Exam Foundations of Analysis 15/10/2026 — Solution Sketches

1. For each z € K choose an open neighbourhood U, of x such that U, N A is finite. Then
{Usz}zek is an open cover of K. By compactness there exist z1,...,z, € K with K =
Uy, U---UUp,,, . Since AC K,

m
U Uy, N A)
which is a finite union of finite sets. Hence A is finite.

2. Let up(z) = sz Each u,, is continuous on R and

1
[un(z)] < 3 for all z € R.

Since Y, n™3 < oo, the Weierstrass M-test shows that >, u, converges uniformly on R. As
a uniform limit of continuous functions, f is continuous.

Each u,, is C! with
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The right-hand side is summable, so > u;, converges uniformly on R by the M-test. Since
moreover y . u,(0) converges, the theorem on termwise differentiation yields that f is dif-
ferentiable with

n4 n2

n n?

) i <cos(g) cos(nz)  sin(%) Sin(nx)) e

n=1
3. On [1,00): For x > 1 we have

|sin(1/z)]
)] = PRy
By the mean value theorem, |f(z) — f(y)| < |x —y| for all z,y > 1. Thus if ¢ > 0 is arbitrary
and 0 := ¢, then |f(z) — f(y)| < € whenever |z —y| < . Hence f is uniformly continuous on
[1,00).
On (0,1): Let =, =

——>0 but

2mn

and y, = i

m, n € N. Then z,,y, € (0,1) and |z, — yn| <

1
2mn
|f(zn) — f(yn)| = | cos(2mn) — cos((2n + 1)7)| = 2.

Hence for € =1 no § > 0 works, and f is not uniformly continuous on (0, 1).

4. First integral: Write a = a1 + ag with

xz, x <0, 0, =<0,
ay(x) = { as(x) = {

0, x>0, 2, x>0.

Here a; is continuous and piecewise C! with of = 1 on (—1,0) and o =0 on (0,1), and ay
is a jump of height 2 at 0. Since f is continuous,

15 47

1 0 $4 0
/_lfda:/_l(x3+4)dx+2f(0): [4+4x]_1+8:4+8:4.



Second integral: Since o is C! with o/ (z) = €%, integration by parts (twice) gives
g )
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. The sequence {f,}: For xz € (0,1],

nx2 7’L.i12‘2
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and f,(0) = 0. Hence sup,¢(g 1) [ fn(2)] < 10,50 f, — 0 pointwise and uniformly on [0, 1].
The sequence {gn}: We have g, (0) = 2 for all n. For z € (0,1],

_ 3n=0 4 22n2 R 0
 Tn=6 + 5xn—? + 623 623

gn(x) =0.

Thus g, — g pointwise, where g(0) = 2 and g(z) = 0 for z € (0,1]. Each g, is continuous
on [0,1] (the denominator is at least 7), but ¢ is not continuous at 0; hence the convergence
is not uniform.

. The function f is a polynomial and hence C' on R2. Moreover,

of 2 of
L1)=14+414+1-3=0, (z,9)=3 . Yany=4=o0.
S =1+1+ 3y(rvy) y ot 8y( ) =4+F
By the implicit function theorem there exist open sets U C R?, W C R with (1,1) € U,
1 € W, and a C! function ¢ with (1) = 1 such that for each x € W there exists a unique y
such that (z,y) € U and f(z,y) = 0. Set y = ¢(z). Then, since %(w,y} =2z +vy,
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