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Abstract

Accurate estimation of population age structure is important in
wildlife ecology, but age is often measured with error. This thesis stud-
ies how to recover a latent age distribution from misclassified observa-
tions using statistical deconvolution in a simulation setting. The true
population structure is generated from a Leslie matrix model, while
measurement error is introduced through a misclassification mecha-
nism.

Two estimators are evaluated: a method-of-moments (MoM) es-
timator and a maximum likelihood estimator implemented via the
Expectation–Maximization (EM) algorithm. Their performance is as-
sessed through Monte Carlo simulations under different levels of mea-
surement error and sample size, using total variation distance and
population forecasts. Results are compared to an oracle baseline and
to the naive estimator based on misclassified observations.

The results show that under ill-posed conditions the EM estimator
reduces bias but has higher variability, while the naive estimator and
MoM are more stable but systematically biased. The study shows that
even small bias in age structure can lead to large errors in population
forecasts, highlighting that improvements in statistical performance
do not necessarily translate into improved ecological performance.
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1 Introduction

Accurate estimates of population size are of central importance in ecology
and wildlife management, as they provide the basis for assessing population
resilience, conservation status, and long-term viability. For large carnivores
in particular, reliable population estimates are essential for informing man-
agement decisions, including conservation planning and hunting regulation
(Kindberg et al. 2011).

Although current monitoring programs provide estimates of population
size and sex distribution, reliable estimation of age structure remains more
challenging. In Sweden, the brown bear (Ursus Arctos) population has
been continuously monitored by the Swedish Museum of Natural History,
which has served as the national coordinator for bear inventories on behalf
of the Swedish Environmental Protection Agency since 2018. Within this
framework, population size and sex distributions are estimated using DNA
sampling from faeces combined with capture–recapture methods (Åsbrink,
Sköld, and Gyllenstrand 2025; Åsbrink, Sköld, Källman, et al. 2023).

While total population size is fundamental, understanding the age com-
position of a population is also essential because demographic processes such
as survival and reproduction vary strongly with age (Morris 2008). The im-
portance of age-structured population data has recently been emphasized
in a synthesis report summarizing 40 years of Scandinavian brown bear re-
search (Björnprojektet – 40 års forskning 2025), which identified the need
for further research on age structure in the Swedish brown bear population.

In bear populations, age typically cannot be measured directly. A com-
mon approach involves analyzing tooth cementum layers, corresponding to
annual growth rings in teeth. However, this method is invasive and requires
the removal of a molar. As a recent development, DNA-based age estima-
tion methods have been proposed (Nakamura et al. 2023). These indirect
measurements are typically associated with measurement error. Accord-
ing to Conn and Diefenbach 2007, researchers often respond to substantial
measurement error either by excluding noisy data or by ignoring the mea-
surement error entirely.

This motivates statistical approaches that explicitly model measurement
error and its relationship to the true age distribution. Such approaches can
be formulated as a deconvolution problem. In this setting, the observed age
distribution (with measurement error) can be viewed as a blurred version of
the true underlying distribution, where the blurring is caused by uncertainty
in the age determination method. Deconvolution consists of recovering the
true underlying distribution from such blurred data. The effectiveness of
these methods depends both on the severity of the measurement error and
on the amount of available data.

The present thesis investigates this deconvolution problem in a controlled
simulation setting. The true population age structure is generated using a
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Leslie matrix model parameterized with data from Norwegian Institute for
Nature Research (n.d.). Measurement error is then introduced through a
probabilistic misclassification mechanism, producing an observed age distri-
bution that deviates from the latent structure.

The primary objective of this study is to evaluate how accurately the
latent age distribution can be recovered using deconvolution approaches
based on the Expectation–Maximization (EM) algorithm and the method-
of-moments (MoM) estimator. The misclassification mechanism was param-
eterized to resemble the error structure reported in (Nakamura et al. 2023),
while an additional high-measurement-error regime was included to evaluate
performance under more severely ill-posed conditions. Using Monte Carlo
simulations, the estimators were evaluated across five different sample sizes.
Recovery performance was assessed using total variation distance, while the
ecological implications of estimation error were examined through popula-
tion forecasting based on the Leslie matrix model.

2 Methodology

This section focuses on the general theoretical framework and its adapta-
tion to the present setting, while detailed parameter choices and simulation
specifications are deferred to Section 3 unless needed to motivate specific
modeling choices. We begin by presenting the general deconvolution frame-
work and then specialize it to the present setting of age misclassification
in discrete populations. In the subsequent section on estimation meth-
ods, we present the two estimation approaches considered in this thesis:
a method-of-moments estimator and a likelihood-based estimator based on
the Expectation–Maximization algorithm, including a full derivation of the
EM procedure. We then introduce matrix population models, which are used
both to construct a biologically grounded population age distribution and
to generate population forecast error under estimated and true age struc-
tures. Finally, we define the evaluation metric used throughout the study,
the total variation distance, which quantifies discrepancies between true and
estimated age distributions.

2.1 Deconvolution

This study considers a deconvolution problem in which the objective is to
recover the distribution of a latent variable from observations of an error-
contaminated variable. This can be formulated through a convolution struc-
ture in which the observed variable is a noisy transformation of the true
signal Y = Z + ϵ (Carroll et al. 2006, Chapter 12). Here, Z denotes the
latent random variable, ϵ denotes measurement error, and Y denotes the ob-
served random variable. The distribution of Y is then the convolution of the
distributions of Z and ϵ. This formulation extends naturally to multivariate
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settings, where both the latent and observed quantities are represented as
random vectors, written as Y = Z+ ϵ.

