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Problem 1

a. The null and alternative hypotheses are

Hy: P(Y=1X=0)=P(Y =1|X =1), W
H,: PY=1X=0)<P(Y =1|X =1),

for a one-sided test, since the aim is to test whether smoking does not change (Hy)
or increases (H,) the risk of lung cancer. This is equivalent to testing

H() 0= 1,
H,: 60>1, (2)
where
g — PE=UX=1)/1-P(Y=1X=1)
SRR ®

P(Y=1|X=0)/P(Y=0|X=0)

is the odds ratio of lung cancer between those that smoke and those that don’t.

Bayes’ Theorem implies P(Y = j|X =i) = P(X =4|Y = j)P(Y = j)/P(X =1).

We insert this formula into to all four terms that appear on the right hand side of

(3), and notice after rearrangement that each P(Y = j) and P(X = i) term appears

twice, in the numerator and denominator, and hence cancels out. This implies that
PX=1Yy =1)/P(X=0Y=1) m/(1—m)

O B 1Y = 0)/P(X =0y =0) 7o/ (1 = m0) )

can be expressed in terms of my and 71, two quantities that can be estimated in a
case-control study.

b. The sought for null distribution of Ny is hypergeometric, with

10 | 10
P(Nll == 77,11|H0,N1+ == 6) == (7111)(25;n11)’ (5)
6

for ny; =0,1,...,6.



c. Since ny; = 5, we use (5) in order to find the one-sided

P-value = P(Ny; > 5|Hy, N1 =6)
- P<N11 - 5|H0, N1+ - 6) —+ P(Nll - 6‘H0,N1+ - 6)
_ (150)‘(110) N (160).(100)
20 20
: (%)
252-10+210-1

38760
2730

~ 38760
= 0.0704.

Hence, since 0.0704 > 0.05 we do not reject Hy at significance level 5%.

d. Since the number of smokers in each column have independent binomial distributions
Nip ~ Bin(10, m) and Ny; ~ Bin(10, ), it follows that
P(Nn = n11|9,N1+ = 6) = P(Nlo =6—ny, Niu = n11|N1+ = 6)
o P(Nyg = 6 —n11, Nip = ni1)

:P(N1026—n11)P(N11:n11) (6>
— 6}211 Wg_"“(l — o) (Tzlol)ﬂ?u(l — ) 10-nu

10 10\ pn11
x 6-—n11 (nu)@ ’

where in the first step we dropped 6 to simplify notation for conditional probabili-
ties, and in the second step made use of the above-mentioned independent columns
sampling. The proportionality constants of the second and last steps are indepen-
dent of ny;. In the last step of (6) we also utilized (4). Since the probabilities in (6)
must sum to 1, we find that

(5m0) (o) O™
P(Ni = nulf, Niy = 6) = 22=011<6mk31(113)0k7

for ny; = 0,...,6. It corresponds to a non-central hypergeometric distributon, and
it simplifies to an ordinary hypergeometric distribution (5) when 6 = 1.

Problem 2

a. Since Njp ~ Bin(50, 1) and N3 ~ Bin(50, 1) have independent binomial distribu-
tions, the maximum likelihood estimate of A is
R 25 5)
A=ty —fg=rt Mo _ 20 2 gy
nq Mo 50 50
with variance
7T0<]_ — 7T0> i 7T1<]_ — 7T1>

N ni

Var(A) = Var(#y) + Var () =

SE(A) = /Var(A
_ \/7r (1—70) 7T1(1 1)
v

and standard error

05(1 0.5) 011 0.1)
50

= 0. 0825

2



The Wald-based test statistic is
A

0.4
4.85.

W

~SE(A) 0.

0825

Since |zw| > 1.96 = 2g.025, the 0.975-quantile of a standard normal distribution, we

reject Hy at level 5%. This is in contrast to

Problem 1c), where the null hypothesis

was not rejected (P-value larger than 0.05), even though that test was one-sided

(which in this case makes it easier to reject
why Hy was not rejected Problem 1c¢) was

the null hypothesis). The main reason
the small data set (five times as small

compared to Problem 2), which makes it harder to detect correlation between lung

cancer and smoking.

. Since the maximum likelihood estimates of g and 7, are 7y and 7; respectively, the

maximum likelihood estimator of r is

By means of the two first order Taylor expansions of log(7y) and log(7;) around
log(my) and log(m;) respectively, we have that

log(#) = log(#1) — log(#o) )
~ log(m) + = — log(mg) — *270.
Consequently, the variance of log(7) satisfies
Var[log(r)] =~ Var (LO’JO) + Var (—’?lw’l’”)
_ Var(#o) Var(71)
= T T (7)
_ mo(1—mo) + w1 (l—m1)
- noﬂg TL17T%
. 1-=mg 1—my
~ ngmo nim

. The standard error of log(7) is obtained by

plugging in estimates of 7y and m; into

the variance formula (7) and then taking the square root. That is,

SE[log(7)]

This gives a Wald-based confidence interval

Var[log(7)]
1—7g 1—7
nomo nim
100 no1
nonio ninii
15 25
505 1 50.25

V0.2
0.4472.

(log(7) — 1.96 - SE[log(7)], log(7) + 1.96 - SE[log(7)])
= (log(b) — 1.96 - 0.4472,1log(5) + 1.96 - 0.4472)

= (0.733,2.486)



for log(r) with approximate coverage probability 95%. Applying the exponential
transformation to both sides of this interval, we finally obtain a confidence interval

(exp(0.733), exp(2.486)) = (2.081,12.013)

for r with approximate coverage probability 95%. Since 1 does not belong to this
interval, the null hypothesis r = 1 (or equivalently A = 0) is rejected, as in Problem
2a).

