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1. (5p) Let X = Q be the set of rational numbers, equipped with the metric

d(x, y) =

{
1 if x ̸= y,

0 if x = y.

Investigate whether the metric space (X, d) is complete. Moreover, �nd all compact sets in (X, d).

2. (4p) Determine all x ∈ R for which the series

∞∑
k=1

x4k

k29k

converges.

3. (5p) Let X and Y be metric spaces and assume that f : X → Y is uniformly continuous. Furthermore,
let {xn} be a Cauchy sequence inX. Prove that {f(xn)} is a Cauchy sequence in Y . Does this conclusion
remain true if f is only required to be continuous?

4. (6p) (a) For 0 ≤ x ≤ 2 let

f(x) =
1

1 + x2
and α(x) =

{
x for 0 ≤ x < 1,

x2 + 2 for 1 ≤ x ≤ 2.

Prove that f ∈ R(α) and compute the Riemann�Stieltjes integral
∫ 2

0
fdα.

(b) Prove or disprove the following statement: If α, β : [a, b] → R are monotonically increasing functions
such that α(x) ≤ β(x) for each x ∈ [a, b], then∫ b

a

fdα ≤
∫ b

a

fdβ

holds for each continuous, non-negative function f : [a, b] → R.

5. (5p) De�ne fn : [0, 1] → R, fn(x) = xn(1− x)n, n ∈ N.
(a) Prove that {fn} converges uniformly on [0, 1].

(b) Compute limn→∞
∫ 1

0
fn(x)dx.

6. (5p) Consider the function

f : R3 → R, f(x, y, z) = z3 + 2xy − 4xz + 2y − 1.

Show that in a neighborhood of (x, y) = (1, 1) the equation f(x, y, z) = 0 de�nes a di�erentiable
function z = φ(x, y) such that φ(1, 1) = 1. Moreover, compute the partial derivatives of �rst order of
φ at the point (1, 1).


