
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Fp(2)

: : : O : : : : z

-1 —=3/4 —2/4 —1/4 0 1/4 2/4  3/4 1

FIGURE 2. Probability distribution functions of GR(p) for p = 0 (green),
p=1/4 (blue) and p = 3/4 (red).

Remark 5.2. Let X, denote the random number of inversions on B,, and let X, denote

that on D,,. According to (15), we can write

(17a) X5, =Y 1Zi> 2z} +> 1{- Z>Z}+ZI{Z <0},
1<j 1<J
(17b) xb 21{2 >Z}+Zl{ Zi > Zj}.

Furthermore, (16a) and (16b) translate to

n—1

(18a) Xie =Y 1Z > Zi1} +1{Z <0},
=1
n—1

(18b) Xiws=> WZ>Zia} +1{~Z2 > Z1}.

i=1
In what follows, we use Xj,y and X4es as an umbrella notation for the numbers of inversions and
descents on each of the groups Sy, By and Dy,. Again, both (18a) and (18b) give a 1-dependent
representation of Xges, which yields a 1-dependent representation of (va, Xdes) )
In the uniform case (p = 1/2), the means and variances are known by [18, Corollaries 3.2
and 4.2]. We now calculate them within the general p-bias framework. To this end, we first
observe that for any i < 7,

P(=Zi > Z;) = E(P(=Zi > Z;j|Z)) = E(Fp(=Zi)) = E(E(Fp(—Z)|Ui))
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= E(pFp(Ui) + ¢F,(=Ui)) = E(p(qUi + p) + ¢(=pUi + p)) = p.
Then, it follows straightforwardly from (17a) and (17b) that

) ()6 o -()))

The formula for Var(Xj,,) is given in the next lemma.

Lemma 5.3 (see Subsection 8.3 for the proof). On the p-biased (even-)signed permutation
groups, we have

1 1 1 1
Var (Xiﬁv) = (—p2 +op+ ) n® — <3p3 —dp*+p— ) n?

3 37" 36 24
14 5 5
g3 _ 142, 5 _) ,
* (p gt
1 1 1 1
D _ .2 - - 3 3 2 - 2
Var(Xinv)_< 3P +3p+36>n (p 2p” +p 24)n
5 5o 2 5
+ p—gp +§p—5 n.

In particular, if p=0 or p=1/2, we obtain the results in [18, Corollaries 3.2 and 4.2].

For the variance of X'inv on B, and D,, we get the same leading term as in Lemma 5.3,
regardless of p. Hence, we obtain the Hajek approximation statement from Lemma 2.3 on the
groups B,, and D,, with p-bias.

Lemma 5.4 (see Subsection 8.4 for the proof). On the p-biased (even-)signed permutation
groups, we also have
L 9

N 1 1
Var(Xine) = <_3p +op+ 36) n® 4+ 0(n?),

50 Yy = Yigy + op(1) applies according to Theorem 2.2.

The leading term, as a function of p, has no zeros in [0, 1] and assumes its global maximum
at p = 1/2, which is the unbiased case. This means that the order of Var(Xj,y) and Var()z'mv)
is guaranteed to be cubic in n.

From Lemma 5.4, we obtain an extension of Corollary 2.5, which we present as a general

statement on all three families of classical Weyl groups.

Corollary 5.5. Let W be a classical Weyl group of rank n, that is, W € {S,, Byn, Dyp}. Set
Zy:=—0 if W=5,,2y:=0if W =B, and Zg := —Zs if W = D,,. Then,

Xinv — IE(AXPinv | Zl) + + ]E(Xinv | anl) + ]E(Xinv | Zn)_(n_]-)E(Xinv)

Xdes 1{2() > Zl} e 1{Zn,2 > anl} 1{Zn,1 > Zn}
is a 1-dependent decomposition of (Xinv,XdeS)T. On B,, and D,,, this applies with any sign
bias.

Lemma 5.6 (see Subsections 8.5, 8.6 for the proof). On both of the groups By, and D,, with
p-bias, it holds that
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a) Corr(Xiny, Xges) — 0 as n — oo, and

2

Cov(XE, XB) = (n—1) (p

2 P 1 2
5 TPa 2+4>+(p P),

2 1
COV(XllI;)deDes) = (n - 1) <p2 +p2q - g + 4> +p2.

b) COV(XinV,XdeS) = 0O(1/n), so again, Corr(Xinv,Xdes) — 0 as n — oo.

