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1. (5p) Let X be a non-empty set and let d : X x X — R be a mapping such that for all x,y,z € X the
following hold:

(a) d(z,y) =0 if and only if z = y;
(b) d(z,y) < d(z,2) +d(y, 2).

Show that d is a metric on X.

2. (5p) (a) Consider the series of functions given by

f(x)zz%(;m), r eR.
n=1

Show that f is a continuous function on R.
(b) For the function f defined in (a), investigate whether the set

g ={xreR:0< f(x) <1/2}

is open or closed or both or neither of them.
3. (6p) (a) Show that the function

Fi0,00) By ()= 1

is uniformly continuous.

(b) Provide an example of a function which is continuous but not uniformly continuous. Justify your
answer.

4. (4p) For 0 <z <3 let

2¢ for 0 <z <2,
2?2 for2<x<3.

f(z) =322 and a(z)= {

Prove that f € Z(«) and compute the Riemann-Stieltjes integral f03 fda.

5. (5p) (a) Investigate pointwise and uniform convergence of the sequence of functions

fu(2) = (2° — 2n2® + n?e")n~2, rcRneN.
(b) Compute lim,, f?? fn(x)dz for the functions f,, defined in (b).
6. (5p) Consider the function F : R? — R? defined by

F(z,y,2) = (x +y* — 4z, 2¢¥2).

Show that around the point (0,2, 2), the equation F(z,y, z) = (0,0) defines = and y as functions of z,
that is (z,y) = G(z) for a differentiable vector-valued function G. Compute G’(2).



