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Problem 1

a. We will first find a 95% confidence interval for logit[m(2)] = By + 251 +402. A point
estimate of this quantity is

logit[#(2)] = Bo + 261 + 45
—6.0+2-1.04+4-0.5
= —-2.0.

Since

Var[logit(#(2))] = Var(f) + 4Var(5;) + 16Var(65) o
+ 4Cov(Bo, B1) + 8Cov(fo, B2) + 16Cov(f1, B2),

the squared standard error of logit(7(2)) is

Var(fo) + 4Var(1) + 16Var(By)

4COV(50, 51) + 8COV<ﬂ0, 52) —+ 16COV(61, 52)
1-0.0144-0.024+16-0.02—4-0.01 —8-0.01 —16-0.01
0.13.

Var(logit(#(2))]

I+ 1

Using the normal quantile 2025 = 1/x3(0.05) = /3.8415 = 1.96, this gives an

approximate 95% confidence interval
(—2.0 — 1.96v/0.13, —2.0 + 1.96v0.13) = (—2.7067, —1.2933) (1)

for logit[mr(2)]. The corresponding approximate 95% confidence interval for m(2) is
obtained by transforming the left and right end points of (1) by the inverse of the
logit transformation, i.e.

exp(—2.7067) exp(—1.2933)
1 + exp(—2.7067)" 1 + exp(—1.2933)

) = (0.063,0.215).



b. The odds of dying, for a person with blood concentration x mmHg of the gas, is
m(x)

1 —7(x)

Taking the ratio of this expression for x = 2 and x = 1 we obtain the odds ratio

m(2)/(1 —7(2))  exp(Bo+ 261 +45>)
7(1)/(1==(1))  exp(Bo + B1 + B)
of dying between two persons with concentrations 2 and 1 mmHg. The sought for
log odds ratio is therefore

= exp(fo + b1 + 2°Ba).

OR =

= exp(f1 + 352)

log OR = B + 30. (2)
c. We will first compute an approximate 95% confidence interval for the log odds ratio
in (2). We estimate this quantity by
logOR = B3 + 36, = 1.0+ 3- 0.5 = 2.5,
and then find the variance
Var(log OR) = Var(3;) + 9Var(8;) + 6Cov(5y, 32) (3)

of this estimate. Plugging in the estimated variances and covariances into the last
expression, we obtain the squared standard error

Var(logOR) = Var(f) + 9Var(B2) + 6Cov(51, 4s)
= 0.024+9-0.02—6-0.01
= 0.14

of log OR. This gives an approximate 95% confidence interval
(2.5 — 1.961/0.14, 2.5 + 1.961/0.14) = (1.7666, 3.2334)
for log OR, and a corresponding approximate 95% confidence interval
(exp(1.7666), exp(3.2334)) = (5.85,25.36)
for OR.

Problem 2

a. Let ny be the number of observations in cell (i, k), which is an observation of the
random variable N;z. The joint distribution of all cell counts is multinomial

N = (Nit); o ~ Mult(500, (it p—o)-

Since the cell probabilities sum to 1 (Z?,k:() mir = 1), there are 8 free parameters,
for instance
60 = (700, To1, 02, T10, T11, T12, T20, T21)-

This gives a likelihood
1(0) = I—FLO', Mimyze2 Tt - (L= Xamees2) i)™

ANk

i,k=0 """
_ 500! 30,60, 2847120891660 150
= 30IG0mEITII20/0MEIG0E0r T00 M0l Toa T 1011 T 12720 Mot (1 — Do (i ky4(2,2) Tik)
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b. The expected cell counts equal p; = E(Nij) = nmipmip = nyymi myy under Hy,
which we estimate by

iy Nyl NNk

Hik = M4 T4 T g = Ty :
Nyt Ny Nyt

)

for instance 118 - 93
oy = ———22 =91,
Hoo =500 9

for cell (0,0). Continuing in this way for the other 8 cells we obtain the following
values of fi;:

Values of fi;; under Hy:
k

0 1 2 Sum

21.95 56.64 3941 | 118

47.62 122.88 85.50 | 256

23.44 60.48 42.08 | 126

Sum 93 240 167 500

DN = O .

