MATEMATISKA INSTITUTIONEN Tentamensskrivning i
STOCKHOLMS UNIVERSITET MM3001

Avd. Matematik 2024-10-28
Examinator: Sofia Tirabassi

Instructions:

- This exam is given in two versions, English and Swedish. In case of ambi-
guity it is the ENGLISH text that holds.

- During the exam you MAY NOT use textbooks, class notes, or any other
supporting material apart from the formula sheet given to you.

- Use of calculators is permitted for performing calculations. The use of
graphic or programmable features is NOT permitted.

- You can use the formula sheet that come with the exam.

- Start every problem on a new page, and write at the top of the page which
problem it belongs to. (But in multiple part problems it is not necessary
to start every part on a new page)

- In all of your solutions, give explanations to clearly show your reasoning.
Points may be deducted for unclear and wrong argument, even if the final
answer is correct.

- Write clearly and legibly.

- Where applicable, indicate your final answer clearly by putting A BOX
around it.

Note: There are six problems, some with multiple parts. The problems are not
ordered according to difficulty

1) (bpt) Compute Taylor polynomial of degree 3 of the function
(
flx) =In(1+2°) +3,

around the point zo = 0, and use it to give an approximation of f(0.1).

(2) Consider the equation
9y =C

defining a curve I' in the (z, y)-plane.

(a) (1 pt) Determine the value of C' such that the curve goes through the
point (1, —v/2).

(b) (3pt) Let now C = 3. Locally around the point (1, —v/2) the curve
defines y = y(z) as a function of x. Determine the value of y'(1).

(¢) (1pt) Provide the equation of the tangent line to the curve I' at the

point (1, —v/2).

(3) Consider the function
f(z) =30001In(1 — 2?).

(a) (1pt) Find the natural domain of f(z).

(b) (2pt) Find where the function is increasing and where it is decreasing.
Find the critical points of f(x) and determine their type.

(¢) (1pt) Find where the function is concave and where it is convex.

(d) (1pt) Find the maximum and minimum values that the function takes

on the interval [—1, 1].

(4) Compute the following integrals:
1



(a)
(b)

25 + 2)100

(2.5pt) / xe®dz.

0

(2.5 pt)/ ((8x4 + 1@) dz,

(5) Linear Algebra

(a)

(1 pt) Consider the matrices A = (1,2, 3) and

1 1 3
B=|1 0 1
2 -1 0

By AT and BT we denote the transpose of A and B. Determine which
of the following products are possible to compute: A-A, B-BT, B- A,
and A - B.

(2 pt) With A and B as above, compute B - AT and det B.

(2 pt) Let k be a parameter. Show that the following system of equa-
tions has exactly one solutionfor every value of k and compute the
solution, using Gauss-Jordan elimination, for k = 1.

kx +2ky +3z = 4k
T +y +z = 0
20—y +z = 1

(You will not get partial points for providing a solution without using
Gauss-Jordan elimination)

(6) Consider the two variables function

fla,y) = ye +3e7+y

defined on the area

(a)
(b)

D={(z,y) |y >0,y <—2®+1}.

(2pt) Find all the critical points of f(x,y) — even those lying outside
D — and determine their type.

(2pt) Determine the maximum and minimum points of f on the bound-
ary of D. (In order to get credit you have to explain what you are
doing, the correct answer without the right explanation will not be
accepted)

(1 pt) Determine the minimum and the maximum value of f(x,y) on

D. (If you have not solved (b), you may assume that you got minimum
value 1 and maximum value 2 — which may or not be the correct values)

GOOD LUCK!M!



Senska texten, (formular finns ovanfor)
(1) (5pt) Berdkna Taylorpolynomet av grad 3 till funktionen

f(z) =In(1+2%) 43,

omkring punkten zo = 0, och anvind det for approximera f(0.1).

(2) Betrakta ekvationen
et +y?*=C

som definerar en kurva I' i (z,y)-planet.

(a) (1 pt) Bestam virdet av C' sadan att kurvan gar genom punkten
(15 _\/i)

(b) (3pt) Lat C = 3. Kring punkten (1, —/2) definear kurvan I" en funk-
tion y = y(x) av x. Hitta y'(1).

(c) (1pt) Ange ekvationen till tangentlinjen av T' i punkten (1, —v/2).

(3) Betrakta funktionen
f(z) =30001In(1 — %)

(a) (1pt) Hitta funktionens naturliga definitionsméngd och hitta 16sningarna
till f(z) = 0.

(b) (2pt) Hitta alla kritiska punkter av f och bestdm deras typ. Bestdm
var funktionen ar vixande och var den ar avtagande.

(c¢) Hitta var funktionen ar konkav och var den &r konvex.

(d) (1pt) Bestdim maximum och minimum till f(z) pa intervallet [—1, £].

(4) Berékna foljande integraler

(a) (2.5 pt) / ((8“74 + @) dx,

25 + 2)100

(b) (2.5pt) / xe®dx.

0

(5) Linjar algebra
(a) (1 pt) Betrakta matrisen A = (1,2,3) och

1 1 3
B=|1 0 1
2 -1 0

Med AT och BT menar vi transpotaten till A och B. Bestem vilka av
foljande produkter man kan berikna: A- A, B- BT, B- A, and A- B.
(b) (2 pt) Med A och B som ovanfér, berikna B - AT och det B.
(¢) (2 pt) Lat k vara en parameter. Visa att f6ljande linjéra system endast
har en 16sning for varje varde av k. Berdkna l6singen nér k = 1

kx +2ky +3z = 4k
T +y +z = 0
2z —y +z = 1

(6) Betrakta foljande funktion av tva variabler

fla,y) = ye +3e7+y

som defineras pa omradet

D={(z,y)|y 20,y < —a®+1}.



(a) (2pt) Hitta alla kritiska punkter av f(z,y) — punkter som ligger utanfor
D behéver ocksa hittas — och bestdm deras typ.

(b) (2pt) Hitta maximum och minumum av f(z,y) pa randen av D .

(¢) (1 pt) Berdkna minimum och maximum av f(z,y) pa D. (Om man
inte har 16st (b), kan man anta att minumum- och maximumvérdena
pa randen av D &r 1 och 2 — som kan vara eller inte vara de korrekta
véardena)

LYCKA TILL!!



