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Abstract

In insurance mathematics and risk modelling, the law of large num-
bers and the central limit theorem describe only the average case and
do not quantify the probability of extreme aggregate losses. Letting
S(t) denote the total claim payout up to time t, this concern arises
in two forms: a long-run question, the decay rate of P (S(t) ≥ xt) as
t → ∞, and a fixed-horizon question, the behaviour of P (S(t) > x)
as x → ∞ for fixed t. Each question requires a different class of claim
size distributions and is addressed by a different framework: the long-
run question by large deviation theory, the fixed-horizon question by
the Principle of a Single Big Jump.

Large deviation theory requires the claim sizes to be light-tailed.
Its central object is the rate function I(x), which characterises the
exponential rate at which P (S(t) ≥ xt) decays. The Principle of
a Single Big Jump instead requires claims to be subexponential, a
subclass of heavy-tailed distributions, under which P (S(t) > x) ∼

λt · P (X > x) as x → ∞.
These results are verified through simulation, and each framework

is shown to break down when applied outside its conditions. Despite
combining a random number of claims with random claim sizes, the
compound aggregate loss process reduces to a single factor times a
single tail under the right distributional conditions.
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Chapter 1

Introduction

Every insurance company collects premiums (money in) and pays out claims
(money out). The total payout, for any given year, may be modest, or in
extreme scenarios, large enough that the company cannot meet its obliga-
tions. Two central questions in insurance mathematics are therefore: how
likely are extreme scenarios, and how much money needs to be set aside to
fulfil the company’s obligations?

If claim sizes follow a light-tailed distribution, such as the exponential, large
deviation theory provides an analytical framework for quantifying these
probabilities. This gives rise to two practically useful directions. Given a
time span, say five years, and a maximum acceptable probability of being
unable to pay, one can approximate how much capital the insurer must hold.
Conversely, given a fixed capital reserve, one can estimate the probability
that aggregate losses will exceed it over any chosen time span. Both reduce
to a single mathematical object: the rate function, which determines how
unlikely extreme total payouts are for any given time span.

This framework relies on a crucial requirement: the tail of the claim size
distribution must decay fast enough. However, many realistic loss scenarios
are better described by distributions where the decay is not fast enough.
These distributions have substantial probability mass far out in the tail,
meaning massive individual claims are far more likely than in the case
of faster tail decay. For such distributions the large deviation framework
breaks down entirely.

For heavy-tailed claims the focus shifts. Rather than tracking how aggre-
gate losses accumulate over time, the concern is what can happen within
a single year. This is precisely what Solvency II requires: the European
Union’s regulatory framework for insurance capital, mandating that each
insurer holds enough capital to cover aggregate losses at the 99.5th per-
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centile [4, Art. 101(3)], that is, a loss level exceeded in only one out of
two hundred years. The appropriate framework is the Principle of a Single
Big Jump: when claim sizes are heavy-tailed, a catastrophic aggregate loss
is driven not by many moderate claims acting together, but by a single
extreme claim. This thesis develops both frameworks, examines when each
applies, and illustrates the consequences for capital through simulation.
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Chapter 2

Theoretical Foundation

The total payout up to time t, denoted S(t), is the central object of this
thesis. The introduction identified two practically useful questions: given
a time horizon and an acceptable risk level, how much capital suffices, and
given a fixed capital reserve (the amount of money the insurance company
sets aside to pay for claims), how likely is it to be exceeded. Both questions
relate to the tail of S(t), and translating them into mathematics requires
two distinct asymptotic frameworks.

The model used throughout is defined in Section 2.1. The number of claims
is modelled by a Poisson process, where λ denotes the rate of claim arrivals
per unit time. The claim sizes Xi are i.i.d. random variables drawn from
a distribution that can be either light-tailed or heavy-tailed. Section 2.2
addresses the case of light-tailed claim sizes. By the law of large numbers,
the aggregate loss per unit time converges to λE[X], the expected number
of claims per unit time multiplied by the expected claim size. A large
deviation is precisely an outcome that persistently exceeds this average: we
fix a level x > λE[X] and ask how the probability P (S(t) ≥ xt) behaves as
t grows. Note that the condition x > λE[X] only classifies what counts as a
large deviation, an outcome that consistently exceeds the long-run average.
It says nothing about how often such outcomes occur or how quickly their
probability decays, and this is precisely what the law of large numbers
cannot answer. Large deviation theory gives the answer: this probability
is approximately e−tI(x), where I(x) is the rate function.

Section 2.3 identifies the critical requirement behind this result: the mo-
ment generating function of the claim sizes must be finite for some θ > 0.
For many practically relevant claim types, this assumption fails. Individ-
ual losses can be so extreme that no exponential function can bound the
tail. Such distributions are called heavy-tailed, characterised by tail decay
slower than any exponential. As the canonical heavy-tailed distribution we
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use the Pareto distribution and show that the rate function I(x) cannot be
computed for Pareto claim sizes, causing the large deviation theory (LDT)
framework to break down entirely.

Section 2.4 develops the second framework. For heavy-tailed claim sizes
the long-run question can no longer be answered by the LDT framework:
extreme outcomes do not become negligible as time grows. The natural
question is therefore fixed in time: given a fixed time horizon, what is the
probability that the total payout exceeds a catastrophic threshold? Fixing
t and asking how P (S(t) > x) behaves as x grows, the Principle of a Single
Big Jump gives the answer: P (S(t) > x) ∼ λt · P (X > x), meaning that
extreme aggregate losses are driven by a single catastrophic claim. This is
the appropriate framework for the Solvency II question: what capital x is
needed such that P (S(1) > x) is at most 0.5%?

2.1 The Poisson Process and the Aggregate

Loss Model

The Poisson process is the standard model for claim arrivals: events occur
at a constant rate, independently of one another. We model the total
payout as follows.

Definition 2.1.1 (The Aggregate Loss Process [1, §2.2]). The aggregate
loss process is defined as

S(t) =

N(t)∑
i=1

Xi,

where N(t) ∼ Poisson(λt) is the number of claims up to time t, and
X1, X2, . . . are i.i.d. claim sizes independent of N(t).

To make this concrete, consider an insurer whose claims arrive at rate λ
per year. Each claim has a random payout Xi, drawn independently from
the same distribution, and S(t) is the total amount paid out after t years.
The capital questions from the introduction are precisely questions about
the tail of S(t).

