Department of Mathematics, Stockholm University

Exam in MT5017, Theory of Statistical Inference, October 27, 2025, 14:00-19:00.
Ezxaminer: Filip Lindskog, lindskog@math.su.se

Allowed aids: None.

Return: Communicated via course forum.

Arguments and computations should be clear and easy to follow.

Problem 1

Let Xi,...,X, be independent copies of X ~ f(x;6), where f(x;60) denotes the
density function f(z;60) = 0e=% for z > 0, and f(z;0) = 0 for x < 0.

(a) Determine the MLE of 6. (3 p)

(b) Determine the observed Fisher information of 6. (3 p)

(c) Determine the score statistic of 6. (5 p)

(d) State the asymptotic distribution, as n — oo, of the score statistic of § and use

it to formulate an approximate 95% confidence interval for 6. (9 p)
Problem 2

Consider repeated independent Bernoulli trials with, for each trial, the probability
0 of the outcome 1. Let X be the number of trials until and including the first
outcome of the value 1. Let X1,..., X, be independent copies of X.

(a) Determine the MLE of 6. (7p)
(b) Determine a one-dimensional statistic h(X7, ..., X,,) that is sufficient for 6. (8 p)

Problem 3

Consider data x1,...,x, and a likelihood corresponding to the xz;, k =1,...,n, be-
ing realizations of independent Poisson(\)-distributed random variables with prob-
ability mass function

T

mr—>—'e_/\, r=0,1,2,..., A>0.
xT!

(a) Show that a conjugate prior for A is given by the Gamma(c, /3) distribution with
density function

A D A Tle ™ A>0, a,8>0
[(a)
with prior mean E[A\] = «/f. Determine the parameters of the posterior distribution
and its mean when the conjugate prior is used. (8 p)

(b) Determine the Jeffreys’ prior for A and determine the corresponding posterior
distribution and its mean. (7 p)
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Problem 4
Let Xi,..., X, be independent copies of X ~ f(x;60), where f(x;0) denotes the
density function f(z;0) = fe=% for x > 0, and f(x;0) = 0 for z < 0. Let ¢ =
Py(X > 1), where the subscript § means that the probability is computed assuming

that the parameter value is 6. Let gg = P4(X > 1), where # is the MLE based on
X1, Xy

(a) Determine o2 satisfying /(¢ — ¢) < N(0,02) as n — co. (10 p)

(b) Determine an approximate pivot and use it to compute the p-value for testing
the null hypothesis is Hy : ¢ = 1/2 against the alternative hypothesis is H; : ¢ #

1/2, and where n = 100 and the observed MLE is gg = 0.4. Express the p-value
in terms of given numerical values and the standard normal distribution function
x— O(x). (15 p)

Problem 5

Let Xi,..., X, be independent copies of X ~ f(z;0). Let Z)\g = h(Xy,...,X,) be
an unbiased estimator of g(#), where ¢ is differentiable.

(a) State the Cramér-Rao lower bound applied to the estimator gg. (5 p)
(b) Prove the Cramér-Rao lower bound. (14 p)
(c) Let 0 = h(X1,...,X,) be an estimator of # with bias b(d) = E[@— d]. Use

the Cramér-Rao lower bound to give a lower bound of the mean squared error

E[(0 - 0)?]. (6 p)
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Problem 1

L(O;xy,...,2,) = Ore 0Lk (0, ..., x,) =nlogh — Hka,

k=1

S(O;x1,...,x,) :n/Q—Zxk, §:n/2xk, I(0;21,...,2,) = n/6>

Observed Fisher is n/ 62. The score statistic is

S(0: X1, ..., Xy) 1

and

nJx(0) B Vn/o

Hence, approximately, with X = (1/n) >"}_, Xi

(e ()R (1)

0: X,,.... X 0—> w1 X
5(7 1) ) n) n/ Zk:l k_d>N(0,1) as n — 0Q.

Hence, an approximate 95% confidence level for 6 is the interval

1 1 1 1
—— ——30710.95), = + ——P! 0.95}
[X X/n (0.99), < X/n (0.95)
Problem 2
The probability mass function for X is f(z;0) = (1 — 6)*~!. Hence,

L(0; w1, ..., 2,) = 0"(1 — 0)Zk=1 787,

1(0;2q,...,2,) =nlogh + (Zxk—n> log(1 — 0),
k=1
n—0>,_, o
I9) = =1
() 6(1—0)

Hence, the MLE is n/)"}_, z;. The factorization theorem says that ¢ is sufficient
for 0 if and only if f(xy,...,2,;0) = g1(t;0)g2(21, ..., x,). In the current setting
this holds for ¢t = Y, x;, and go = 1.
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Problem 3

n PR o
f(l’l, ey Ty | )\)f()\) — <H —'6)\) %/\aleﬁ)\

xp!
k=1 "k
o N 2k=1 2k—1,=(B+n)A

which implies that the posterior density is that of a Gamma(a + > ) _; z, 8 +
n) distribution. Since the Gamma prior distribution implies a Gamma posterior
distribution, we have verified that the Gamma prior is a conjugate prior. The
posterior mean is (a+ > ;_, @) /(8 + n).

The Poisson likelihood and loglikelihood are

xT

A
L\z)="=e? I(\z)=mxlogh—\—logx!

z!

Hence we get Fisher information I(\;x) = z/)\? and expected Fisher J(\) =
E[I()\; X)] = E[X]/\? = 1/)\. Consequently, we get the Jeffreys’ prior f/(\) oc A=1/2
and the posterior

FOV] 1, ) o AXk=1TremAANTL/2 = \1/243 g 211 g

which we identify as a Gamma(1/2 + ), _, x),n) posterior distribution. The pos-
terior mean is

1/2 "

/24 D ko1 Tk :E+i
n 2n
Problem 4

L(O;xq,...,2,) = 00 k=17 1(0;21,...,2,) =nlogf — HZxk,
k=1

S(0;xq,...,2,) :n/Q—Zxk, gzn/Zxk, I(0;21,...,2,) =n/6>

¢ = g(f) = Po(X > 1) = e We know that \/n(0 — ) < N(0,.J(6)"!). Here
J(0) = 1/6*. Since R
9(6) = g(0) + g'(6)(0 — 0)

)
we get /ii(g(8) — g(6)) 5 N(0,g'(6)27(6) ). Here

09
—¢log¢/\/n
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An application of the continuous mapping theorem shows that also

~

__¢-9¢
—¢log¢/\/n

is an approximate pivot. A level v approximate confidence interval is

{¢ : q>1<1_77) < Ti(e) < c1>1(l+—7>}, k=1,2.

T2(¢) =

2

The p-value is the number 1 —~ so that Ti(¢), with ¢y = 1/2, is a boundary point
of the confidence interval. Since ¢ = 0.4 < 0.5 = ¢ this means 1 — v = 2® (T} (¢y)):

20(T1(¢o)) =~ 0.004 and 2P(T3(¢y)) ~ 0.006.

Problem 5

(a)-(b): see e.g. the book. For (c) note that § is an unbiased estimator of 6 + b(0).

Hence,
1+0(9)? _ (A+V(0)

var(®) 2 5 = TR X7
and
E[(6 — 0)%] = E[(6 — (0 + () + (0 + b(6)) — 0)?]
var(f) + b(0)* + 2E[0 — (0 + b(6))]b(0)
(L+0'(0)°

> YO + Eis@: )7



