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Note: Problems for MT7052 are marked with “#” and problems for MT7012 are marked
with “d”.

Problem 1 ()

a) This is discussed in Ch. 3.3.1 on p. 105-106 in Aalen et al. (2008). We have Hy : a4 (t) =
as(t) = a(t) for all 0 < t <ty and the alternative that H, : aq(t) < aa(t) or aq(t) > as(t)
for all 0 < t < tg. (One could also consider H4 : ay(t) # as(t) for some 0 < t < ty, but the
strength of this test will be low, see Aalen et al. (2008).)

Under H, it follows that

[ vemoan = [Mvonoan - [ ievevodod

is a stochastic integral w.r.t. a mean zero martingale, where Y,(t) = Y;(t) 4+ Y2(t), since
the Y;(t)s are predictable and bounded (see Aalen et al. (2008) Ch. 2 for details), which
implies that

o / Yi(O)Ya()dN.(b)] = E| / Y (Y2 (6)Ya(B)a(t)d],

where the expression on the left is the expected value of Vj1(ty) and the expression on the
right is the expected value of <Z;>(ty). For more details, see Ch. 3.1 and Ch. 2 in Aalen
et al. (2008).

b) Given the supplied data there are two observed events of type 1 at ¢t = 0.22,1.12, and
there are two observed events of type 2 at t = 0.51,0.77, and we can assume that no jumps
occur before 0.22 and from the data we see that no jumps occur after 1.12. That is, if we
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introduce ANy (T;) which is 1 if the jth jump is of type k£ and 0 otherwise, we can rewrite
Z1(to) according to

Zi(to) = / Ya(t)AN, (1) — / Yi(t)dNa(2)
= > W(THANM(T) - Y Yi(T)ANL(T))

J:T<to 7:T<to

— (18 + 16) — (15 + 15) = 4,
and analogously for Vi (ty) we get
Vir(to) = 16 - 18 + 15 - 18 + 15 - 17+ 15 - 16 = 1053.

We could then use the test statistic
Zy(to)
Vii(to)

which will not reject Hy at any reasonable significance level. Alternatively you can square

the above statistic and use a y?-test instead. For more details, see Ch. 3 in Aalen et al.
(2008).

~ appr. N(0,1)

Problem 2 (#)

a) From the problem formulation it directly follows that
E[X,.1 | Xu] =Ela+bX,, + €11 | X0] = a+ bX,,

which gives us that a = 0,b = 1.

b) This part can be shown in different ways. A general argument is to use that

E[XZH] E[(Xps1 — Xn + Xn)g]
= E[(Xpn11 — X0)? + 2E[X, (X1 — X)) + E[X7]
> 2E[E[X,(Xni1 — X0) | X,]] + B[X?]
= 2E[X, E[ X1 — X, | X,)]] + E[X?] = E[X?].

Alternatively, in this particular situation you can use the following direct argument
E[X7%+1] = E[(X,, + €n+1)2]

2 + 2E[Xnéni1] + E[efH*l]
+ 2E[E[Xp€n41 | Xn]] +1
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Problem 3 (&, &)

a) From the problem formulation we have that ¢(u,:) := log L(p1,+) is given by (only
keeping the part that depends on i, +)
—Wa,tha (vat/j’x’aDm Dzt ~Wa tpia,

D t' )OC log(lux,t € )7

C(pze) = log(e
where ufj " corresponds to the contribution to the log-likelihood from the observed number
of deaths, and where exp{—W, 41, +} corresponds to the contribution to the log-likelihood
from from the probability of surviving for W, , units of time.

b) Direct differentiation of ¢(u) w.r.t. p, dropping the subscripts z, ¢ for notational conve-
nience, yields

D
gl(:u):__W:Oa
1
ie.
. D
:u - W’
and by using the conditional Poisson assumption we get
D D W
E[—] = E[E|—= | W]] = E[—] = pu.
) = BBl [ W)= EL=E) = g

c¢) By introducing a stochastic time trend in the future mortality rates, which is joint for
all ages x, the future mortality evolution for different ages becomes dependent.

Problem 4 (&, &)

See Ch. 1.1.2 in Aalen et al. (2008).

Problem 5 (&, &)

Figure 1: Left panel: Solution to Problem 5a). Right panel: Solution to Problem 5c)

a) and c) See Fig. 1.
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b) First note that

This, together with the boundary conditions P,;(s, s) = d;;, 0;; = 1 if ¢ = j and 0 otherwise,
gives us that Pyy(s,t) =1 and Pj(s,t) = 0 for j # 2, and that Pjo(s,t) = 0.

By using the above and simplifying the KFEs gives us that

0
aPoo(s,t) = —Poo(s, t)po(t),

0

aPol(s, t) = Poo(s, t)por(t) — Fou(s, t)pa(t),

0
aPOQ(Sa t) = Poo(s, t)po2(t) + Por(s, t)p2(t),

0
apll(sat) = _P11(57t):u1(t)7

0

apm(sﬂf) = Pyi(s,t)p12(2).

In part c) there was a typo: given that Z(0) = 1 it is not possible to make two jumps; two
jumps are only possible if starting in Z(0) = 0, see Fig. ?7?.

In Part d) the answer is “yes”: Start by noting that (check KFE!)

Poo(s 1) ZeXp{—/ po(u)dut,

which gives us that

t
P (s,t) = / Poo(s, w) por (w) Pry (w, t)dw,

and direct differentiation of this expression w.r.t. ¢ using the chain rule (Leibniz rule)
results in

0 K 0
apol(s,t) = Poo(S,t)[L()l(t)Pn(t,t) +/ PQ()(S7 w),um(w)aPu(w,t)dw
t
0

= Poo(s, t)por(t) + | Pools, w)/ﬁm(w)gpn(w; t)dw,
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where we have used that Pj;(,t) = 1. By inserting the KFE for Py;(t,t) then gives us that

0

apm(sat) ZPOO(SJ)Mm(t)JF/S Foo(s, w)por (w)(—Pry(w, )i (t))dw

— Poo(s, Opaon(t) — jur (1) / Pool, ) aon (w) Py (w0, £)duw

= Foo(s, t)por(t) — pun () Por (s, t).

Problem 6 (&)

See Chapter 4.2 in Asmussen & Steffensen (2020).

Problem 7 (&)

a) Direct calculations gives us that u(t) = 0 + \e®,t > 0, i.e. Gompertz-Makeham.
b) The result follows from plugging in the above into
@ =PI, <1)=PT<z+1|T>ux),

and simplify, i.e. T" corresponds to the life time distribution of a 0 year old individual.
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