The choice of distribution for Xi reflects how claim costs are spread across
the possible outcomes. Most claims are routine and modest, but occasion-
ally a claim is extreme. How extreme these rare events can be is what the
tail of the distribution captures, and different choices lead to fundamentally
different behaviour. A light-tailed distribution, such as the exponential,
models a world where rare claims are simply unlikely to be very large: the
tail decays fast. A heavy-tailed distribution, such as the Pareto, models a
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world where rare claims can be catastrophically large: the tail decays so
slowly that a single extreme claim can dominate the entire aggregate.

Therefore knowing the mean and variance is not enough for capital calcu-
lations. These quantities describe what a typical year looks like, not an
extreme one. The mean gives the expected total payout, and the variance
yields how much it usually varies. Neither says anything about how likely
it is that the total payout is twice or three times the average. That is
precisely the question that matters for capital, and large deviation theory
is the tool that answers it. For heavy-tailed distributions the situation is
worse still, as the framework breaks down entirely, something made ex-
plicit in Section 2.3. Instead, in Section 2.4, we develop the Principle of
a Single Big Jump, a framework specifically for heavy-tailed distributions.
This framework is the tool to answer the Solvency II question introduced
in the introduction. The theory in the following sections is developed for
general claim sizes. Simulations and concrete computations use the expo-
nential distribution for the light-tailed case and the Pareto distribution for
the heavy-tailed case.

2.2 The Chernoff Bound and the Rate Func-

tion

To answer the capital questions from the introduction, we need to bound
P (S(t) ≥ xt), the probability that aggregate losses exceed a threshold that
grows with the time horizon, where t is the time horizon in years and xt
is the total capital threshold. As discussed, the mean and variance cannot
quantify this probability. The key tool is the moment generating function
(MGF) and will allow us to turn this tail probability into a quantity we
can derive and optimize over.

One of the standard ways of bounding objects in probability theory is by
Markov’s inequality,

P (X ≥ a) ≤ E[X]

a
for any a > 0 and X ≥ 0.

Applying Markov directly gives P (S(t) ≥ xt) ≤ E[S(t)]/(xt) = λE[X]/x,
a constant that does not depend on t. This is useless for the capital cal-
culation: it gives the same bound whether the time horizon is one year
or a hundred, and tells us nothing about how the probability changes as t
grows. Therefore, we need a bound that shrinks as t grows. By applying
Markov’s inequality to eθS(t) we get a bound that decays exponentially in
t. This bound depends on a free parameter θ. Optimizing over θ gives rise
to the rate function I(x), a central object in large deviation theory.
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By the monotonicity of the exponential, for any θ > 0, the events {S(t) ≥
xt}, {eS(t) ≥ ext} and {eθS(t) ≥ eθxt} are identical.

Applying Markov’s with X = eθS(t) and a = eθxt we have

P (eθS(t) ≥ eθxt) ≤ E[eθS(t)] · e−θxt.

This result is precisely what is referred to as the Chernoff bound (or expo-
nential Markov).

Proposition 2.2.1 (Chernoff Bound [1, §2.4.1]).

P (S(t) ≥ xt) ≤ E[eθS(t)] · e−θxt for any θ > 0.

This bound is the starting point for the capital calculation. The goal is
now to simplify the right-hand side into something we can optimize over θ.

To apply Proposition 2.2.1, we need to compute E[eθS(t)] explicitly. Once
we have it, the bound takes a clean exponential form in t, and optimizing
over θ gives the tightest possible bound. That optimal bound is e−tI(x),
where I(x) is the rate function to be defined below. This is what lets us
answer the long-run question from the introduction.

The counting variable N(t) is random, so we cannot directly evaluate
E[eθS(t)]. We therefore condition on N(t) = n:

E[eθS(t)|N(t) = n] = E[eθ
∑n

i=1 Xi ] = E[eθX1 · eθX2 · · · · · eθXn ].

The Xi are i.i.d. and independent of N(t), so the expectations factor:

E[eθX1 ] · E[eθX2 ] · · · · · E[eθXn ] = E[eθX ]n = ΨX(θ)
n.

Because ΨX(θ) does not depend on N(t), the law of total expectation,
which states that E[Y ] = E[E[Y | Z]] for any random variables Y and Z,
gives

E[eθS(t)] = E
[
E[eθS(t) | N(t)]

]
= E[ΨX(θ)

N(t)].

For fixed θ, the value ΨX(θ) = E[eθX ] is a positive real number, not a
random variable. The only randomness in ΨX(θ)

N(t) therefore lies in the
exponent N(t). Rewriting

ΨX(θ)
N(t) = eN(t) lnΨX(θ),

we obtain an expression that matches the MGF of N(t). For N(t) ∼
Poisson(λt) this MGF is ΨN(t)(s) = eλt(e

s−1), and substituting s = lnΨX(θ)
gives

E[eθS(t)] = E[ΨX(θ)
N(t)] = eλt(e

lnΨX (θ)−1) = eλt(ΨX(θ)−1).

The MGF of the aggregate loss process is:
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Proposition 2.2.2 (The MGF of the Aggregate Loss Process).

ΨS(t)(θ) = eλt(ΨX(θ)−1).

Substituting E[eθS(t)] = eλt(ΨX(θ)−1) into Proposition 2.2.1 gives:

P (S(t) ≥ xt) ≤ eλt(ΨX(θ)−1)

eθxt
= e−t(θx−λ(ΨX(θ)−1)).

This shows that the bound decays exponentially in t provided the MGF
ΨX(θ) is finite for some θ > 0.

The derived bound P (S(t) ≥ xt) ≤ e−t(θx−λ(ΨX(θ)−1)) holds for every θ > 0,
so we are free to choose whichever θ gives the tightest bound. The bound
e−t(θx−λ(ΨX(θ)−1)) is smallest when θx − λ(ΨX(θ) − 1) is largest. As t > 0,
the choice of θ that maximizes the expression does not depend on t, and
the optimization reduces to

max
θ>0

(θx− λ(ΨX(θ)− 1)).

This brings us to the rate function.