In many applications, including the present one, the variable of interest
is discrete. In such cases, the additive error formulation is replaced by
a discrete measurement error mechanism, which will be specified in the
following sections.

2.1.1 Latent distribution

The true age structure of the bear population is represented by the param-
eter vector

π = (π1, π2, . . . , πk), (1)

where πj denotes the probability that an individual belongs to age class j.
In particular, π1 corresponds to the age group 0–1 years, π2 to 1–2 years,
and so on. The discretization of age into fixed classes is consistent with the
NINA Bear Model (Norwegian Institute for Nature Research n.d.).

Let n denote the number of independent individuals in the sample. For
each individual r = 1, . . . , n, let Tr ∈ {1, . . . , k} denote the true age class.
We assume that the latent variables T1, . . . , Tn are independent and identi-
cally distributed with

P (Tr = j) = πj .

The vector of observed class counts is then defined as

Z = (Z1, Z2, . . . , Zk) ,

where

Zj =

n∑
r=1

1(Tr = j)

denotes the number of individuals in age class j. It follows that

Z ∼ Multinomial(n,π).

2.1.2 Measurement error

In this study the measurement error is assumed to be fully known. More-
over, we assume a normal distribution for the error term as a simple and
tractable way to control the variability in the observations and to introduce
systematic measurement error. While this assumption may not fully reflect
the error structure described in Nakamura et al. (2023), the aim of this the-
sis is to study the recovery of the latent distribution under a simplified but
comparable error setting.

6



The measurement error is assumed to be centred at zero conditional on
the true age class. Specifically, we model

ϵr | Tr = j ∼ N (0, σ2).

Applying the measurement error directly at the individual level would yield
a continuous latent measurement Tr + ϵr, which is incompatible with the
discrete age-class structure of the model. We therefore define a misclassifi-
cation induced by this continuous error model by discretizing the conditional
distribution of ϵr | Tr = j over the k predefined age classes. Let Mji denote
the probability of misclassifying a bear of true age j with age i:

Mji = P (Or = i | Tr = j),

where Or ∈ {1, . . . , k} denotes the observed age class corresponding to indi-
vidual r such that:

k∑
i=1

Mji = 1.

This leads to the construction of a square misclassification matrix M with k
rows and columns, where row j corresponds to the true age class and column
i to the observed age class.

2.1.3 Observed data

Given the misclassification matrix M described above. The count vector
Y = (Y1, . . . , Yk) of misclassified observations therefore follow a multinomial
distribution with probability vector πM :

Y ∼ Multinomial(n,πM), (2)

where

Yi =

n∑
r=1

1(Or = i).

2.2 Estimation methods

In this thesis, we consider two methods to recover the latent age structure
π: a method-of-moments (MoM) estimator and a maximum likelihood esti-
mator based on the EM algorithm. We define an oracle baseline based on
Z and a naive estimator based on Y as reference points.

2.2.1 Oracle and naive estimator

In the absence of measurement error and with access to the true age counts,
a natural benchmark estimator is given by the empirical proportions of the
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true age classes:

π̂oracle =
Z

n
.

We refer to this as the oracle estimator, since it assumes access to the unob-
served true counts Z. In contrast, when only misclassified observations are
available and measurement error is ignored, a natural baseline estimator is
given by the empirical proportions of the observed data:

π̂naive =
Y

n
. (3)

It therefore serves as a baseline for assessing whether the proposed decon-
volution methods improve upon the naive estimator in estimating π.

2.2.2 Method of Moments estimator

The method-of-moments assumes that moments, such as E[Z], can be ex-
pressed as functions of the unknown parameter π. Parameter estimates are
obtained by equating these theoretical moments with their empirical coun-
terparts, see Alm and Britton 2008, p. 275.

From equation (2), the first moment of the observed data is given by

E[Y ] = nπM .

The corresponding empirical moment is given by the observed proportions
Y /n see equation (3). Equating theoretical and empirical moments yields

πM =
Y

n
.

Solving for π gives the MoM estimator

π̂MoM =
Y

n
M−1,

provided that M is invertible.

Matrix regularization In practice, the misclassification matrix M may
be nearly singular, which makes direct inversion numerically unstable. To
address this issue, we apply Tikhonov regularization (ridge regularization),
which stabilizes the inversion by penalizing large fluctuations in the esti-
mated parameter vector.

The regularized estimator is defined as

π̂ =
(
M⊤M + λI

)−1
M⊤Y

n
,
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where λ > 0 is a tuning parameter controlling the strength of regularization
and I denotes the identity matrix. The resulting estimator can be written
as a linear operator applied to the observed data,

π̂ = Aλ
Y

n
,

where

Aλ =
(
M⊤M + λI

)−1
M⊤.

2.2.3 Maximum likelihood estimation via the EM algorithm

The EM algorithm is a general-purpose method for computing maximum
likelihood estimates in the presence of incomplete or latent data (McLachlan
and Krishnan 2008). Let Y denote a discrete random vector corresponding
to the observed (incomplete) data, and Z a discrete random vector repre-
senting the latent data. Then X = (Y ,Z) is the random vector of the
complete data. If X were fully observable, we could directly compute the
complete-data log-likelihood function ℓc(π) based on a realization x and
estimate π by maximum likelihood.

