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Problem 1

Let A∗(t) :=
∫ t
0
I(Y (s) > 0)α(s)ds and introduce

Â(t) :=

∫ t

0

I(Y (s) > 0)

Y (s)
dN(s). (1)

a) - b) See the derivation in the book, see Ch. 3, and the discussion about how the
stochastic integral can be replaced by a sum over the jump times.

c) By noting that I(Y (s) > 0) ≤ 1 it directly follows that A∗(t) results in under estimation.

(10p)

Problem 2

a) Let Y (t) denote the number of animals at risk of dying. It then follows that Nj(t) is
governed by

λj(t) := Y (t)αj(t), j = 1, 2

and that
N(t) = N1(t) +N2(t)
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is governed by
λ(t) = λ1(t) + λ2(t) = Y (t)(α1(t) + α2(t)).

For more details, see the book.

b) - c) From a) we have that

Âj(t) :=
∑
k:Tk≤t

∆Nj(Tk)

Y (Tk)
,

where ∆Nj(Tk) = 1 if it is death by cause j at jump time Tk, and ∆Nj(Tk) = 0 otherwise.
From this we see that we can write the cumulative intensity estimator neglecting cause of
death according to

Â(t) :=
∑
k:Tk≤t

∆N1(Tk) + ∆N2(Tk)

Y (Tk)
= Â1(t) + Â2(t).

Finally, we have

Tk Y (Tk) ∆A1(Tk) ∆A2(Tk) A1(Tk) A2(Tk)
0.451 15 0 1/15 0 1/15
0.463 13 1/13 0 1/13 1/15
0.510 10 0 1/10 1/13 1/15 + 1/10
0.562 9 0 1/9 1/13 1/15 + 1/10 + 1/9
0.602 7 1/7 0 1/13 + 1/7 1/15 + 1/10 + 1/9

(10p)

Problem 3

a) The definition of the risk set when the ith event occurs, Ri, is the set of indices of the
individuals that are at risk at the time point of the i:th observed event, see e.g. p. 135.
From the data we see that there are three observed events at time points 1, 3 and 10 which
gives us the following three risk sets R1 = {1, 2, 3, 4, 5},R1 = {2, 3, 4, 5},R3 = {5}.

b) Cox’s partial likelihood is given by (4.7) on p. 135, that is

L(β) =
∏
∀Tj

r(β, xj)∑
i∈Rj

r(β, xi)
,

where we have used that xj(t) ≡ xj and where xj refers to the covariate vector of the indi-
vidual that experiences the jth jump. For the given data we only have three contributions
to the likelihood:

eβ

eβ + 1 + eβ + 1 + eβ
,

1

1 + eβ + 1 + eβ
,
eβ

eβ
,
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which gives us that

L(β) =
eβ

3eβ + 2
· 1

2eβ + 2
· 1

=
eβ

6e2β + 10eβ + 4
.

Thus

L′(β) =
eβ

(6e2β + 10eβ + 4)2
(4− 6e2β),

which gives us that

β̂ =
1

2
log

2

3
.

c) From the problem formulation we have that

χ2
LR = 2(logL(β̂)− logL(β0)) ∼ χ2(1)

and we are interested in testing H0 : β = 0 against H1 : β 6= 0 at 95% confidence level, i.e.
we reject H0 if

2(logL(β̂)− logL(0)) > χ2(1)0.05 = 3.84.

First we have that
logL(β) = β − log(6e2β + 10eβ + 4),

which gives us that

logL(β̂) =
1

2
log

2

3
− log(8 + 10

√
2

3
),

logL(0) = − log(20),

that is
χ2
LR ≈ 2 · 0.0102 < 3.84,

and we can not reject H0 at the 95%-level.

(10p)

Problem 4

a) From the book we know that

S(t) := E[exp{−
∫ t

0

α(u | Z)du}] = LZ(A(t)),
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where A(t) :=
∫ t
0
α(u)du. The proof of

µ(t) = −S
′(t)

S(t)

can be found in the book, and by combining with the above we arrive at

µ(t) = α(t)
−L′Z(A(t))

LZ(A(t))
,

which after simplifications result in

µ(t) =
α(t)

1 + δA(t)
.

b) By setting α(t) = exp{βt}, it follows that A(t) = (exp{βt} − 1)/β, and that

µ(t) =
exp{βt}

1 + δ
β
(exp{βt} − 1)

=
1

δ
β

+ (1− δ
β
) exp{−βt}

→ β

δ
,

as t→∞ if β > 0 and the limit tends to 0 if β ≤ 0, where one can note that β = 0 yields
α(t) = 1. For the case with β > 0 the population hazard rate is approximately constant
for large t, implying that if you have survived for a sufficiently long time your remaining
life time will be approximately Exp-distributed.

(10p)

Problem 5

Figure 1: Left panel: Solution to Problem 5a). Right panel: Solution to Problem 5c)

a) - c) See Fig. 1.
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b) To start off, we have that

α0(t) := α01(t) + α02(t),

α1(t) := α10(t) + α12(t),

α2(t) := 0.

This, together with the boundary conditions Pij(s, s) = δij, δij = 1 if i = j and 0 otherwise,
gives us that P22(s, t) = 1 and P2j(s, t) = 0 for j 6= 2.

By using the above and simplifying the KFEs gives us that

∂

∂t
P00(s, t) = P01(s, t)α10(t)− P00(s, t)α0(t),

∂

∂t
P01(s, t) = P00(s, t)α01(t)− P01(s, t)α1(t),

∂

∂t
P02(s, t) = P00(s, t)α02(t) + P01(s, t)α12(t),

∂

∂t
P10(s, t) = P11(s, t)α10(t)− P10(s, t)α0(t),

∂

∂t
P11(s, t) = P10(s, t)α01(t)− P11(s, t)α1(t),

∂

∂t
P12(s, t) = P10(s, t)α02(t) + P11(s, t)α12(t).

(10p)