Definition 2.2.1 (The Rate Function of the Compound Poisson Process).
The rate function of the compound Poisson process is defined as

I(x) = max
θ>0

(θx− λ(ΨX(θ)− 1))

Note that I(x) is well-defined only when ΨX(θ) is finite for some θ > 0: if
the MGF is infinite for all θ > 0, the exponent equals +∞ for every θ and
the maximum is not meaningful. We will return to this point in Section 2.3.

The bound P (S(t) ≥ xt) ≤ e−tI(x) is in fact tight: a matching lower bound
holds, establishing that e−tI(x) captures the correct exponential rate of de-
cay. Proving the lower bound is technical and beyond the scope of this
thesis, but the tightness is verified numerically in Section 3.1. For the full
derivation see [1, § 2.4.2].

With this, the large deviation framework is complete. We began with the
capital questions from the introduction: given a time horizon and an ac-
ceptable probability, how much capital is needed, and given a fixed reserve,
how likely is it to be exceeded? Both reduce to knowing I(x). Now that we
have a formula for it, Section 3.1 computes I(x) explicitly for exponential
claim sizes and uses it to solve both problems directly.
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2.3 Heavy-Tailed Distributions

Section 2.1 introduced the aggregate loss model and noted that the mean
and variance may not adequately describe extreme outcomes for heavy-
tailed claim distributions. This section makes the distinction between light-
tailed and heavy-tailed distributions precise.

The central condition is whether E[eθX ] is finite, which is the same as
asking whether the integral ∫ ∞

0

eθxf(x) dx

converges. The factor eθx diverges, so the answer depends on how quickly
the density f(x) tends to zero. For X ∼ Exp(µ), the integral converges
for θ < µ. For a Pareto random variable (defined below), the density
decays polynomially. For any θ > 0 the exponential factor eθx eventually
dominates and the integral diverges. This difference motivates the following
definition.

Definition 2.3.1 (Heavy-Tailed Distribution). A distribution is defined to
be heavy-tailed if and only if [2, Def. 2.2]

ΨX(θ) = E[eθX ] = ∞ for all θ > 0.

A distribution that is not heavy-tailed is called light-tailed [2, Def. 2.3].

While the definition is stated in terms of the moment generating function,
Figure 2.1 illustrates why the two classes carry the names they do: light-
tailed distributions have tails that quickly become negligible, while heavy-
tailed distributions retain substantial probability mass far out in the tail.

We verify this analytically for the exponential distribution. For X ∼
Exp(µ), a direct calculation gives E[eθX ] =

∫∞
0

µex(θ−µ) dx, which converges
if and only if θ < µ. Thus the exponential distribution is light-tailed.

We now turn to the heavy-tailed case.

Definition 2.3.2 (The Pareto Distribution). A random variable X is said
to be Pareto distributed with parameters α > 0 and κ > 0 if it has probability
density function

fX(x) =
ακα

(x+ κ)α+1
, x ≥ 0,

with expected value E[X] = κ/(α−1) for α > 1, and E[X] = ∞ otherwise.

Proposition 2.3.1 (The Pareto Distribution is Heavy-Tailed). If X ∼
Pareto(α, κ) then ΨX(θ) = ∞ for all θ > 0.
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Figure 2.1: Tail probability P (X > x) on a log scale for three Pareto dis-
tributions (solid lines) and three exponential distributions (dashed lines).
The Pareto tails remain substantial across the full range while the exponen-
tial tails quickly become negligible, illustrating the fundamental difference
between heavy-tailed and light-tailed behaviour.

Proof. We want to show that E[eθX ] = ∞ for all θ > 0. Writing out the
expectation using the Pareto density gives

E
[
eθX
]
= ακα

∫ ∞

0

eθx

(x+ κ)α+1
dx.

Since ακα > 0, it suffices to show that the integral diverges. Here

f(x) =
eθx

(x+ κ)α+1
,

and since exponentials dominate polynomials, f(x) → ∞ as x → ∞, so
the integral over any tail is unbounded and the integral diverges. Hence
E[eθX ] = ∞.

The heavy-tail property is essential for what follows: subexponential dis-
tributions, introduced in Section 2.4, are by definition a subclass of heavy-
tailed distributions. Establishing that the Pareto distribution is heavy-
tailed is therefore a prerequisite for the next section, which culminates in
a surprisingly clean result: the tail probability of the entire aggregate loss
process reduces to that of a single claim.
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2.4 Subexponential Distributions and the Prin-

ciple of a Single Big Jump

This section develops the second asymptotic framework briefly introduced
in the introduction. It is built around a subclass of heavy-tailed distri-
butions called subexponential distributions. These distributions have a
specific asymptotic property: when the sum of two independent subexpo-
nential random variables produces a large value, the probability is driven
almost entirely by one of them being large. In the light-tailed case the op-
posite holds: both terms contribute, and the probability of one dominating
vanishes. The same principle extends from two variables to n, and even
to a random number of variables, yielding a remarkably simple two-factor
expression for the tail probability of the entire aggregate loss process.

Throughout this section, X denotes a non-negative random variable repre-
senting an individual claim size, and P (X > x) its tail probability. Unless
stated otherwise, X ∼ Pareto(α, κ).

Before we formally define subexponential distributions, a few properties of
distributions on the positive real number line will be introduced. For any
distribution on the positive real number line, the following bound is always
true [2, eq. (2.7)]

lim inf
x→∞

P (X1 +X2 > x)

P (X1 > x)
≥ 2.

For heavy-tailed distributions the bound tightens further [2, Thm. 2.12],

lim inf
x→∞

P (X1 +X2 > x)

P (X1 > x)
= 2.

Finally, for heavy-tailed distributions for which the ratio converges, Foss
states that the limit must equal 2 [2, p. 44], that is

lim
x→∞

P (X1 +X2 > x)

P (X1 > x)
= 2.

This motivates the definition of subexponentiality, formally introduced be-
low.

Definition 2.4.1 (Subexponential Distribution). A non-negative random
variable X is called subexponential if, for X1, X2 i.i.d. copies of X, [2,
Def. 3.1]

P (X1 +X2 > x) ∼ 2P (X > x) as x → ∞.

Here f(x) ∼ g(x) means f(x)/g(x) → 1 as x → ∞.
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The definition is equivalent to two more intuitive formulations [2, p. 44].
The first states that given the sum is large, each variable is equally likely
to be the one responsible:

P (X1 > x | X1 +X2 > x) → 1

2
as x → ∞.