Problem 3

a. The loglinear parametrization of (XY,Y 7) is
pije = exp(A+ AF + A + A7+ A+ M) (8)

for 1 <i,j,k < 2. Assume that X =1, Y =1, and Z = 1 are chosen as baseline
levels. Then those loglinear parameters are put to zero for which at least one index
1, j or k equals 1. The remaining 6 parameters are

B =\ AT, A% ). (9)

b. One possible solution is to look at the cell probabilities m;; = ftijx/pt+++. Since X
and Z are conditionally independent given Y for model (XYY 7), it follows that

_ _ _ Tij+ ik Tij+T4jk
Tijk = Tjt Tik|j = T+ Tij+ i T+jkl) = i+ ) = ’

Tj+  T4j+ Ttj+
and hence
Hij+ . H4jk [ fl
_ _ Pttt Pttt Hig+HHAgk
Wik = Mt Tijk = Pttt * — s = — (10)
P+ P+

As an alternative proof, one may start writing (8) as a product p;; = A;;Bji of two
terms Ag; = exp(A 4+ X + A7+ A5Y) and By = exp(A{ + A}7). Then

i AuBi - ALB;
Hij+ K4k AijDj+ - A4 Djk = AyBji = ;.

[t s+ Ay By

¢. The maximum likelihood estimates
fiijr = b L
Nyj+
of the expected cell counts are obtained by replacing p;;+, fi+jx and p4 ;4 in (10) by
estimates n;;;, nyjr and ny;;. From the given marginals of the partial table with
Y = j we can read off all n;;;, ny i and n,;, for instance
N114+N411 410 - 420

. _ — 212.59.
pan = 810

Continuing in this way for the other cells (i, j, k), we get the following predicted
expected cell counts fi;:



No complications Y = 1: Complications Y = 2:

Type of Clinic Type of Clinic
valve Z:1\Z:2\Sum valve Z:1\Z:2\Sum
X =1 [ 212.59 [ 197.41 [| 410 X =1 [ 2737 [ 102.63 | 130
X =2 | 207.41 [ 192.59 || 400 X =2 [ 12.63 | 4737 | 60
| Sum | 420 | 390 [[810 | | Sum | 40 | 150 [ 190 |

d. The log likelihood ratio statistic for testing (XYY Z) against the saturated model

(XY 2Z),is
= 2 (210 - log 21221%9 +...+50-log %)
= 1.18

< x2(0.05) = 5.99,

where in the last step we used that df = 8 — 6 = 2, since the saturated model
(XY Z) has 2 x 2 x 2 = 8 parameters, whereas the conditional independence model
(XY,YZ) has 6 parameters according to (9). Thus we cannot reject conditional
independence between X and Z given Y at level 5%.

Problem 4

a. As in Problem 3, we let m;x = piji/pr++ = P(X =14,Y = j, Z = k) refer to cell
probabilities, i.e. the joint distribution of all three variables, and m; 1, = P(X =
i,Z = k) to the joint distribution of valve type and clinic. From equation (8) we

find that

logit[P(Y = 2|X =1,/ = k)] = log[P(Y = 2|X =1,/ = k)/P(Y = 1|X =1,/ = k:)]
= log[(mion/Tirw)/ (Tirk/Tit k)]
= log(ﬂizk/mlk)
= log(piok/ tti1k)

A+ 25+ A + 02+ A5 + A7)
— AFAEH A N2 LY AV

= a+ B+ 67,
(11)
where in the last step we used that
a = A=\,
= o, m
B = Ay — Ay

If X=1,Y =1, and Z = 1 are chosen as baseline levels for the loglinear model,
then any loglinear parameter with ¢ = 1, j = 1 or kK = 1 among its indexes is zero.
In view of (12), this implies 55X = BZ = 0. The only remaining parameters are

(e, B35, 87) = (A3, A", Agy)-



b. By the definition of the conditional odds ratio and (11), we have that

Oxvy = [P(Y =2[X=27Z=Fk)/PY =1|X =2,Z = k)]
J[P(Y =2 X=1,Z=k)/PY =1|X =1,Z = k)]
= exp(a+ B3 + B7)/ exp(a+ B + 67) (13)
= exp(B5 — B)
= exp(By),

since 3;* = 0. Alternatively, we use that

log(Oxyy) = logitP(Y =2|X =2,7Z = k) — logitP(Y =2|X = 1,7 = k)
= <o;(+6§+65) — (a+ B + B7)
— 52 .

There is homogeneous association, since fxy () does not depend on the value k of
the clinic Z. This also follows from the fact that there is no third order association
XY Z between all three variables in the loglinear model.

c. Write w(i, k) = P(Y = 2|X =i,Z = k) for the probability that a patient who has
a valve of type 7 replaced at clinic k£ has complications within one year after the
surgery. The average causal effect (ACE) of type of valve is

ACE = FH[m(2,1) —a(1,1)] + g2 [r(2,2) - 7(1,2)]
460 | _exp(a+B3) __exp(a)

1000 1+exp(a+,3§) 1+exp(a)

4+ 540 exp(atpy +67)  exp(atpi)
1000 | 14+exp(a+B+BZ)  1+exp(a+pBZ)

As opposed to Oxy ), it depends not only on 85, but also on a and 7.