The CLT of (Xinv,XdeS)T on B, and D, is now derived analogously to Theorem 3.4.
Likewise, all arguments in the proof of the extreme value limit Theorem 4.1 apply on B,, and
D,.

Theorem 5.7. For the joint statistic (Xiny, Xdes) ' on signed or even-signed permutation
groups with p-bias, the following hold.
a) (Xiny, Xdes), >, satisfies the CLT.
b) The statement of Theorem 4.1 holds if Wy, is an arbitrary sequence of classical Weyl
groups with tk(Wy,) = n for all n € N and with k,, chosen so that kylog(ky,) = o(n).

6. PRODUCTS OF CLASSICAL WEYL GROUPS

We now consider direct products of classical Weyl groups. Let W = Hé:l W; be such a
product, where each W; is one of Sy, B,, or D,, and [ is a fixed positive integer. By [18,
Lemma 2.2], we know that

IHV : : XIHV

is a sum of independent random variables, implying Var(

(4) i)

be constructed from variables Z,", ... Z,(% ,

Soh Var(XH), Let XV

IHV) mv

where n; denotes the number of letters on which
the group W; acts, and each Z j( D i GR(p;) for some p; € [0,1], and the entire collection of all

ZJ@ is independent. Setting n :=mnj + ...+ ny, the overall Hajek projection XW oof XV is

I ng
i=1j=1
where E( ] z¢ )) =Y _|E (XXK? | j(z ) If £ # i, then lef is independent of ZJ(.i),

which means that in this case E (X Wi | 7 AR ) E(X*) is constant. We therefore obtain

mv mv

Var XIII/K/ ZZV&I( ( i ’ Z( )) ZVar mv

i=17=1

inv

For any W;, we have Var(X"1) ~ Var(XV#). Furthermore, all variances are cubic as seen in

Lemmas 2.3, 5.3, 5.4 and [18, Corollary 3.2], i.e., we have
Var(XV1) = ein? + O(n?) = Var(XV1), n; — 00,

mv mv



EXTREMES OF JOINT INVERSIONS AND DESCENTS ON FINITE COXETER GROUPS 17

where ¢; := —%p? + %pi + 3—16 It is seen from the calculations in the proofs of Lemmas 2.3
and 5.4 that Var(Xim,) Var(Xiny) = ©(n?). So we can write
l
(19) Var XXK, Z (cmf’ + ozm? + O(ni)), Var XXK, Z (cmf’ + ﬁzn? + O(ni)>,
=1 =1

with a; # 3; for all 4.

Consider a sequence (W), )nen of products as introduced above, assuming that the number
| of components remains bounded. Then, we see that Var(X]¥ ) ~ Var(X}¥ ) holds as n — oo,
since the cubic terms are equal and cannot be dominated by the quadratic terms. Thus, to
obtain the CLT, the Hajek projection approximation is sufficient and the above considerations
show the following extension of Theorem 3.4.

Corollary 6.1. On bounded products of classical Weyl groups, it holds that Yipy = Amv—%o]p(l),
and (Xiny, Xaes) | satisfies the CLT.

To repeat the proof of the extreme value limit Theorem 4.1, there is another issue to
consider, namely the bounds (12) and (13), which require a suitable control of

_ Var(X'inv)

Var(XinV) ’
Since the number of components of W, is bounded, we can assume w.l.o.g. that the components
are sorted decreasingly by rank, meaning n; is the largest rank with n; = O(n). We can also

assume that each group has exactly [ components (as groups with fewer components can be
filled with components of Si, not giving any further inversions and descents).

(20)

Theorem 6.2. For fired | € N, let W, H Wi be products of finite Coxeter groups with
rk(W,) =n Vn € N. Let ky, log(k,) = o(n) and let (X G) X(gi))s) ,Jj=1,...,k, be independent

invy

copies of (Xiny, Xdes) ' on Wy. Let My, iny, My, des be defined as in (8). Then, the statement
of Theorem 4.1 applies for (W, )nen, that is, we obtain (9) again.

