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1. (5p) In a metric space X, let K be compact and A ⊆ K. Suppose every x ∈ K has an open neigh-

bourhood containing only �nitely many points of A. Show that A is �nite.

2. (5p) Show that

f(x) =

∞∑
n=1

sin( xn ) cos(nx)

n3

is a continuous function on R. Is it even di�erentiable? If so, provide f ′(x).

3. (5p) Show that f(x) = cos( 1x ) is uniformly continuous on [1,∞) but not on (0, 1).

4. Compute the following Riemann�Stieltjes integrals:

(3p)
∫ 1

−1
fdα with f(x) = x3 + 4 and α(x) =

{
x, x ≤ 0,

2, x > 0;

(2p)
∫ 1

0
fdα with f(x) = x2 and α(x) = ex.

5. (5p) Investigate whether the sequences of functions {fn} and {gn} de�ned by

fn : [0, 1] → R, fn(x) :=
nx2

1 + n2x
, n ∈ N,

and

gn : [0, 1] → R, gn(x) :=
3 + n4x2

7 + 5n2x+ 6n6x3
, n ∈ N,

converge pointwise and uniformly, respectively.

6. (5p) Consider the function

f : R2 → R, f(x, y) = x2 + y3 + xy − 3.

Show that in a neighborhood of x = 1 the equation f(x, y) = 0 de�nes a di�erentiable function y = φ(x)
satisfying φ(1) = 1. Moreover, compute the derivative φ′(1).


