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1. (5p) (a) Let X be a metric space and {xn} a sequence in X such that limn→∞ xn = x ∈ X. Prove
that

K := {xn : n ∈ N} ∪ {x}

is compact in X.

(b) Is Q ∩ (0, 1) open in Q (equipped with the Euclidean metric)? Motivate your answer!

2. (5p) Show that

f(x) =

∞∑
n=1

e−nx2

n3

is a continuous function on R. Is it even di�erentiable? If so, provide f ′(x).

3. (5p) Show that f(x) = 1
x is uniformly continuous on [1,∞) but not on (0, 1).

4. (5p) Compute the Riemann�Stieltjes integral
∫ 1

−1
f dα, where f(x) = x4 and

α(x) =

{
−x2 for − 1 ≤ x < 0,

x+ 1 for 0 ≤ x ≤ 1.

5. (5p) Investigate whether the sequences of functions {fn} and {gn} de�ned by

fn : [0, 1] → R, fn(x) :=
x

1 + nx
, n ∈ N,

and

gn : [0, 1] → R, gn(x) :=
nx

1 + n2x2
, n ∈ N,

converge pointwise and uniformly, respectively.

6. (5p) Consider the function

f : R2 → R, f(x, y) = x sin(y)− cos(x)y2.

Show that in a neighborhood of x = π
2 the equation f(x, y) = 0 de�nes a di�erentiable function

y = φ(x) satisfying φ(π2 ) = π. Moreover, compute the derivative φ′(π2 ).