Proof. The proof of Theorem 4.1 carries over almost seamlessly, we only need to check the
bound of (20). We can rephrase (19) as

! I
Var(Xir) =Y end + an? + O(n), Var(X{hr) = 3" eind + n? + O(n).
=1 i=1
Then,
M —1_ Sty emd +an?+0(n)
Var(X) Sty end + An2 4+ O(n)

Depending on whether the residual Sn? + O(n) is positive or negative, we can bound this in
both directions (assuming it is positive) via
(20) > 1 St cmf’l—i— om23+ On) _ an? +0(n ) _0 (1) ’
=1 Gl i en n
—a)n®’+0 - O(n 1
(20) = l(ﬁ g)n + O(n) S(ﬂ az)n +3():O<>.
>i—1 cini + Bn? 4+ 0(n) D i=1 Cill;

n
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Therefore, we have the same bound for (20) as in the proof of Theorem 4.1. O

7. CONCLUSION AND OUTLOOK

In this work, we proved both a CLT and an EVLT for the joint statistic (Xiny, Xdes) On
all classical Weyl groups, as well as their bounded products. This addresses one of the
open questions raised in [13] and gives a significant extension to [15], which only covered
the CLT on symmetric groups. We benefited from the fact that the number of inversions
Xinv can be suitably approximated by its Hajek projection, enabling us to apply Gaussian
approximation theory for m-dependent vectors. In comparison with the univariate results in
[13], the triangular array could not be stretched as generously, because the involvement of
Hajek’s projection required stronger assumptions.

On the symmetric groups .5, both common inversions and descents are special instances
of so-called generalized inversions or d-inversions. For any choice of d € {1,...,n — 1}, the
statistic of d-inversions counts only inversions over pairs (i,7) with 1 < 7 —i < d. It is
interesting to choose d = d,, as a function of n. The asymptotic normality of d-inversions
under suitable conditions for d, has been shown in [21]. Accordingly, it is worthwhile to
investigate the constraints on d, that guarantee the EVLT in the way of Theorem 4.1.

Some further open questions remain as well, especially about the two-sided Eulerian statistic
X7(7) := Xges(T) + Xaes(m~1). This statistic is known to satisfy a CLT according to [4] by
the method of dependency graphs, but its extreme value behavior still remains unknown.
Likewise, the extreme asymptotics of the joint distribution (Xges(7), Xdes(ﬂ'_l)) give another
open question.
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8. APPENDIX: REMAINING PROOFS

8.1. Proof of Lemma 2.6a). We compute Cov(Xiny, Xdes) from (1) and (2), obtaining that
it has lower order than \/Var(Xj,y)Var(Xges). According to (1) and (2), we have

n—1
Cov(Xinv, Xaes) = >, > Cov(1{Z; > Z;}, 1{Z} > Zi11})
1<i<j<n k=1

= > > Cov({Zi > Z;}, W{Z > Zisa})
1<i<j<nke{i-1,i,j-1,j}
1<k<n—1
where we used that if & ¢ {i —1,4,j — 1, j}, then the events {Z; > Z;} and {Z} > Zj,} are
independent and therefore Cov(1{Z; > Z;},1{Z}, > Zy+1}) = 0. In what follows, we analyze
the case k € {i—1,4,j — 1, j}, first assuming that all these numbers are distinct. Additionally,
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1 i—1 i Jj—1 J n

~1/12 L/u 1/12 T—1/12
®

F1GURE 3. Canceling pairs of positive and negative covariances as k passes
through 1,...,n — 1 in non-exceptional situations. The covariance is zero for
all other values of k.

we temporarily ignore the border cases i = 1 (where k =i — 1 is outside the range) or j =n
(where k = n is outside the range). This gives four possible constellations:

type A: k+1=14and j >k,

type B: k=dand j > k+1,

type C: k+1=jand i < k,

type D: k=7 and ¢ < k.

For type A, we have
COV(l{Zi > Zj}, 1{Zi—1 > Zz}) = ]P)(ZZ' > Zj,Zi—l > Zi) — P(Zi > Zj)P(ZZ'_l > Zi)

= ]P)(Zi_l > Z; > Zj) — i
1 1

1

6 14 12

since each of the six possible orderings of Z;_1, Z;, Z; is equally likely as they are independent
U(0,1) variables. For type B, we get

Cov(1{Z; > Z;},1{Z; > Z;11}) = P(Z; = max{Z;, Ziy1,Z;}) — %
1 1 1

371712
since each of Z;, Z; 1, Z; are equally likely to be the maximum. Types C and D are handled
the same way. For type C, we have Cov(1{Z; > Z;},1{Z;_1 > Z;}) = 15, and for type D,
Cov(1{Z; > Z;},1{Z; > Zj11}) = —35. Soif 1 <i < i+ 1< j<n, the inner sum