However, in practice we only observe y ∈ Y. Thus, the EM algorithm
considers expectation with respect to the conditional distribution of Z | Y
and a current parameter estimate π(t) McLachlan and Krishnan 2008:

Q(π | π(t)) = Eπ(t)

[
ℓc(π) | Y = y

]
, (4)

this corresponds to the Expectation step (E-step) of the EM algorithm.
In the Maximization step (M-step), the parameter is updated by maximizing
this function:

π(t+1) = argmax
π

Q(π | π(t)). (5)

The process is then iterated upon until ℓ(π(t+1)) − ℓ(π(t)) ≤ ϵ for some
arbitrary small ϵ value, which is then interpreted as a local/global maxima.

Monotonicity A key property for the algorithm to work is for the likeli-
hood to be monotonically increasing for each iteration. L(π(t+1)) ≥ L(π(t)))
which is discussed in Section 3.2 of McLachlan and Krishnan 2008.

Applying EM-algorithm Let X = X1, X2, . . . , Xn denote the complete
data which can be represented by individual-level pairsXr = (Or, Tr). Since,
in the present multinomial setting, it is convenient to use the sufficient
statistic Nji, where Nji denotes the number of individuals with true age
class j that are observed in age class i.
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The joint distribution for a single individual of true age class T and
observed age O classes is:

P (T = j, O = i) = (πjMji),

where M is the misclassification matrix defined in Section 2.1.2 and for n
independent observations X we obtain:

pX(X;π) =
∏
i

∏
j

(πjMji)
nji .

The complete data log-likelihood is then:

ℓc(π) =
∑
j

∑
i

nji log(πjMji) =
∑
j

∑
i

nji logMji +
∑
j

∑
i

nji log πj . (6)

From equation (4) we take the conditional expectation on nji with an initial
parameter π(0) conditioned on Y and obtain:

Eπ(0)

[
ℓc(π) | Y = y

]
= Eπ(0)

[∑
j

∑
i

nji log(πjMji)
∣∣∣Y = y

]
=

∑
i

∑
j

Eπ(0)

[
nji | Y = y

]
log(πjMji).

The conditional expectation Eπ(0) [nji | Y = y] is the expected number
of bears with true age class j that are observed in age class i, given the
observed data Y = y. This depends on the assumed latent age distribution
π(0).

The probability that an individual belongs to true age class T = j given
that it is observed in age class O = i, under the current parameter estimate
π(t), is given by

P (T = j | O = i,π(t)) = γ
(t)
ji =

π
(t)
j Mji∑k

a=1 π
(t)
a Mai

. (7)

Thus, the expected number of individuals with true age class j among the
yi individuals observed in age class i is

E[nji | Yi = yi] = yiγ
(t)
ji (8)

Maximization-step We now choose π(t+1) such that, in accordance with
equation 5, the conditional expected log-likelihood is maximized. From
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equation 6, we note that only the terms involving π depend on the pa-
rameter. The problem is reduced to maximizing:∑

j

E[nji | Y = y] log πj ,

subject to the constraints∑
j

πj = 1, 0 ≤ πj ≤ 1.

From Theorem 14.5 (p. 235) in Wasserman 2004, the maximum likelihood
estimator for a multinomial random vector Z ∼ Multinomial(n,π) is ob-
tained by maximizing

ℓ(π) =
k∑

j=1

Zj log πj ,

under the constraint
∑

j πj = 1. Using Lagrange multipliers yields the well-
known result

π̂j =
Zj

n
, j = 1, . . . , k.

We now replace the unobserved counts Zj with their conditional expecta-
tions

E[nji | Y = y].

Using equation (8). The maximization step is then given by

π
(t+1)
j =

∑k
i=1 Yiγ

(t)
ji

n
. (9)

2.3 Matrix population models

Matrix population models are a standard framework in population ecology
(Caswell 2001). In this section, we describe the theoretical framework used
to construct a hypothetical true age distribution π, which is used as the
parameter of a multinomial model for simulating population data.

2.3.1 Leslie Matrix

To describe the population age structure, we use a matrix population model.
Let j = 1, 2, . . . , k denote discrete age classes. The population at time t is
represented by the vector

vt = (n1, n2, . . . , nk),

where nj denotes the number of individuals in age class j.
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Let fj denote the per-capita fertility rate of individuals in age class j,
defined as the expected number of offspring produced per time step per in-
dividual. The total number of offspring produced by age class j is then njfj .
Survival is modeled by age-specific survival probabilities sj , representing the
probability of surviving from age class j to j + 1. The Leslie matrix is then
given by

L =


f1 f2 f3 · · · fk
s1 0 0 · · · 0
0 s2 0 · · · 0
...

...
. . .

. . .
...

0 0 · · · sk−1 0

 .

2.3.2 Computing age distribution from a Leslie matrix

A stable age distribution describes the long-term relative proportions of in-
dividuals in each age class of a population. It arises under the assumption of
constant demographic parameters, meaning that both the survival probabil-
ities s and fertility rates f do not change over time. Under these conditions,
the total population size may vary, but the relative proportions between age
classes converge to a fixed structure. In this simulation study, the stable
age distribution is used as a probability distribution over age classes and is
taken to define the parameter vector π of the latent distribution introduced
in Section 1. This stable structure can be obtained from the Leslie matrix
L.

In particular, it is determined by the dominant eigenvalue λ1 and the
corresponding right eigenvector w. The existence of a unique dominant
eigenvalue λ1, which is real, non-negative, and greater in magnitude than
all other eigenvalues λi, is guaranteed for non-negative primitive matrices
by the Perron Frobenius theorem (Caswell 2001). If L is primitive, then as
t → ∞, the population vector vt satisfies

vt∑
j nj,t

→ w,

wherew is the normalized right eigenvector associated with λ1, which defines
the stable age distribution used in this study, i.e. π = w.