The second states that the sum and its maximum have asymptotically equal
tail probabilities:

P (X1 +X2 > x) ∼ P (max(X1, X2) > x) as x → ∞.

The first can be shown to be equivalent by noting that X2 ≥ 0 and X1 > x
together imply X1 +X2 > x, so the joint probability simplifies to P (X1 >
x). By the definition of conditional probability,

P (X1 > x | X1 +X2 > x) =
P (X1 > x,X1 +X2 > x)

P (X1 +X2 > x)
=

P (X1 > x)

P (X1 +X2 > x)
.

By the definition of subexponentiality, this implies that

P (X1 > x)

P (X1 +X2 > x)
∼ P (X > x)

2P (X > x)
=

1

2
.

For the second equivalence, we use the inclusion-exclusion principle. Recall
that

P (max(X1, X2) > x) = P (X1 > x ∪X2 > x)

= P (X1 > x) + P (X2 > x)− P (X1 > x,X2 > x)

= 2P (X > x)− P (X > x)2,

where the last line uses the fact that Xi are i.i.d. Asymptotically the square
term decays faster than the linear term and is therefore negligible. Thus,
using the definition of subexponentiality,

P (max(X1, X2) > x) ∼ 2P (X > x) ∼ P (X1 +X2 > x).

Both formulations capture the same idea: when the sum is large, one term is
responsible. The first shows this through symmetry: each term is equally
likely to be the one causing it. The second shows it directly: the sum
exceeds x when and only when one of the terms does. This is the so-called
Principle of a Single Big Jump for sums of subexponentially distributed
random variables [2, p. 44].

To see what this definition captures, we simulate n = 500,000 i.i.d. pairs
(X1, X2) and retain only those for which X1 +X2 > x. For each retained
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pair we ask: how did the sum exceed x? Either one variable alone exceeded
x (a single big jump), or neither did but together they do (cooperation).
Figure 2.2 plots every retained pair for Pareto(α = 2, κ = 1) at x =
50 and Exponential(µ = 1) at x = 5, 1 coloured by mechanism. For
Pareto, cooperation accounts for only 4% of cases. For the exponential,
cooperation accounts for 66%. The contrast illustrates the fundamental
difference between heavy-tailed and light-tailed behaviour.

Figure 2.2: Simulated pairs (X1, X2) conditioned on X1+X2 > x, coloured
by mechanism. Blue: X1 > x alone, green: X2 > x alone, red: cooper-
ation (neither alone exceeds x). Left: Pareto(α = 2, κ = 1) at x = 50,
cooperation accounts for only 4%. Right: Exponential(µ = 1) at x = 5,
cooperation accounts for 66%. Each panel uses n = 500,000 simulated pairs
(before conditioning on X1 +X2 > x).

The cooperation fraction at threshold x is the probability that neither X1

nor X2 alone caused the sum to exceed x, given that the sum did. We call
this cooperation because both terms had to contribute: neither was large
enough on its own.

cooperation fraction at x = P (X1 ≤ x, X2 ≤ x | X1 +X2 > x)

=
P (X1 ≤ x, X2 ≤ x, X1 +X2 > x)

P (X1 +X2 > x)
.

1The thresholds differ for practical reasons: for X ∼ Exp(µ = 1), the sum X1 +X2

follows a Gamma(2, µ) distribution with tail P (X1 + X2 > x) = (1 + µx)e−µx, giving
P (X1 +X2 > 50) = 51e−50 ≈ 9.8× 10−21. Illustrating the same point at x = 50 would
require an impractical number of simulations. Instead, x = 5 gives P (X1+X2 > 5) ≈ 4%
and yields sufficient samples. The principle is the same regardless of the choice of x.

14



Figure 2.3 shows how this fraction evolves as x grows. For Pareto claims
the fraction decreases toward zero: as the threshold rises, one single term
increasingly explains the entire sum. For exponential claims the opposite
holds: cooperation becomes the only mechanism. The scatter plot in Fig-
ure 2.2 captures one moment in this picture. This figure confirms that the
behaviour persists as x → ∞.

Figure 2.3: Cooperation fraction as a function of threshold x for Pareto(α =
2, κ = 1) (simulated, n = 10,000,000) and Exponential(µ = 1) (analytical).
The two curves diverge in opposite directions: the Pareto fraction converges
to zero while the exponential fraction converges to one.

The figures already suggest that the single big jump property fails for light-
tailed distributions: cooperation dominates for exponential claims. This is
not a coincidence. Subexponentiality requires that one term drives the sum,
which is only possible when the tail is heavy. The following proposition
confirms this formally.

Proposition 2.4.1 (Subexponential Implies Heavy-Tailed [2, Lem. 3.2]).
If X is subexponential then X is heavy-tailed.

As we now show, the Pareto distribution belongs to this class.

To show that the Pareto distribution is subexponential, we verify two prop-
erties of its tail. The first, long-tailedness, captures the idea that the tail
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decays so slowly that shifting the threshold by any fixed amount y has no
asymptotic effect.

Definition 2.4.2 (Long-Tailed [2, Def. 2.21]). A non-negative random
variable X is called long-tailed if

P (X > x+ y)

P (X > x)
→ 1 as x → ∞, for every fixed y > 0.

Lemma 2.4.1 (The Pareto Distribution is Long-Tailed). If X ∼ Pareto(α, κ)
with α > 0 and κ > 0, then X is long-tailed.

Proof. Fix any y > 0. For X ∼ Pareto(α, κ) the long-tailed ratio is:

P (X > x+ y)

P (X > x)
=

(
κ

x+ y + κ

)α

(
κ

x+ κ

)α =

(
x+ κ

x+ y + κ

)α

=

(
1 +

y

x+ κ

)−α

.

As x → ∞, the fraction y/(x+κ) → 0, so the entire expression tends to 1.
Thus X is long-tailed.

The second condition, dominated-varying, ensures the tail does not thin
out too quickly under scaling. Even if you double the threshold the tail is
still at least a fixed fraction of what it was originally.

Definition 2.4.3 (Dominated-Varying [2, p. 11]). A non-negative random
variable X is called dominated-varying if there exists a constant c > 0 such
that

P (X > 2x) ≥ c P (X > x) for all x ≥ 0.