> Cov(1{Z; > Z;},1{Z), > Zi11})
ke{z’fl,i,jfl,j}

consists of two canceling pairs of 1/12 and —1/12, and vanishes altogether. Figure 3 displays
the passage of k and the positions of the positive and negative covariances, in which we see
that the positive signs are located inside, while the negative ones are located outside. We
also use this figure to explain what happens if 1 <i <i+ 1 < j < n does not hold. We call
such cases exceptional.

e If i and j are subsequent, i.e., j = i + 1, then the two locations in Figure 3 with

positive contribution collide. If additionally k = i, we obtain Cov(1{Z; > Z;},1{Z;, >
Zk+1}) = COV(I{ZZ‘ > Zi-i—l}y I{ZZ' > Zi+1}> = Var(l{Zi > Zi-i—l}) = 1/4.
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e If 4 =1, then the leftmost negative term in Figure 3 disappears.
e If j = n, then the rightmost negative term in Figure 3 disappears.

As these situations are not mutually disjoint, we categorize the exceptional cases as follows:

e (E1): j =i+ 1, but neither i = 1 nor j =n
e (E2):i=1andj=3,...,n—1.

e (E3): j=nandi=2,...,n—2.

o (Bd):i=1,7=2

o (E5):i=n—-1,j=n.

e (E6):i=1,j=n

As an example, we display situation (E1) in Figure 4.

1 i—1 j n
o —------ —@ o— ------ —@

)
~1/12 11/4 ~1/12
k

FIGURE 4. Display of covariances for the exceptional case (E1) when i and
j =1+ 1 are subsequent.

Looking at the contributions and frequencies of (E1), ..., (E6), we obtain the exact result
1 1 1 1 1 1 n—1
—_— L~~~
(E1) (E2, E3) (E4, E5) (E6)
The claim follows. U

8.2. Proof of Lemma 2.6b). Recall that Z1,..., 7, are i.i.d. U(0,1). By Lemma 2.3, we

have
L 1{n
Xinv z::n_2]+1z+2<2>

which, together with the definition of X, yields

n n—1
COV(XjnV, Xdes) = Cov (Z(n — 2j + 1>Zj, Z 1{Zk > Zk-Jrl})
Jj=1 k=1
n—1 1
= (S + X ) X2+ )Cov(Z. 1{Zk > Zin})
Jj=2 je{ln} k=1
=Ti+1T.

3
|
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In view of the independence of 71, ..., Z,, we get
n—1
Ty = (n—2j+1)(Cov(Z;,1{Z; < Zj-1}) + Cov(Z;, 1{Z; > Zj1})) =0,
j=2

where for the last equality, we used

Cov(Z;,1{Z; < Zj1}) + Cov(Z;, 1{Z; > Zj1})
1
=E(Z1{Z; < Zj-1}) + E(Z;1{Z; > Zjn}) — 5
1
=E(Zj1{Z; < Zj-1}) + E(Z;1{Z; > Zj}) — 5
1
= E(Z)— 5 =0.

As Z11{Z; < Zs} is a function in two uniform variables with joint density f: R? — R, (x,y)
1{(x,y) € [0,1]?}, we can apply Fubini’s Theorem to obtain

E(Z11{Z1 < Z»}) = /[0 " zl{z < y}d(z,vy)

)

:/01:c</011{x<y}dy>dx

1 1
/0 z(l—z)dx 5

Therefore, we get for T5:
T = (n — 1)COV(Z1, 1{Z1 > ZQ}) — (TL — I)COV(ZH, 1{Zn_1 > Zn})
= (n— D)(E(Z11{Z1 > Z>}) — E(Z11{Z < Z2}))

n—1
6 )

— (n—1)(1/2 = 2B(Z,11{Z) < Z3})) =

n—1

6

which shows that Cov(Xinv, Xdes) = O
8.3. Proof of Lemma 5.3. We follow the instructive calculation of Var(Xj,y) in the uniform

case provided in [18, Section 3]. So, the main task is to calculate E(X2,). For X5, we recall
(17a) and use the abbreviations

XB, =S 12> 23+ S 12> Z}+ S 1{Z <0} = XT + X~ + X°.

i<j i<j i=1

= X+ - x- = X°
This means we need to compute the terms
E((XZ,)2) = E((X*)?) + E(X")?) + 2B(X+X")
+E((X°)?) 4+ 2E(X T X°) + 2E(X ~X°).
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The first term E((X+)?) is invariant under p, since it only involves events {Z; > Z;} for which
P(Z; > Zj) = 1/2, even if the involved Z;, Z; are not uniformly distributed. Therefore, we
can obtain E((XT)?) from [18, Section 3]:

wen-1)-4)7)56)

E(XT)) =YY P(~Z > Zj,—Zi, > Z).
1<j k<l
For the (3) (”;2) choices of pairwise distinct i, j, k, [, we have that P(—Z; > Z;, —Z, > Z}) = p?
by independence, and for the (3) cases where (i,j) = (k,1), we simply get P(—Z; > Z;) = p.
The set of triples with two of the indices colliding need to be analyzed similarly as in the
proof of Lemma 2.6a). Note that the cases i = k and j = [ each contain two contributions.