This gives a X 2-statistic

2 (ng — fux)? (30 — 21.95)2 (50 — 42.08)2
X2 = L . o —10.53.
Z.EO [k 2195 42.08

Since the saturated model has 8 — 4 = 4 more parameters than the independence
model, and X? > y3(0.05) = 9.49, we reject Hy at level 5%.

c. In order to estimate p, we notice that there are 1000 copies of gene I, two for each
individual. Under H| we have that each copy of gene I is either A with probability
p, or a with probability 1 — p, independently between gene copies. Since there are
N1+ 4+ 2Ny, gene copies that equal A it follows that Ny, + 2Noy ~ Bin(1000, p).
Therefore, the maximum likelihood estimate of p is

niy +2nay 25642126
1000 1000

In a similar way we find a maximum likelihood estimate

Ni1 420, 240+2-167

= 0.508. (4)

p

4 1000 1000 (5)
of ¢q. Since the expected cell counts under H|, are
2 2-i i (2 2—k k
pa = 500m e = 500 - { L J(1=p)p" | J(1 =), (6)

we simply plug (4) and (5) into (6), and find that
~ NN 2 AN\ 2—G AL 2 ~N\2—k ~k
fuir = 5007, 7', = 500 - . (1—p)*'p"- P (1—¢)*"¢",
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for all 4,k € {0,1,2}. For instance, cell (0,0) has
floo = 500(1 — p)*(1 — §)* = 500(1 — 0.508)%(1 — 0.574)* = 21.96.

Continuing in this way for the other 8 cells, we obtain the following values of fi;:

Values of fi;; under H:

k

0 1 2 Sum

21.96 59.19 39.88 | 121.03

45.36 122.23 82.35 | 249.94

23.42 63.10 42.51 | 129.03
Sum | 90.74 244.52 164.74 500

O~ O =

This gives a X 2-statistic that equals

2 (ng — i)? (30 — 21.96)2 50 — 42.51)2
Z(n'ﬂ“k) _ | ! )" _ 10.05.
[k 21.96 42,51

i,k=0
There are only 2 parameters p and ¢ under H{, and therefore the saturated model
has 8 — 2 = 6 more parameters. Since X? < x2(0.05) = 12.59, we do not reject H}
at level 5%.

Problem 3

a. For the loglinear model M = (GI,GL,GS,IL,1S,LS), we have that
fgits = eXDA + AT + A+ N 4+ A0 + A5+ A58 + A58 + AF + AT+ A5,
for all cells g,4,1,s € {0,1}. If g =i =1 = s = 0 are chosen as baseline levels, then

all loglinear parameters equal 0 for which at least index is 0. This gives a parameter
vector with the remaining nonzero loglinear parameters

B = ()\7 )‘?7 )‘{7 )‘fa Afa )‘1G117 )‘ﬁL7 )‘1G157 )‘{fv Aif? )‘fls)
The number of parameters is p(M) = 11.

b. All of the listed models in the tables are balanced, and all four categorical variables
are binary. Therefore, each model has 1 baseline parameter, 4 main effect parameters
(1 per main effect), 1 = (2—1)- (2 — 1) parameter per second order association, and
1=(2-1)-(2—1)-(2—1) parameter per third order association. Adding the number
of baseline, main effect, second order, and third order association parameters, we
find the total number of parameters

p<G7 [7 L? S
»(GI,GL,GS,IL,1S,LS
p(GIL,GS, IS, LS

) = 14+4+4040=5,

|
p(GIS,GL,IL,LS)

)

)

)

1+4+6+0=11,
1+4+6+1=12,
1+4+6+1=12,
1+4+6+1=12,
1+4+6+1=12,
= 14446+4=15

p(GLS,GI,IL,IS
p(ILS,GI,GL,GS
p(GIL,GIS,GLS, ILS

of all models.