Lemma 2.4.2 (The Pareto Distribution is Dominated-varying). If X ∼
Pareto(α, κ) with α > 0 and κ > 0, then X is dominated-varying.

Proof. For X ∼ Pareto(α, κ), compute the ratio P (X > 2x)/P (X > x)
explicitly. Since P (X > x) = (κ/(x + κ))α, the κα terms cancel and we
obtain:

P (X > 2x)

P (X > x)
=

(
κ

2x+ κ

)α

(
κ

x+ κ

)α =

(
x+ κ

2x+ κ

)α

.

We claim the base satisfies (x+ κ)/(2x+ κ) ≥ 1/2 for all x ≥ 0 and κ > 0.
Cross-multiplying, this is equivalent to 2(x+κ) ≥ 2x+κ, i.e. κ ≥ 0, which
always holds since κ > 0 by assumption. Since α > 0, the map t 7→ tα
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is increasing on t > 0, so the inequality is preserved when raising to the
power α:

P (X > 2x)

P (X > x)
=

(
x+ κ

2x+ κ

)α

≥
(
1

2

)α

= c > 0.

Since this holds for all x ≥ 0, X is dominated-varying.

Figure 2.4 illustrates both conditions for Pareto(α = 2, κ = 1) and Exponential(µ =
1): the Pareto ratios converge to their respective positive limits while the
exponential ratios do not.

Figure 2.4: Left: long-tailed ratio P (X > x+y)/P (X > x) for Pareto(α =
2, κ = 1) with y = 1, 2, 5, 10 and Exponential(µ = 1) with y = 1. All Pareto
curves converge to 1 regardless of y, confirming long-tailedness: no fixed
shift changes the tail asymptotically. The exponential ratio is the constant
e−1 ≈ 0.368, showing it is not long-tailed. Right: dominated-varying ratio
P (X > 2x)/P (X > x). The Pareto ratio stabilises at (1/2)α = 0.25 > 0,
confirming that the tail remains a fixed fraction even when the threshold
doubles. The exponential ratio decays to 0, failing this condition.

Putting these two criteria together, a tail that is insensitive to fixed shifts
and does not thin out too quickly under scaling is sufficient to guarantee
subexponentiality, which is formalised in the following theorem.

Theorem 2.4.1 ([2, Thm. 3.29]). Let X be a non-negative random variable
that is long-tailed and dominated-varying. Then X is subexponential.

The proof is technical and falls outside the scope of this thesis.

Proposition 2.4.2 (The Pareto Distribution is Subexponential). If X ∼
Pareto(α, κ) with α > 1, then X is subexponential.
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Proof. By Lemma 2.4.1,X is long-tailed. By Lemma 2.4.2,X is dominated-
varying. Theorem 2.4.1 therefore applies, and X is subexponential.

The concepts of heavy-tailedness and subexponentiality are not equivalent.
There exist heavy-tailed distributions that are not subexponential. In prac-
tice, however, all commonly used heavy-tailed distributions are subexpo-
nential, including the Pareto, Burr, Cauchy, lognormal, and Weibull (with
shape parameter α < 1) distributions [2, p. 54].

The Principle of a Single Big Jump, as stated so far, applies to a fixed
finite number of terms. In the aggregate loss model, however, the number
of claims N(t) is itself random. The following theorem extends the result
to this setting: when claim sizes are subexponential and the number of
claims is sufficiently well-behaved, the tail probability of the total payout
is proportional to the expected number of claims times the tail of a single
claim.

Theorem 2.4.2 ([2, Thm. 3.37]). Let X1, X2, . . . be i.i.d. non-negative
subexponential random variables, and let τ be a counting variable indepen-
dent of X1, X2, . . . Suppose that E[τ ] < ∞ and E[(1 + δ)τ ] < ∞ for some
δ > 0. Then

P

(
τ∑

i=1

Xi > x

)
∼ E[τ ] · P (X > x) as x → ∞.

The theorem has three conditions. The first requires subexponentiality of
the claim sizes. The second requires the counting variable to have finite
mean, which ensures the expected number of terms is finite. The third
condition, E[(1 + δ)τ ] < ∞, is less immediate. Setting c = 1 + δ gives

E[(1 + δ)τ ] = E[cτ ] = E[eτ ln c] = Ψτ (ln c) < ∞,

which is exactly the condition that the MGF of τ is finite for some positive
argument: the light-tailed condition. A counting variable failing this could
itself produce large aggregate losses through volume alone, breaking the
single big jump principle.

Proposition 2.4.3 (Principle of a Single Big Jump for Compound Pois-

son). Let S(t) =
∑N(t)

i=1 Xi be the compound Poisson aggregate loss pro-
cess with Xi ∼ Pareto(α, κ), α > 1, i.i.d. and independent of N(t) ∼
Poisson(λt). Then

P (S(t) > x) ∼ λt · P (X > x) as x → ∞.

Proof. We verify the conditions of Theorem 2.4.2 with τ = N(t).
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� E[N(t)] = λt < ∞.

� For any δ > 0, using that the MGF of Poisson(λt) is ΨN(t)(s) =
eλt(e

s−1):

E[(1 + δ)N(t)] = E[eN(t) ln(1+δ)] = ΨN(t)(ln(1 + δ))

= eλt(e
ln(1+δ)−1) = eλtδ < ∞.

� By Proposition 2.4.2, X is subexponential.

All conditions are satisfied. Thus the theorem is applicable for the aggre-
gate loss model.

With this result, the Solvency II question from the introduction has a con-
crete answer for Pareto claim sizes. Setting t = 1 and requiring P (S(1) >
x) ≤ 0.005, the approximation P (S(1) > x) ≈ λ · P (X > x) reduces the
problem to solving λ · P (X > x) = 0.005 for x. The entire aggregate loss
process, involving a random number of random claims, is captured by a
simple two-factor expression: the tail probability of one claim scaled by
the expected number of claims.
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Chapter 3

Simulations and Illustrations

This chapter illustrates the two asymptotic frameworks developed in Chap-
ter 2 through simulation. Section 3.1 derives the rate function for expo-
nential claim sizes analytically and confirms the LDT result numerically.
Section 3.2 shows that the same analysis fails for Pareto claim sizes, and
uses the Principle of a Single Big Jump (PSBJ) result to explain why.
Section 3.3 demonstrates the PSBJ approximation for Pareto claim sizes
numerically. Finally, Section 3.4 shows that PSBJ does not hold for expo-
nential claim sizes, completing the picture.