E.g., in the case of ¢ = [, we calculate by case distinction according to the signs:
P(—Z; > Zj,—Zk > Z;) =P(=2Z; > Zj, —Zy, > Z;, Z; > 0)
+P(—Z; > Z;,—Zy, > Z;, Z; < 0)
=P(-Z;>Z;,—Zy, > Z;, Z; > 0,Z; < 0,2, <0)
+P(Z; <0,7; <0,Z;, <0)
+P(Z; <0,Z; >0,2;, <0,-2Z; > Zj)
+P(Z; <0,7; <0,Z;, >0,-Zy, > Z;)
+P(Z; <0,Z; >0,Z, >0,-2Z; > Zj, —Zy, > Zy)

Next, we turn to

_12 3 12 12 1 2
=3Pttt gpiat gpiat gpa

1

It turns out that all six constellations of triplets give this contribution. So, overall,

E((X7)?) = <Z>p+ (Z) (n ) 2)192 - (g) 2p(2p + 1).

For E(XTX ™), the disjoint quadruplets give a contribution of p/2 each. For the colliding
pairs, we need to compute

P(Z; > Z;,—2Z; > Zj)
=P(Z>Zj,~Z; > Zj, Z; > 0,Z; > 0)+P(Z; > Zj,—Z; > Z;,2Z; < 0,Z; > 0)
=0 =0
+P(Z; > Zj,—Z; > Z;,2; < 0,Z; <0)+P(Z; > Zj,—2Z; > Z;, Z; > 0,Z; < 0)

2
= P(Z<0,2Z; < 0,2 > Z;) +P(Z; > 0, 2; <0,—Zi>Zj):%+p2q.

For the triplets, we repeat the procedure above. For the cases j = k and j = [, we get

1
P(ZZ' > Zj, *Zj > Zk) = *ép(Qp — 5).
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For the cases ¢ = [ and i = k, we derive

P(Z; > Z;,—Z; > 7)) =P(Zi > Zj,—Z; > 21, Z; > 0,7, < 0)
+P(Zi>Zj,-Z; > 2),Z; < 0,Z; <0)
=P(Z;>0,Z; <0,2, <0,-2Z; > 7))
+P(Z;>0,7Z; >0, <0,Z; < Z; < —Z))
+P(Z;<0,7; <0,2, <0,Z; > Zj)
+P(Z;<0,7Z; <0, >0,Z; < Zy < —Z))

=g Ly Ly L
= op'a+ gpd” p L
1

and overall we obtain

s = () (£rn)+ () (57523 (- o)
n\ [ p? 9 n\(n—2\p n
() (o)« G0 )

The remaining three terms are easily calculated as

n

E(XTX®) =Y > P(Z > Z;, Z; < 0)

1<j k=1
n\p
:3<3>2+Z]P’(Zi>Zj,Z¢<0)+ZP(Zi>Zj,Zj<0)
1< 1<)
n p n\p n
= —_ :3 —_
E(X N P(=Zi > Zj, Z, < 0)
1<j k=1

3<z>p () semsipJor-o

n
=Y P(Zi<0,Z;<0)= <2>p2+np.
2,7=1

Summing all of these terms and subtracting the square of the mean gives the claim for B,.
On D,,, we ignore the parts involving X° and get the desired result. ([



24 P. DORR AND J. HEINY

8.4. Proof of Lemma 5.4. We first prove the claim on the even-signed permutation groups
D,,, since the calculation will be the same for B,,. We proceed as in Lemma 2.3, starting from

Xinv = Z IE(‘Xvinv ‘ Zk) - (n - 1)E(Xinv))
k=1

except here, Xj,y is defined by (17b), and we have Z; ~ GR(p). According to (17b), we have
E(Xinv | Zi) =Y _E(M{Zi > Z;} + 1{~Z; > Z;} | Zy)