2.3.3 Population forecast

In this thesis, we investigate how errors in the estimated age structure affect
population forecasts as a way to evaluate the performance of the deconvolu-
tion method in an applied setting. In particular, we compare the population
forecast obtained from the true stable age distribution π with the forecast
based on an estimated age distribution π̂.
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The population dynamics n time steps into the future can be expressed
as

vt+n = Lnvt.

The resulting deviation in population vectors can be written as

Lnπ̂ − Lnπ = Ln(π̂ − π).

To evaluate the effect on total population size, we define

Nt+n(x) =
k∑

j=1

(Lnx)j ,

which gives the total population size at time t + n given an initial age
distribution x. The relative deviation in total population size is then defined
as

RelErrt+n =
Nt+n(π̂)−Nt+n(π)

Nt+n(π)
, (10)

which quantifies how errors in the initial age structure estimates propagate
through time under stable population dynamics defined by L.

2.4 Evaluation metric: total variation distance (TV)

As an evaluation metric for the deconvolution methods, we use the Total
Variation (TV) distance. Intuitively, the TV distance represents the smallest
amount of probability mass that must be redistributed to transform one
probability distribution into another.

Formally, for two probability distributions P and Q defined on a finite
sample space X , the TV distance is given by

TV(P,Q) =
1

2

∑
x∈X

|P (x)−Q(x)|.

The TV distance takes values in [0, 1], where 0 corresponds to identical
distributions and 1 no overlap in probability mass.

In this thesis, P and Q correspond to discrete age distributions, in par-
ticular the true age distribution π and its estimate π̂. The TV distance
therefore provides a natural measure of discrepancy between the estimated
and true population structure.

3 Simulation Study

3.1 Simulated Age Distributions

We consider a population structured into k = 20 age classes, assuming a
maximum age of 20 years due to the negligible frequency of individuals
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older than 20. Consistent with the discretization in the NINA Bear Model
(Norwegian Institute for Nature Research n.d.). Based on this age structure,
we defined a 20× 20 Leslie matrix L as described in Section 2.3. Each age
class represents a one-year interval, where the age-class index j ∈ {1, . . . , 20}
corresponds to the interval [j − 1, j) for j = 1, . . . , 19, while the final class
j = 20 represents individuals aged 19 years and older.

We define the fertility rate of individuals in age class j as

fj = sj · pcoy,j · litterj ,

where:

� sj is the survival probability from age j to j + 1,

� pcoy,j is the probability of conceiving at age j,

� litterj is the expected litter size at age j.

The survival and reproduction parameters were approximated by visual in-
spection of published graphs from the NINA Bear Model. The extracted
values used in the construction of L are provided in Appendix 6.

The stable age distribution, shown in Figure 1, is computed as the nor-
malized dominant right eigenvector of L using the method described in Sec-
tion 2.3.2. This distribution is denoted by π and serves as the latent age
distribution used throughout the simulation study.
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Figure 1: Latent age distribution π obtained from the normalized dominant
eigenvector of the Leslie matrix L.
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3.2 Error term

In this section, we define the discretisation procedure used to construct
the misclassification matrix M described in Section 2.1.2. The chosen error
model is designed to approximately reflect the error pattern shown in Figure
5(a) in Nakamura et al. 2023. An illustrative example is provided in the
Appendix (Figure 9).

For each individual with true age class Tr = j, we assume an additive
Gaussian measurement error as specified in 2.1.2 with two distinct values of
σ, namely σ ∈ {1, 4}:

ϵr | Tr ∼ N (0, σ2).

The observed value j − 0.5 + ϵr is discretised by assigning it to the
corresponding age interval [i− 1, i).

To account for the lower boundary, we condition on the event that the
perturbed value lies within the support of the age scale, resulting in a trun-
cated distribution. The probability of observing class i = 1, . . . , 19 is there-
fore

Mij =
Φ
(
i−(j−0.5)

σ

)
− Φ

(
i−1−(j−0.5)

σ

)
1− Φ

(
0−(j−0.5)

σ

) .

For the upper boundary, the last age class absorbs all remaining probability
mass:

M20,j = 1−
19∑
i=1

Mij .

This ensures that
∑20

i=1Mij = 1.
The resulting distribution corresponding to σ = 1 and σ = 4 is shown in

Figure 2.
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Figure 2: The stable age distribution π and the corresponding observed
age distributions Mπ under a measurement error model ϵr | Tr ∼ N (0, σ2)
with σ ∈ {1, 4}.
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3.3 Simulation design

This section describes the experimental setup. The latent age distribution
π shown in Figure 1 is fixed across all simulations. Measurement error
is introduced through a misclassification matrix M , constructed from the
Gaussian error model described in Section 3.2 with two choices of σ, σ = 1
and σ = 4.

To study the effect of sample size, we consider

n ∈ {50, 100, 250, 500, 1000}.

We compare four estimators of the latent distribution:

� oracle estimator π̂oracle = Z/n

� the naive estimator π̂naive = Y/n,

� the method-of-moments estimator π̂MoM ,

� the EM-based maximum likelihood estimator π̂ML with naive initial-
ization π̂naive

For each configuration, the simulation is repeated R = 1000 times. The
EM algorithm, convergence is declared when

ℓ(π(t+1))− ℓ(π(t)) < ϵ,

with ϵ = 10−4, or after a maximum of 1000 iterations.The regularization
parameter for the MoM estimator, λ, was chosen by visual inspection of
Figure 4, selecting the smallest value that still produced a sufficiently smooth
estimate. This resulted in λ = 10−1 for σ = 1 and λ = 10−2 for σ = 4.