c. Let My = (GILS) refer to the saturated model, with 2% = 16 parameters. Akaike’s
Information Criterion of model M is

AIC(M) = —2L(M)+ 2p(M)
= —2[L(M) — L(My)] + 2p(M) — 2L(M,)
= G*(M) + 2p(M) — 2L(M,),

where L(M) and G?(M) is the log likelihood and deviance of model M. We select
the best model, according to the AIC-criterion, by minimizing AIC(M), which is
equivalent to minimizing G?(M) + 2p(M). We found the number of parameters
p(M) of all models in b). This makes it possible to fill in the second column of the
given table, and then add a third column:

Model M G*(M) p(M) G*(M)+2p(M)
(G.1,L,9) 27928 5 2802.8
(GI,GL,GS,IL,IS,LS) | 234 11 45.4
(GIL,GS, IS, LS) 186 12 12.6
(GIS,GL,IL,LS) 228 12 46.8
(GLS,GI, L, IS) 75 12 315
(ILS,GI,GL,GS) 206 12 44.6
(GIL,GIS,GLS, ILS) 133 15 31.3

Since M = (GIL,GIS,GLS,ILS) minimizes G*(M) + 2p(M), this is the model
chosen by the AIC-criterion.

d. In the first step of backward elimination (BE), the largest model among those listed
in the table, M| = (GIL,GIS,GLS,ILS), is tested against each one of the four
models M for which three second order associations have been removed from Mj,
by means of a likelihood ratio test. The log likelihood ratios of these four tests are

G*(M|M;) = —2[L(M)— L(Mj)]
= G*(M) - G*(Mj)
18.6 — 1.33 = 17.27, M = (GIL,GS, 1S, LS),
) 228-1.33=2147, M =(GIS,GL,IL,LS),
~ ) 75-133=6.17, M = (GLS,GI,IL,IS),
20.6 — 1.33 = 19.27, M = (ILS,GI,GL,GS),

respectively. In all of these tests, the null hypothesis
Hy : model M holds

is rejected if G*(M|M{) > x3(0.05) = 7.81, where 3 = 15 — 12 is the num-
ber of parameters being tested. We find that Hy is not rejected for model M =
(GLS,GI,IL,1S), whereas Hy is rejected for the other three models with one third
order association. Therefore (GLS,GI,IL,1S) is selected in the first step of the
BE-scheme. In the second step of the BE-scheme we test

Hy: M, = (GI,GL,GS,IL,IS,LS)
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against the alternative that M = (GLS,GI,IL,1S) holds but not M,. This gives
a log likelihood ratio

G2(Mo|M) = G*(My) — G*(M)
234 —17.5

15.9

\3(0.05)

3.84,

v

since 1 = 12 — 11 parameter is tested. The null hypothesis is rejected in this second
step, and therefore the BE-scheme stops, with (GLS,GI,IL,1S) as the chosen
model.

Problem 4

a. Let mgius = pgis/p++++ be the probability of cell (g,i,l,s) for multinomial sam-
pling when we condition on the total number of observations of the Poisson model
(GI,GL,GS,IL,IS,LS). Regarding I as the outcome variable and G, L, S as pre-
dictor variables of this mutinomial model, we find that I|G, L, S is an ANOVA type
logistic regression model, since

logitP(I =1|G=g,L=1,5=s)
=log[P(I=1G=g,L=1,S=3s)/P(I=0|G=g,L=1,5=5s)]
= IOg[(WQIZS/Wg-i-ZS)/(WQOIS/Wg+ls)]
= log(mguis/mgo1s)
= 1Og(ﬂg118//~L9015) (7)
= log(tgus) — log(kigors)
=AM N XX AGE A+ M+ AT+ A
—(A AT A+ A AT X HAGE AT+ N NS+ ML)
=a+ Y+ BF+ 52,

with
a = A{ B )‘é = )‘{7
B = N TN =
e
S - 1s 0s = “‘ls -

In the last step we assumed that g = ¢ = [ = s = 0 are baseline levels, putting to
zero all loglinear parameters with at least one 0 index. Then all effect parameters
B§ = B = B5 = 0 vanish, and the remaining four nonzero parameters of the logistic
regression model, are