1<)
(21) =Y (P(Zi > Zj | Z) + P(=Zi > Zj | Zy)).
1<j
Write f(Z;, Z;) .= 1{Z; > Z;} + 1{—Z; > Z;} for i < j and set U, = |Z}|. A straightforward
case distinction gives
Zi, Zj > 0: f(Zi, Z;) = HU; > Us},
Z; >0,Z; <0: f(ZZ‘,Zj) = 1{Ui > Uj},
Z;<0,Z; >0: f(Z;,Z;) = 1{U; < Uj} +1,
Zi,Zj < 0: f(ZZ, Zj) = l{UZ < U]} + 1.
For symmetry reasons, f(Z;, Z;) depends only on the sign of Z; but not on the sign of Z;. To
compute (21), we only need to consider the n — k tuples (k, j) and the k — 1 tuples (i, k), as
the other tuples are independent of Z; and produce constants which do not contribute to the
variance.
Recall that for £ < j, we have P(U, > U; | Uy) = Uy and P(Uy, < U; | Uy) = 1 — Uy,

Therefore, we can write

k—1 n
E(Xinv | Zi) = > E(f(Zi, Zi) | Zu) + Y E(f(Zk. Z;) | Z1),
i=1 j=k+1
where
E(f(ZZ', Zk) | Zk) = P(Zi > 0)(1 - Uk) + P(Zi < 0)(1 + Uk)
:q(lka)+p(1+Uk) =2pUr — Ur + 1
and

E(f(Zk, Z;) | Z) = 1{Zx > 0}Uy, + 1{Z;, < 0}(1 + 1 — Uy)
= 1{Z}, > 0}Ur + 1{Z}, < 0}(2 — Uy).
Overall, we obtain
E(Xinv | Z) = (k — 1)(2pUx — Uy + 1)
+ (n— k) (1{Zk > 0}Ui, + 1{Zx < 0}(2 — Uy)) + const.

To use the standard formula Var(X) = E(X?) — E(X)?, where X is not affected by constant
summands, we now compute

E(E(Xiny | Z1)?)
(22a) = (k—1)2E ((szk —Up+ 1)2)
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(22b) T (n—KE (1{Z, > 00k + 1{Zk < 0}(2 - U))°)
(22C) + Q(k — 1)(n — k)E ((QpUk - Ui + 1)(1{Zk > O}Uk
+1{Z, <0}2-T))).
The random variables 1{Z; > 0} and Uy are independent by construction and therefore,
(222) = (k — 1)°E (4p*U — 4pU} + 4pUy, + UZ — 2Uj, + 1)
=(k—1) (;lp2 — §p+2p+ ;) =(k—1) (;lpz + §p+ ;) ,
(22b) = (n — k)2 (qE(Ux)? + pE((2 - Uy)?) )
= (n—k)? (g—i—;p) = (n—k)? <2p+;) ,
(22¢) = 2(k — 1)(n — k) ((1 = p)EpUE — UE + Ui)
+ PE((2pUx — Ux +1)(2 - Up)) )
—20c - D=8 (-9 (5p+ 5) +o (504 3))
1

=2(k—1)(n—k) (§p2+4§+6>.

In total, we have

BECXn | Z%) = (k= 1P (507 + 30+ 3) + (0= k) (204 5)

3 3 3
2 4 1
2k =) (n—k) (sp* + 2p+ = ).
2= (=) (4 5o+ g)

We subtract the square of

BECn | 20)) = (= 1) (p+3) + (=) (5 - 5+ 3)

= <p+;> (n—1).

The variance of X,y on D,, is

Var(Xiny) = 3 (BE(Xiny | Z5)?) — E(E(Xiny | Z))?)
k=1

_y i 2y —n(n—1)> L i

= 3 B(E(Kiy | 20)%) ~nln— 1 <p+2) |

so, to conclude the proof, we compute

> BEXn | 207 = (37 + 5o+ 3 ) Sk - 107+ (24 5) Sotn -8
k=1

k=1 k=1

25



26 P. DORR AND J. HEINY

2
Subtracting n(n —1)? (p + %) gives exactly the desired leading term computed in Lemma 5.3.

On the groups B,,, we achieve the same result since the extra parts in Var(XinV) yielded by
» 11{Z; < 0} are not significant. Recall that

Xiow = Xy + Zl{Z <0},
and therefore,

Var (E(XZ, | Z)) = Var (E XP | Zp) ZE(1{2j<0}|Zk))

j=1
Var (E(X2, | Z,) + E(1{Zx < 0} | Z},) + const)

Var (IE v | Zk) +1{Z, < 0} + const)
Var ( K)1{Z), > 0YU), + (n — k)1{Z), < 012 — Uy)
+(k—1)(2pUx —Up + 1)+ 1{Z;, < 0} + const).