3.4 Simulation procedure

We evaluate the estimators using a Monte Carlo simulation. Each replication
proceeds as follows:

Step 1: Generate latent data Sample age classes independently as

Z ∼ Multinomial(n,π)

Step 2: Apply measurement error For each individual with true age
class Tr = j, the observed class is sampled according to the misclassification
probabilities:

Or | Tr = j ∼ Categorical(Mj·).

Step 3: Estimate distribution Compute π̂ using each estimator.
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Step 4: Evaluate performance Compute the total variation distance

TV(π̂,π) =
1

2

k∑
j=1

|π̂j − πj |.

Step 5: Forecasting analysis Forecasts based on π̂ are compared to
those obtained from the true distribution π using the relative error in total
population size defined in Section 2.3.

4 Results

4.1 Recovery of latent age distribution

Overall, the simulation indicates that the EM maximum likelihood (ML)
estimator provides the most accurate recovery of the latent age distribution
in terms of diminished bias, but at the cost of increased variability. In con-
trast, the naive and MoM estimators are systematically biased, particularly
in lower age classes, but exhibits substantially lower variability. While the
ML estimator better captures the expected structure of the latent distribu-
tion, its estimates are more sensitive to sampling variation and measurement
error, especially for the older age classes.

From Figures 3, it can be observed that the naive estimator produces
smoother and more regular age profiles across adjacent bins. In contrast,
the ML estimator yields more irregular patterns, with greater local fluctu-
ations between neighboring age classes, while the MoM estimator produces
comparatively smooth but biased estimates. This behavior is consistently
observed across simulation replications and is not specific to this individual
realization of the estimate.
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Figure 3: Recovered latent age distributions for n = 500 using the ML,
method-of-moments (MoM), and naive estimators under noise levels σ = 1
and σ = 4. The displayed distribution corresponds to a single reconstruc-
tion, selected as the one whose total variation (TV) distance to the true
latent distribution is closest to the median across all 1000 Monte Carlo sim-
ulations. The dashed line represents the true latent age distribution.

The singular estimate in Figure 3, while informative, do not reflect the
overall performance of the recovery methods. In Figure 4, we therefore
present the median recovered age distribution across all simulations, to-
gether with the corresponding 2.5% and 97.5% Monte Carlo percentile bands
based on 1000 replications.

Consistent with the previous figure, the naive estimator systematically
underestimates lower age classes (0–3 years), with a more pronounced effect
under higher noise (σ = 4). It can also be observed that the corresponding
confidence bands for naive and MoM are considerably narrower than those
of the ML estimator across all age classes. The ML estimator exhibits a
close fit to the true latent age distribution in terms of the median, but
shows substantially higher variability compared to the naive estimator. This
variability also becomes less smooth under the higher noise setting (σ = 4).
The MoM estimator displays a low variability high bias with additional mass
being shifted toward older age classes under (σ = 4).

18



sd1 sd4

N
aive

M
L

M
oM

5 10 15 20 5 10 15 20

0.0

0.2

0.4

0.6

0.0

0.2

0.4

0.6

0.0

0.2

0.4

0.6

Age class

P
ro

ba
bi

lit
y

Recovered age distributions with Monte Carlo uncertainty

Figure 4: Recovered latent age distributions for n = 500 using the ML,
method-of-moments (MoM), and naive estimators under noise levels σ = 1
and σ = 4. For each setting, the median estimate across 1000 Monte Carlo
simulations is shown, with shaded regions indicating the 2.5% and 97.5%
Monte Carlo percentiles. The dashed line represents the true latent age
distribution.

4.2 Sample size effect on TV

Having characterized the recovered distributions and their variability, we
next quantify how estimator performance changes with sample size using
total variation (TV) distance.

In Figure 5, we observe how sample size affects the total variation (TV)
distance across estimators. The method of moments (MoM) estimator ex-
hibits a slightly higher TV distance across both noise settings relative to the
naive estimator, with lower sensitivity to sample size. The naive estimator
tracks the oracle baseline more closely than the ML and MoM estimators in
both noise settings except for σ = 4 and n > 500.

The maximum likelihood (ML) estimator shows consistent improvement
with increasing sample size in both error settings, with a higher baseline TV
distance under σ = 4 than with σ = 1. Among all estimators, ML exhibits
the strongest negative dependence with increased sample size within the
considered range, and this trend does not appear to taper off.
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Figure 5: Mean total variation (TV) distance between estimated π̂ and
true age distribution π across five sample sizes, based on 1000 Monte Carlo
replications. Results are shown for four estimators: the naive estimator,
method of moments (MoM), EM-based maximum likelihood (EM), and an
oracle baseline obtained by sampling directly from the true latent distribu-
tion π. Panels correspond to different measurement error levels (σ = 1 and
σ = 4).

To isolate the effect of sampling variability on the total variation (TV)
distance, we adjust the observed TV distances by subtracting the corre-
sponding (TV) distance obtained from the oracle baseline. Consistent with
Figure 5, the maximum likelihood (ML) estimator exhibits a strong de-
pendence on sample size, with the TV distance decreasing as sample size
increases. In contrast, both the MoM and naive estimators show increasing
TV distance with sample size.
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Figure 6: Mean excess total variation (TV) distance relative to the oracle
baseline across sample sizes and estimation methods, based on 1000 Monte
Carlo simulations. The excess TV is defined as TV(π̂,π)− TV(π̂oracle,π).