3.1 Large Deviation Rate Function for Ex-

ponential Claim Sizes

Before plotting anything we must solve the optimisation problem for the
rate function when X ∼ Exp(µ).

Proposition 3.1.1. The rate function for the exponential distribution is

I(x) = (
√
µx−

√
λ)2.

Proof. We solve maxθ>0{θx − λ(ΨX(θ) − 1)} by setting the derivative to
zero. The MGF of Exp(µ) is ΨX(θ) = µ/(µ− θ) for θ < µ, so

∂

∂θ

(
θx− λ

µ

µ− θ
+ λ

)
= 0 ⇒ x =

λµ

(µ− θ)2

(µ− θ)2 =
λµ

x
⇒ θ∗ = µ−

√
λµ

x
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Substituting θ∗ into the rate function gives

I(x) =

(
µ−

√
λµ

x

)
x− λ

(√
xµ√
λµ

− 1

)
= µx−

√
λµx−

√
λµx+ λ

=
(√

µx−
√
λ
)2

.

Next we aim to illustrate that the result from Section 2.2 holds. For this
we will choose the parameters λ = 1, µ = 2 and x = 2. This is motivated
by the fact that we will have an expected value of 1/2, thus with x = 2 we
have a large deviation, 4 times larger than the mean, but not so large that
we have issues simulating. These parameters are also chosen because they
yield a particularly clean rate function. Specifically we have

I(x = 2) =
(√

2 · 2−
√
1
)2

= 1.

Section 2.2 states that P (S(t) ≥ xt) ≈ e−tI(x), or equivalently,

lim
t→∞

1

t
lnP (S(t) ≥ xt) = −I(x).

Rather than plotting P (S(t) ≥ xt) directly, which decays toward zero so
rapidly that convergence is difficult to assess visually, we plot the log-scaled
quantity (1/t) lnP (S(t) ≥ xt), which converges to the constant −I(x).
Figure 3.1 provides numerical support for this.

We estimate P (S(t) ≥ xt) by Monte Carlo simulation. For each t, we draw
the claim count N(t) ∼ Poisson(λt) and use the fact that the sum of n i.i.d.
Exp(µ) random variables is Gamma(n, 1/µ) distributed. Conditioning on
N(t) = n, we have S(t) ∼ Gamma(n, 1/µ).

The quantity (1/t) lnP (S(t) ≥ xt) indicates convergence toward −1 as t
grows, in agreement with I(x) = 1 computed above.

Remark 3.1.1. For large t, the probability P (S(t) ≥ xt) becomes so small
that none of the 5 × 106 simulations produce the event. For example, at
t = 15 the approximation gives P (S(15) ≥ 30) ≈ e−15 ≈ 3× 10−7, meaning
the event is expected to occur only 1.5 times among 5 × 106 simulations.
Reliable estimation becomes impossible, which is why Figure 3.1 does not
extend further.

Finally, let us apply the rate function to the two capital problems from the
introduction. Under the parameters λ = 1 claim per year and µ = 2, each
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Figure 3.1: Simulated decay rate (1/t) lnP (S(t) ≥ xt) converging to
−I(x) = −1 (dashed line) as t → ∞. Parameters: λ = 1, µ = 2, x = 2,
5× 106 simulations per t.

claim has expected size E[X] = 1/µ = 1/2, so the expected total payout
over five years is λ · E[X] · 5 = 2.5 (in the same units as the claim sizes).

First, suppose the insurer requires that the probability of aggregate losses
exceeding the capital reserve over five years is at most p = 0.01. That is,
find x such that P (S(5) ≥ 5x) ≤ 0.01, where xt is the total capital reserve.
Setting e−5I(x) = 0.01 gives

I(x) =
ln 100

5
≈ 0.921.

Solving (
√
2x− 1)2 = 0.921 for x yields

x =
(1 +

√
0.921)2

2
≈ 1.92,

so the required capital reserve is xt = 5× 1.92 ≈ 9.60. This is roughly four
times the expected total payout of 2.5, reflecting the cost of the p = 0.01
requirement: keeping the exceedance probability this low demands holding
a substantial buffer above what the insurer would expect to pay in a typical
scenario.

Now suppose instead that the insurer has set aside a fixed capital reserve
xt = 10, so x = 2. Since I(2) = 1 was computed above, the probability
that aggregate losses exceed the reserve over five years is

P (S(5) ≥ 10) ≈ e−5·1 = e−5 ≈ 0.0067,
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approximately 0.67%.

The parameters are chosen for mathematical convenience rather than real-
ism.

3.2 Failure of the Large Deviation Principle

for Pareto Claim Sizes

We now repeat the analysis of Section 3.1 with Pareto claim sizes, with the
goal of showing that the LDT framework breaks down in the heavy-tailed
case. We keep λ = 1 and x = 2, and choose α = 2 and κ = 1. The choice
α = 2 satisfies α > 1, giving a finite mean, while keeping the tail decay
slow.

The tail probability follows directly from the density in Definition 2.3.2:

P (X > x) =

∫ ∞

x

ακα

(u+ κ)α+1
du =

[
−κα

(u+ κ)α

]∞
x

=

(
κ

x+ κ

)α

≈ x−α for large x.

We now repeat the simulation procedure of Section 3.1 with Pareto claim
sizes and plot the same quantity (1/t) lnP (S(t) ≥ xt).

Figure 3.2 shows that the quantity converges to 0, unlike the exponential
case where we had convergence to −1. As established in Section 2.3, the
Pareto MGF is infinite for all θ > 0, and therefore the rate function cannot
be computed. A natural attempt to still characterize P (S(t) ≥ xt) is to
apply the PSBJ result from Section 2.4:

P (S(t) ≥ xt) ≈ λt · P (X > xt) = λt ·
(

κ

xt+ κ

)α

≈ λκα

xα
· t1−α

With α = 2 we have

P (S(t) ≥ xt) ∼ C

t
where C is some constant.