Using the standard formula again, we have

E( ( IHV‘ZIC) ) :E( ( 1nV|Z]€) )+E(1{Zk<0})
+2E ((n — k)(2 — Up)1{Z}, < 0})
+ QE((kJ — 1) (2pUy, — U + 1)1{Z), < 0})
=B (B(X2, | Z)?) +p+3p(n — k) + (k= 1)(2p+ 1)p,

E(EXE, | Z) = E(E(XE | 20) + 0+ 2EQ{Z < 0D)E (E(XE, | 2))

= <p+;>2(n—1)2+p2+2p(n—1) <p+;>-
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We conclude that

Var(X8,) = Var(X2,) + n(p - ) — p(2p + 1"

mv mv 2
= Var(XP )+ 0(n?).

The desired claim follows from Theorem 2.2. O

8.5. Proof of Lemma 5.6a). For the groups B,, and D,,, the calculation follows the same
approach as on S,,. Recall that now, Z,...,Z, ~ GR(p). On D,,, we have by (16b), (17b)
that

n—1

(23a) Cov(Xiny, Xib) =D > Cov (1{Z; > Z;j}, 1{Z > Zi41})
i<j k=1
n—1
(23b) +3°8 Cov (1{-Z; > Z;},1{Z}, > Zj11})
i<j k=1
(23¢) +3 Cov(1{Z; > Z;} + 1{~Z; > Z;}, 1{~Zs > Z1}).

1<J

The contribution of (23a) is (n — 1)/4, in analogy with Lemma 2.6a). In (23b), we first
demonstrate the cancellation in the non-exceptional case when {i — 1,i,7 — 1,7} form a set of
distinct numbers. In that case, we have

Cov(1{~Z; > Z;},1{Zi > Zi1}) + Cov(1{~Z; > Z;}, 1{Zi_1 > Z})
= EQ{-2Z > Z;\1{Z > Zin}) + E(U{~Z;i > Z;Y1{Zi_1 > Zi}) — 2(p/2)
= BE(U{~Z > Z}1{Z > Zinn}) + E(U{~Zi > Z;}1{Zis1 > Zi}) — p
=E(1{-% > Z;}) —p =0,

and likewise,
COV(I{—ZZ' > Zj}, I{Zj > Zj+1}) + COV(]_{—Zi > Z]’}, 1{Zj71 > Zj}) =0.

However, this cancellation occurs not only in the non-exceptional cases, but also in the
aggregation of the exceptional cases (E1) — (E6) from the proof of Lemma 2.6a), except for
the covariances resulting from the clash of j =7+ 1 and k = i. To be precise, (E2) and (E3)
cancel mutually. (E4) and (E5) give two clashes and a canceling pair. (E6) consists of another
canceling pair. All of this can be checked from the computation of E(X X ™) in the proof of
Lemma 5.3. From there, we also obtain Vi =1,...,n — 1:

2

Cov(1{~2; > Zush U2 > Za}) = o+ 12— 5

57
which interestingly vanishes in the unbiased case. Overall,

2
(23b) = (n — 1) (792 +p2q— g) .
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Finally, consider (23c). Obviously, this double-indexed sum involves exactly the pairs (i, j)
with i =1 or ¢ = 2. We get

(23¢) Zcov 12 > Z;} +1{~Z1 > Z;},1{~Zy > Z1})

[COV(I{ZQ > Zit+ W22 > Zj}, {22 > Z1})

O <. .
LLMS yo

ov(1{=2Z1 > Zo}, 1{=Zy > Z}) + Cov(1{Zy > Z5},1{~Z > Zl})}

e =0

+

znj [Cov(1{Z1 > Z;},1{~ 7 > Z1}) + Cov(1{~21 > Z;},1{~Z> > Z1})]

<.
w

=0

zn: [Cov {Zy > Z;},1{~Z2 > Z1}) + Cov(1{~Zy > Z;},1{~Z5 > Zl})} +p%.

w

=0

Therefore, we obtain the overall result on D,,, which is
v p 1
COV(XIII?WX(Q%S) =(n—1) (2 +p2q ~ 5 + 4> +p2.