We now proceed to examine the distribution and variability in total
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variation (TV) distance across estimators. The previous plots have focused
on mean performance, whereas the violin plot in Figure 7 illustrates the full
distribution of TV distances across Monte Carlo replications.

The results show that the TV distance for the naive and MoM estima-
tors is more tightly concentrated around their respective medians, with the
MoM estimator exhibiting slightly higher variability. In contrast, the ML
estimator displays a substantially wider distribution of TV distances. This
spread becomes more pronounced for both the MoM and ML estimators
under the higher noise level σ = 4.
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Figure 7: Violin plot of total variation (TV) distance across 1000 Monte
Carlo replications for three estimators under noise levels σ = 1 and σ = 4.
The upper panel corresponds to sample size n = 100, while the lower panel
corresponds to n = 500.

4.3 Population forecast

As mentioned in Section 2.3.1, population dynamics are governed by the
Leslie matrix framework. We evaluate how estimation errors in the initial
age distribution propagate into five-year total population forecasts. Figure 8
shows the deviation of estimated total population sizes from the true latent
population. A mean value close to zero indicates an unbiased population
forecast.

The naive estimator exhibits a smaller bias when σ = 1 compared to
σ = 4, corresponding to approximately 16% and 76% higher total popula-
tion at year five, respectively. Overall, the naive estimator shows relatively
low variability compared to the other estimators. The MoM estimator ex-
hibits slightly lower variability than the ML projection but shows a positive
bias, consistently overestimating the total population by approximately 10%
for σ = 1 and 59% for σ = 4. The EM-based ML estimator appears ap-

21



proximately unbiased in terms of its expected total population forecast, but
exhibits substantially higher uncertainty compared to the naive estimator.

s = 1 s = 4

100
1000

0 1 2 3 4 5 0 1 2 3 4 5

−0.5

0.0

0.5

1.0

−0.5

0.0

0.5

1.0

Years

P
er

ce
nt

ag
e 

de
vi

at
io

n 
fr

om
 tr

ue
 to

ta
l p

op
ul

at
io

n

Estimator
ML estimator
MoM estimator
Naive estimator

Relative difference in total population

Figure 8: Five-year population forecast error under different estimators and
measurement error levels (σ = 1 and σ = 4), based on 1000 Monte Carlo
simulations. The forecasts are obtained by propagating the estimated initial
age distributions π̂ through the Leslie matrix dynamics defined in Equa-
tion (10). Results are shown for the naive estimator, method-of-moments
(MoM), and EM-based maximum likelihood (ML) estimator with sample
size 100 and 1000.

5 Discussion

The results of this simulation study show that the latent age distribution
can be recovered with a less biased estimate using the EM-based maximum
likelihood estimator, but at the cost of increased variability under both low
(σ = 1) and high (σ = 4) measurement error. In contrast, the naive esti-
mator and MoM estimator yielded a biased but smoother age distribution.
This systematically underestimates the proportion of younger individuals
(ages < 3 years), which results in a corresponding overestimation of older
age classes.

Although this bias may appear small in magnitude, its impact is non-
negligible in the context of population forecasting. Shifts in probability
mass away from demographically critical age classes, especially those con-
tributing most to reproduction, can lead to disproportionately large errors
in projected population size. This highlights that even modest bias in age
structure estimates can have substantial downstream consequences when
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used in population models.

5.1 Properties of estimators

As expected from Figure 2, the naive estimator produces biased estimates
due to the misclassification matrix M . This bias becomes more pronounced
as the sample size increases, as illustrated in Figure 6.

For small sample sizes, the total variation (TV) distance of the naive
estimator is largely dominated by sampling variability. As a result, the
difference between the naive estimator and the oracle baseline is relatively
small. However, as the sample size increases, the effect of sampling variabil-
ity diminishes, and the remaining error is primarily driven by the systematic
bias introduced by the misclassification process.

Formally, by the law of large numbers and the continuous mapping the-
orem (see p. 356 in Robert and Casella 2020), we have that as n → ∞:

TV(π̂oracle,π) → 0,

while the naive estimator converges to the biased distribution Mπ, such
that

TV(π̂naive,π) → TV(πM ,π).

This explains the increase in TV with sample size for the naive estimator in
Figure 6. Similarly to the naive estimator the MoM would roughly converge
with n → ∞ to:

TV(π̂MoM,π) → TV(Aλπ,π) (11)

The method-of-moments (MoM) estimator is limited in its recovery of
the latent age distribution by the instability of matrix inversion. Matrix
inversion does not guarantee constraints such as non-negative probabilities
or summing to one, which is accounted for by truncation to 0 and normal-
ization. This projection violates the assumptions of the continuous mapping
theorem; thus, we do not expect exact convergence to Equation (11). The
MoM is therefore limited in its recovery of the latent age distribution by
this bias.

The EM maximum likelihood (ML) estimator, as shown in the results,
exhibits a decreasing TV distance with increasing sample size relative to
the oracle baseline see Figure 6. However, it shows a significantly larger
spread in its TV distribution, as illustrated in Figure 7. The overall smooth
shape of the violin plot, with no clear clustering, suggests that the EM
algorithm does not converge to distinct local maxima or plateaus. Instead,
it appears to operate on a relatively flat log-likelihood surface, consistent
with the convergence diagnostics in Appendix 2, which shows that the
maximum number of iterations is rarely reached. This is symptomatic of
an ill-posed EM deconvolution problem, where weak identifiability leads
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to unstable convergence behavior (McLachlan and Krishnan 2008, p. 28).
The results suggest that this instability is partially mitigated as sample size
increases.