In other words, polynomial decay. Taking the log and dividing by t gives

1

t
lnP (S(t) ≥ xt) ≈ 1

t
ln

C

t
→ 0 as t → ∞

In the exponential case the same quantity converged to −1, reflecting ex-
ponential decay. Here the limit is 0 because the aggregate loss process S(t)
inherits the polynomial tail of its Pareto claims through the PSBJ approxi-
mation, as shown above. Since the LDT framework requires an exponential
decay rate, heavy-tailed claim sizes cause the LDT framework to fail.
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Figure 3.2: Simulated decay rate (1/t) lnP (S(t) ≥ xt) for Pareto(α =
2, κ = 1) claim sizes. Unlike the exponential case, the quantity does not
stabilize. It converges to 0 rather than a finite negative value, confirming
that no useful rate function I(x) exists. The dashed line at −1 is shown
as a reference from Section 3.1. Parameters: λ = 1, x = 2, 106 simulations
per t.

3.3 Subexponential Asymptotics for Pareto

Claim Sizes

Section 2.4 established that for Pareto(α, κ) claim sizes the aggregate loss
process satisfies

P (S(t) > x) ∼ λt · P (X > x) as x → ∞.

This section verifies the approximation numerically and applies it to the
Solvency II capital question from the introduction.

Unlike the exponential case in Section 3.1, the tail probability P (S(t) > x)
does not admit a closed-form expression for Pareto claim sizes. Condi-
tioning on N(t) = n reduces the problem to computing the tail P (X1 +
· · · + Xn > x). Already for n = 2, the convolution does not reduce to
any standard distribution. For n = 3, this result must then be convolved
with another Pareto density, producing an even more complex expres-
sion. The complexity grows dramatically at each step, and the expressions
quickly become analytically unworkable. For the exponential distribution
no such problem arises: a sum of n independent Exp(µ) variables follows

24



a Gamma(n, 1/µ) distribution, whose CDF is known explicitly, and this
is the property used in Section 3.1. For Pareto claims no such expression
exists and we must instead draw the individual claim sizes and sum them.

Monte Carlo simulation estimates P (S(t) > x) by running a large number
of independent realisations of S(t) and computing the fraction that exceed
x. With n = 1,000,000,000 simulations, the estimate is reliable for moder-
ate x, where many realisations exceed the threshold. For large x, however,
P (S(t) > x) becomes very small, meaning only a handful of simulations
produce S(t) > x. Since the estimated probability is simply the count
divided by n, a small count means large relative error, causing the visible
noise in the ratio plot for large x.

Figure 3.3 compares the simulated tail probability with the PSBJ approx-
imation λt · P (X > x), using Pareto(α = 2, κ = 1) claim sizes with λ = 1
and t = 10. The left panel plots both quantities against x. For small
x there is a visible discrepancy, which is expected: the PSBJ result is
asymptotic and makes no claim about finite x. As x grows the two curves
approach each other, and for large x the approximation tracks the simu-
lated probability closely. The right panel makes this convergence precise
by plotting the ratio P (S(t) > x)/(λt ·P (X > x)), which converges toward
1 as x → ∞, confirming the asymptotic statement numerically. The ratio
approaches but does not reach 1 within the plotted range, consistent with
the fact that convergence is asymptotic.

Figure 3.3: Left: simulated tail probability P (S(t) > x) against the PSBJ
approximation λt · P (X > x) for Pareto(α = 2, κ = 1) claim sizes with
λ = 1, t = 10, n = 1,000,000,000 simulations. Right: ratio of simulated
probability to PSBJ approximation, converging toward 1 as x → ∞.

Finally, we apply the PSBJ approximation to the Solvency II capital ques-
tion from the introduction. Recall the parameters λ = 1 claim per year
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and Pareto(α = 2, κ = 1) claim sizes, so that E[X] = κ/(α − 1) = 1 and
the expected total payout over one year is λ · E[X] · 1 = 1.

First, suppose the insurer requires that the probability of aggregate losses
exceeding the capital reserve over one year is at most p = 0.005, the Sol-
vency II standard. By the PSBJ approximation, P (S(1) > x) ≈ λ ·P (X >

x) =
(

1
x+1

)2
. Setting this equal to p and solving for x:(

1

x+ 1

)2

= 0.005 =⇒ x =
1√
0.005

− 1 =
√
200− 1 ≈ 13.14.

The required capital reserve is thus x ≈ 13.14, roughly thirteen times the
expected annual payout of 1, reflecting the cost of the heavy tail: even a
moderate claim rate of λ = 1 per year requires holding capital far above
the expected loss to meet a 0.5% exceedance probability.

Now suppose instead that the available capital reserve is x = 10. The
probability that aggregate losses exceed it is

P (S(1) > 10) ≈
(

1

11

)2

=
1

121
≈ 0.0083,

approximately 0.83%, which exceeds the permitted 0.5%: a reserve of x =
10 is insufficient under Solvency II.

The parameters are chosen to match the simulation in this section rather
than insurance realism. The method applies directly once realistic values
for λ, α, κ, and target probability p are substituted.

3.4 Failure of the Principle of a Single Big

Jump for Exponential Claim Sizes

We now repeat the analysis of Section 3.3 with exponential claim sizes,
replacing Pareto(α = 2, κ = 1) claims with Exp(µ = 1) claims. The
parameters λ = 1 and t = 10 are kept the same, giving the same expected
total payout λt ·E[X] = 10 in both cases, so any difference in behaviour is
due to the tail, not the scale.

Figure 3.4 shows the ratio P (S(t) > x)/(λt · P (X > x)) alongside the
two tail probabilities. Unlike the Pareto case in Section 3.3, the ratio
does not converge to 1: it diverges, growing without bound as x increases.
The PSBJ approximation becomes increasingly inaccurate, systematically
underestimating the true tail probability.

Two features of the left panel are worth noting. First, the PSBJ ap-
proximation λt · e−µx appears as a straight line on the log scale, since
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ln(λt · e−µx) = ln(λt) − µx is linear in x. This is precisely the exponen-
tial decay that characterises light-tailed distributions. Second, the true
tail P (S(t) > x) decays noticeably slower than the approximation, re-
flecting the fact that aggregate losses are driven by cooperation between
many claims rather than by a single large one. This is consistent with
Figure 2.3, which showed the cooperation fraction converging to 1 for ex-
ponential claims.