Next, we show that this result is obtained on B, as well. By (17a) and (16a), we have

Cov(XB,, XB ) = (23a) + (23b)

n n—1
(24a) + > Cov(1{Z; < 0}, 1{Zy > Zi11})
=1 k=1
(24b) +> " Cov(1{Z; > Z;} + 1{~Z; > Z;},1{Z1 < 0})
1<j
(24C) + i COV(l{ZZ‘ < O}, 1{21 < 0}) .
i=1

We now see that (24a) and (24b) vanish. In (24a), the inner sum only involves k =7 — 1 and
k = i, therefore,
(242) = Y [Cov(1{Zi < 0},1{Zi1 > Z}) + Cov(1{Z; < 0},1{Z; > Zi11})]
i=1

=" [Cov(1{Z; < 0}, 1{Z;-1 > Z}) + Cov(1{Z; < 0}, 1{Z; > Zi 1}))|
=1

— E(1{Z < 0}) — 2p/2 = 0.
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This cancellation even applies to the border terms 7 = 1 and i = n. We also get

n

(24b) = > [Cov(1{Z1 > Z;},1{Z1 < 0}) + Cov(1{~Z1 > Z;},1{Z < 0})]

<.
||
N

-

n
[P(Zl < 0,21 > Zj) —p/2] +> [P(Zl <0,-2Z1 > Z;) —pﬂ = 0.
2 j=2

J

= —pq/2 =pq/2

Finally,

(24c) = Z Cov(1{Z; < 0},1{Z; < 0}) = Var(1{Z; < 0}) = p — p?,
i=1
giving the overall result

2

D p 1
Cov(XZ,, X5 =mn-1) <2 +pq — 5T 4) +(p—p?),

so again, Corr(XZ,, XB ) vanishes in the limit. O

mv?

8.6. Proof of Lemma 5.6b). For the groups B, and D,, with Z; ~ GR(p) and the
modifications (16a), (16b), the calculation is more extensive but its procedure is the same as
in the proof of Lemma 2.6b). On D,,, we first have

n n—1
(50)  Cov(X2, XD =3 S (n - )CovUA{Z; > 0}, 1{Z > Zus1))
j=1k=1
(25b) + (n—j)Cov((2 = Uj)1{Z; <0}, {Zk > Zj41})
(25¢) + (j —1)Cov(2pU; — U; + 1,1{Z}, > Zj11}).
(25d) —i—i(n — j)COV(Ujl{Zj > 0}, 1{—22 > Z1}>
j=1
(256) + (n — j)COV((2 — Uj)l{Z]‘ < 0}, 1{—22 > Zl})
(25f) + (j — 1)Cov(2pU; — U; + 1,1{~Zy > Z1}).

In the first three rows (25a) — (25¢), there is cancellation if j ¢ {1,n} due to previously used
arguments. Only j = 1 is relevant in (25a), (25b) and only j = n is relevant in (25¢). We
have E(U;1{Z; > 0})E(1{Z; > Z;+1}) = q/4, and the joint density of Z; and Z;, is

P}, 7,y <0

pg, x>0,y<0

pq, ©<0,y>0"

¢, wy>0

Io(m,y) = fp(z) fp(y) =

By Fubini’s Theorem, we obtain

E(U11{Z > 0}1{Z1 > Z»}) :/

" |z[1{z > 0}1{z > y} fo(z,y)d(z, y)
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= ¢z1{z > y}d(z,y) + pgzl{z > y}d(z,y)
[0»1]2 [0,1}X[71,0]
1 1 2
:q2/ a:Qda:—i—pq/ wdr =L + 24
0 0 3 2

and likewise,

0 1
E(2—U)HZ <O0{Z > Z)) = [ [ @ lhi{z > yHfyle.p)d(,y)

0
=7 [ @+a)+ o= 22,
-1

E((2p — DUpl{Zn_1 > Zo}) = (2p — 1)/

p HHE < i@ y)d(y)

)

2 2
P° 9" pq p+1
=2p-1D | =+ =+ =(2p—-1)—-.
(2p )<3+6+2> (2p )6

Therefore,

5p2  4dp 1
3 3 6

(25a) + (25b) 4 (25¢) = (n — 1) (—};3 e

has linear order. The remaining three rows (25d) — (25f) also have no more than linear order,
since the summands are nonzero only for j =1 or j = 2. O

1
2l
3]
(4]
(5]
(6]
(7]
(8]
(9]
[10]
(1]

[12]
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