We identify in this simulation study that deconvolution through EM
maximum likelihood and method-of-moments (MoM) exhibit different fail-
ure modes. While the MoM estimator is affected by numerical instability due
to inversion of near-singular matrices, as well as the lack of enforced proba-
bility constraints (non-negativity and unit sum), the EM algorithm instead
suffers from poor identifiability, reflected in a relatively flat log-likelihood
surface. In the MoM case, this leads to unstable and often non-admissible
estimates unless regularized, whereas for EM the main issue is not feasibility
but sensitivity to the observed data. This distinction highlights that both
methods are affected by the ill-posed nature of the deconvolution problem,
but in fundamentally different ways: MoM through numerical instability,
and EM through weak identifiability and flat likelihood.

5.2 Practical Implications

The results above have focused on statistical properties and estimator behav-
ior. We now turn to the practical motivation for estimating age distributions
and evaluate how the different estimators affect total population forecasts
in an ecological context.

As shown in Figure 8, both MoM and ML outperform the naive estimator
in terms of mean and median under both high and low noise, as well as for
small and large sample sizes. In particular, we observe that MoM exhibits
a slightly wider Monte Carlo percentile band in Figure 4, closer to that of
the naive estimator, but with a differently skewed bias.

This suggests that for ecological indicators such as these, the direction
and structure of the bias may be more important than its magnitude alone.
Specifically we know from the table in Appendix 6 that misclassifying in-
dividuals of fertile ≥ 4 years to none fertile ages < 4 or vice-versa will
significantly alter the forecast. This is consistent with our expected mea-
surement error in Figure 2 thus leading to the naive estimator overestimating
individuals of fertile age.

Whether the MoM or ML estimator is preferable over the naive estima-
tor therefore depends on the decision-makers tolerance for variability, the
forecast horizon, and constraints related to sampling cost and sample size.

5.3 Viability of assumptions & improvements

In order to study the deconvolution methods in a controlled setting, several
simplifying assumptions were made. The misclassification matrix M was
assumed to be fully known. In practical applications, however, M must
typically be estimated from auxiliary data such as the one observed in panel
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a shown in Figure 5 of Nakamura et al. 2023, introducing additional uncer-
tainty. The results presented in this study should therefore be interpreted
with caution, as they represent a best-case scenario for deconvolution per-
formance.

Regarding the method-of-moments estimator, the choice of regulariza-
tion parameter λ was based on visual inspection and is therefore unlikely
to be optimal. A more objective approach, such as cross-validation or other
data-driven selection criteria, would provide a more appropriate level of reg-
ularization and yield a fairer comparison between estimators.

For the EM algorithm, the use of multiple initialization points per sam-
ple or the inclusion of additional constraints in the maximization step could
improve stability and robustness. In particular, initialization based on the
naive estimator may result in zero-valued components, which prevents recov-
ery of those classes in subsequent iterations see Equation (9). This highlights
the sensitivity of the EM algorithm to initialization in this setting.

Finally, the population forecasting analysis assumes a fixed Leslie matrix
L and a stable age distribution. In realistic ecological settings, demographic
parameters such as fertility and survival vary over time and must themselves
be estimated from data, introducing additional sources of uncertainty. It is
therefore plausible that, in practice, the combined effect of these uncertain-
ties may dominate the forecasting error, potentially reducing the impact of
improvements obtained through deconvolution.

Overall, this thesis provides insight into the behavior of different estima-
tors under simplified and controlled conditions in an ill-posed deconvolution
setting, as well as demonstrating a practical use case and its implications in
an applied ecological context.
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Table 1: Parameters used to construct the Leslie matrix.
Age Survival p coy Litter size F i

1 0.50 0.00 0.00 0.00
2 0.89 0.00 0.00 0.00
3 0.95 0.00 0.00 0.00
4 0.99 0.00 0.00 0.00
5 0.98 0.15 2.12 0.31
6 0.96 0.35 2.25 0.76
7 0.96 0.55 2.40 1.27
8 0.96 0.55 2.40 1.27
9 0.96 0.55 2.40 1.27
10 0.96 0.55 2.40 1.27
11 0.96 0.55 2.40 1.27
12 0.96 0.70 2.60 1.75
13 0.96 0.70 2.60 1.75
14 0.96 0.70 2.60 1.75
15 0.96 0.70 2.60 1.75
16 0.96 0.70 2.60 1.75
17 0.96 0.58 2.75 1.53
18 0.96 0.58 2.75 1.53
19 0.96 0.58 2.75 1.53
20 0.96 0.58 2.75 1.53

6 Appendix

SD SampleSize FailureRate

sd1 50 0.000
sd1 100 0.000
sd1 250 0.000
sd1 500 0.000
sd1 1000 0.000

sd4 50 0.456
sd4 100 0.349
sd4 250 0.174
sd4 500 0.077
sd4 1000 0.022

Table 2: Failure rate of the EM algorithm, defined as the proportion of
Monte Carlo replications in which the algorithm did not converge within the
maximum number of iterations.
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Figure 9: Illustrative simulation of five individuals per age class j under
the measurement error model with σ = 1. The resulting misclassification
pattern is designed to replicate that in Figure 5(a) of Nakamura et al. 2023.
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Björnprojektet – 40 års forskning (June 19, 2025). Rapport 8942. Stockholm,
Sweden: Naturv̊ardsverket. url: https://www.naturvardsverket.se/
49f29c/globalassets/media/publikationer- pdf/8900/978- 91-

620-8942-9a.pdf.
Carroll, Raymond J. et al. (2006). Measurement Error in Nonlinear Models:

A Modern Perspective. 2nd ed. Second edition. Boca Raton, FL, USA:
Chapman and Hall/CRC. isbn: 9781584886334.