The correct framework for exponential claim sizes is therefore not the PSBJ
but the large deviation framework from Section 3.1: the true tail decays at
the rate e−tI(x/t), where I is the rate function derived there.

Figure 3.4: Left: tail probability P (S(t) > x) and PSBJ approximation
λt · P (X > x) for Exp(µ = 1) claim sizes with λ = 1, t = 10, n = 5× 106

simulations. Both axes are log-scaled, the PSBJ approximation is a straight
line since the exponential tail decays at a constant rate. Right: ratio of
true tail to PSBJ approximation, diverging as x increases, confirming that
the single big jump mechanism does not hold for light-tailed claims.
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Chapter 4

Discussion

4.1 Distribution Choice in Practice

The frameworks developed in this thesis require different classes of claim
size distributions: the large deviation framework requires a finite moment
generating function, while the subexponential framework requires an in-
finite moment generating function for all θ. In practice, the choice of
distribution is done by picking the one that best fits reality. However,
concessions have to be made as real data rarely matches theory one-to-one.
This section will briefly discuss how the process of choosing distribution is
done in practice.

Before discussing the pipeline we will mention a brief practical fact: named
distributions are named for a reason. The named distributions are the
ones that are commonly used in practice. It should be noted that this
does not inherently mean that reality can be encapsulated only by named
distributions, but rather that named distributions are good enough, and
probably more importantly: are easy to work with.

The process of distribution selection generally follows from first plotting
the data as either a histogram or empirical distribution function, followed
by trying to fit known densities or mass functions where the fit can be
either confirmed visually or through different statistical tests, for example,
hypothesis test, Chi-square goodness-of-fit test or likelihood ratio test. The
parameters can then be found through statistical inference with for example
maximum likelihood estimation. Finally, the results are compared and the
overall best fit is chosen. For a systematic treatment of this see [5, Ch. 13].

This is not the only thing to keep in mind when choosing models as regula-
tory frameworks like Solvency II dictate specific requirements for insurance
modelling. For example, modelling aggregate losses requires that the en-
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tire portfolio follows a lognormal distribution [3, Annex XVII, Sect. B,
point (2)(g)(iii)]. The lognormal distribution is subexponential, like the
Pareto distribution, but does not yield equally convenient results. Since
this is a portfolio level constraint, motivating the choice of the counting
variable and claim size distribution would need to follow a different pro-
cedure entirely which does not match the goal of the thesis. Furthermore,
the theorem used to show that the Pareto distribution is subexponential
does not work for the lognormal distribution, which instead needs a dif-
ferent approach. Specifically the lognormal distribution fails the condition
of dominated-varying and instead needs a proof involving the hazard func-
tion R(x) = − lnP (X > x)[2, Def. 2.5]. For the specific theorem see [2,
Thm. 3.30].

The motivation for using the exponential distribution and the Pareto dis-
tribution is rooted in intuition. As the large deviation framework requires
at least exponential decay, choosing a distribution which decays precisely
exponentially aids the intuition. Furthermore, the rate function for the
exponential distribution yields a clean expression making derivation easier
to follow. Similar arguments hold for the Pareto distribution, polynomial
decay and a relatively simple proof path make the treatment of the theory
as intuitive as possible.

While choosing the most realistic distributions would be beneficial for the
connection to practical application, we chose distributions that instead
focus on intuition rather than practical applicability. Regardless, the main
results hold all the same.

4.2 Limitations of the Large Deviation Frame-

work

In this section we will briefly cover some of the limitations of the large
deviation framework. The first and most obvious one is that the moment
generating function has to be finite for some θ > 0. In practice, there are
situations where a heavy-tailed distribution would be the best fit. Some
natural examples are gambling modelling and insurance modelling where
claim sizes can be so large that integrating over the full support yields a
substantial contribution from the tail. This is something that light-tailed
distributions cannot capture as the decay rate of the tail is too fast.

A second limitation concerns the rate function I(x). It is characterised by
the exponential rate at which P (S(t) ≥ xt) decays as t grows. This does not
yield a precise value of the probability, but rather a trend indicator as the
result is approximative. Therefore answering questions regarding specific
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time horizons is never precise, unlike the subexponential framework which
produces required capital or a probability given a capital for a specific year.
This extends further still, the result is asymptotic, meaning that looking at
a short time span, the results have most likely not yet converged, yielding
results that might be misleading.

4.3 Limitations of the Subexponential Frame-

work

Like the large deviation framework, the subexponential framework suffers
from the same limitation of claim size distribution. Light-tailed distri-
butions, just like heavy-tailed distributions, also arise from the modelling
process. Furthermore, Theorem 2.4.2 requires the counting variable to have
a finite moment generating function. In practice this means that we cannot
answer questions regarding clustered events, for example natural disasters
where we would need a counting variable that could handle highly varying
time of arrivals.

Another limitation is the fact that the results are asymptotic in x. Fig-
ure 3.3 confirmed this visually, requiring a substantial threshold before
convergence is reached. Practical applicability is thus limited as we need a
large enough threshold before we can be certain the result holds.
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Chapter 5

Conclusion

To solve problems that arise naturally in insurance and risk analysis we
moved beyond the common tools of mean and variance and their appli-
cations: the central limit theorem and the law of large numbers. We did
this by exploring the decay rate of the aggregate loss process. Through
this we derived a tight bound when the tails decay exponentially, to an-
swer the practical long-run question. However, this required a substantial
assumption, that the claim sizes are light-tailed.

For the heavy-tailed case the question became how large reserves must be
to satisfy a chosen exceedance probability. This is an important question
for the actuarial field, which is governed by Solvency II regulations. To an-
alyze the behavior of heavy-tailed distributions we introduced the class of
subexponential distributions whose convolution exhibits a specific asymp-
totic behavior. We showed that this behavior could be generalized to a
random sum of i.i.d. random variables. Chapter 3 confirmed both pictures
through simulation: each framework tracked the true tail probability for
its own claim distribution and broke down when applied to the other.

While the underlying mathematics proved intricate, the final results proved
simple and elegant, allowing us to answer the practical questions from the
introduction. This shows how the compound aggregate loss process, despite
combining a random number of claims with random claim sizes, can in some
cases reduce to a single factor and a single tail probability.
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