B = (o, By, BT, BY)-

b. The conditional odds ratio of injury between those that use safety belt and those
that do not, conditional on gender and location, is
p _PU=1S=1,G=g9,L=1)/P(I=0|S=1,G=g,L=1) (8)
186 = p(1=18=0,G=¢,L=1)/PU=0[S=0,G=g,L=1)
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It follows from (7) that

logOrs(qy = logitP(I =1|S=1,G=g,L=1)—logitP(I =1|S=0,G=g,L =1)
= o+ 67 + B+ B — (a+ 7+ BF + 57)
= By =B
= B
-l

when ¢ = s = 0 are chosen as baseline levels of injury and safety belt use. Equiva-
lently,

015601 = exp(AL}). (9)

. There is homogeneous association between injury I and safety belt use S if the
conditional odds ratio 0;g(y) does not depend on the levels g and [ of gender G' and
location L. It follows from (9) that model (GI,GL,GS,IL,1S,LS) has homoge-
neous association, since the right hand side of this equation does not depend on g
or [. Similarly, one shows that all loglinear models M for which [ and S are not
involved in any third order association, have homogeneous association between [
and S. Hence, among the loglinear models listed in the table of Problem 3, the ones
with homogeneous association between injury and safety belt use, are (G, I, L,S),

(GI,GL,GS,IL,IS,LS), (GIL,GS,IS,LS), and (GLS,GI,IL,IS).

. For the loglinear model My = (IS, IGL) we have that S and (G, L) are conditionally
independent given I. In conjunction with Bayes’” Theorem, this gives

o _ _ _ P(S=s|I=i,G=g,L=1)P(I=i|G=g,L=l)
PU=ilS=sG=gL=l) = Moinguptiineziy
P(S=s|I=i)P(I=i|G=g,L=I)

P(S=s|G=g,L=l)

Insertion of (10) into the definition (8) of the conditional odds ratio gives

P(S =1|T=1)P(S =0
O1s(g1) = 1

|
P(S=0|I=1)P(S=1]I=0) (11)

since all terms P(I = i|G = g,L = 1) and P(S = s|G = g,L = l) appear twice,
in the numerator and denominator, and hence cancel out. A second application
of Bayes’ Theorem gives P(S = s|I = i) = P(I = i|S = s)P(S = s)/P(I = 1).
Inserting this expression into (11), we find that

since all terms P(I = i) and P(S = s) appear twice, in the numerator and deno-
minator, and hence cancel out. From this it follows that the conditional odds ratio
O15(q1) of having an injury between those that use seat belt and those that don’t, for
model My = (1S, IGL), equals the corresponding marginal odds ratio 6. There is
also an alternative way of showing this (without using Bayes’ Theorem). We start
by noticing that

Kgils = Aingz'l (12>
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for model My, with A;; = exp(XA + A} + A3 + A/F) and Byy = exp(AS + A\ + A5 +
MEAXGE+AGTE). From the caleulations in (7) and (12) we find that the conditional
odds ratio between injury and seat belt use can be expressed as

- HgoioHg1il ApoAnr
@ Hgoi1Hg1l0 An A’

since all the Bg;-terms cancel out. Similarly, we find that the marginal odds ratio
between injury and seat belt use equals

0 — proroprirr  AooAn
1S =

- )
Mio41 4140 Apg1Aig

since fii;ys = AisBiir, and all the Bi; -terms cancel out. From the last two
displayed equations, it follows that 0rgy) = 0rs.

We finally estimate the marginal odds ratio from the data set of Problem 3, as

é . M4141M4040
s N4140M40+1
(759-+757-+380+513)-(7287-+3246+10381+6123)

(996-+973+812+1084)-(11587+6134+10969+6693)
2409-27037

3865-35383

0.4763,

which is slightly higher than the estimated conditional odds ratio 915(95) = 044
between injury and seat belt use for model M = (GI,GL,GS,IL,IS,LS).