27

https://www.nrm.se/download/18.fa4343b199372946183c02c/1758261826003/2025-3-rapport_bjorninventering_2024.pdf
https://www.nrm.se/download/18.fa4343b199372946183c02c/1758261826003/2025-3-rapport_bjorninventering_2024.pdf
https://www.nrm.se/download/18.fa4343b199372946183c02c/1758261826003/2025-3-rapport_bjorninventering_2024.pdf
https://www.nrm.se/download/18.fa4343b199372946183c02c/1758261826003/2025-3-rapport_bjorninventering_2024.pdf
https://www.nrm.se/download/18.fa4343b199372946183c02c/1758261826003/2025-3-rapport_bjorninventering_2024.pdf
https://www.naturvardsverket.se/49f29c/globalassets/media/publikationer-pdf/8900/978-91-620-8942-9a.pdf
https://www.naturvardsverket.se/49f29c/globalassets/media/publikationer-pdf/8900/978-91-620-8942-9a.pdf
https://www.naturvardsverket.se/49f29c/globalassets/media/publikationer-pdf/8900/978-91-620-8942-9a.pdf


Caswell, Hal (2001). Matrix Population Models: Construction, Analysis, and
Interpretation. 2nd ed. Second edition. Sunderland, MA, USA: Sinauer
Associates. isbn: 9780878931217.

Conn, Paul B. and Duane R. Diefenbach (2007). “ADJUSTING AGE AND
STAGEDISTRIBUTIONS FORMISCLASSIFICATION ERRORS”. In:
Ecology 88.8, pp. 1977–1983. doi: https://doi.org/10.1890/07-
0369.1. eprint: https://esajournals.onlinelibrary.wiley.com/
doi/pdf/10.1890/07-0369.1. url: https://esajournals.onlinelibrary.
wiley.com/doi/abs/10.1890/07-0369.1.

Kindberg, Jonas et al. (2011). “Estimating population size and trends of the
Swedish brown bear Ursus arctos population”. In: Wildlife Biology 17.2,
pp. 114–123. doi: https://doi.org/10.2981/10-100. eprint: https:
//nsojournals.onlinelibrary.wiley.com/doi/pdf/10.2981/10-

100. url: https://nsojournals.onlinelibrary.wiley.com/doi/
abs/10.2981/10-100.

McLachlan, Geoffrey J. and Thriyambakam Krishnan (2008). The EM Al-
gorithm and Extensions. 2nd ed. Second edition. Hoboken, NJ, USA:
Wiley-Interscience. isbn: 9780471201700.

Morris, PA (Apr. 2008). “A review of mammalian age determination meth-
ods”. In: Mammal Review 2, pp. 69–104. doi: 10.1111/j.1365-2907.
1972.tb00160.x.

Nakamura, S. et al. (2023). “Age estimation based on blood DNA methyla-
tion levels in brown bears”. In:Molecular Ecology Resources 23, pp. 1211–
1225. doi: 10.1111/1755-0998.13788.

Norwegian Institute for Nature Research (n.d.). Bear model (age-structured
population model). url: https://www.nina.no/bearmodel.

Robert, Christian P. and George Casella (2020). Likelihood and Bayesian
Inference: With Applications in Biology and Medicine. Latest edition.
Boca Raton, FL, USA: CRC Press.

Wasserman, Larry A. (2004). All of Statistics: A Concise Course in Statisti-
cal Inference. Springer Texts in Statistics. New York, NY, USA: Springer
Science+Business Media. isbn: 978-0-387-21736-9. doi: 10.1007/978-
0-387-21736-9.

28

https://doi.org/https://doi.org/10.1890/07-0369.1
https://doi.org/https://doi.org/10.1890/07-0369.1
https://esajournals.onlinelibrary.wiley.com/doi/pdf/10.1890/07-0369.1
https://esajournals.onlinelibrary.wiley.com/doi/pdf/10.1890/07-0369.1
https://esajournals.onlinelibrary.wiley.com/doi/abs/10.1890/07-0369.1
https://esajournals.onlinelibrary.wiley.com/doi/abs/10.1890/07-0369.1
https://doi.org/https://doi.org/10.2981/10-100
https://nsojournals.onlinelibrary.wiley.com/doi/pdf/10.2981/10-100
https://nsojournals.onlinelibrary.wiley.com/doi/pdf/10.2981/10-100
https://nsojournals.onlinelibrary.wiley.com/doi/pdf/10.2981/10-100
https://nsojournals.onlinelibrary.wiley.com/doi/abs/10.2981/10-100
https://nsojournals.onlinelibrary.wiley.com/doi/abs/10.2981/10-100
https://doi.org/10.1111/j.1365-2907.1972.tb00160.x
https://doi.org/10.1111/j.1365-2907.1972.tb00160.x
https://doi.org/10.1111/1755-0998.13788
https://www.nina.no/bearmodel
https://doi.org/10.1007/978-0-387-21736-9
https://doi.org/10.1007/978-0-387-21736-9

