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Abstract

We consider the problem of Poissonian last passage percolation on
a torus. Given a torus of area n equipped with a Poisson point process,
we are interested in the maximal number of points 7,, that can be
collected by an oriented path on this torus. We study the asymptotic
behavior of 7, when the number of points on the torus goes to infinity,
and we derive upper and lower bounds on the expected value of 7,.
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1 Problem formulation and background

1.1 Historical background

Consider a permutation ¢ of numbers from 1 to n drawn uniformly at random, and denote by £, (o)
the longest increasing subsequence of this permutation. What is the asymptotic behavior of £,,(o)?
This problem is known as the longest increasing subsequence (LIS) problem, and we give here an
excerpt of its history as detailed in [8]. The LIS problem was mentioned for the first time in 1961
by the Polish-American matematician Stanistaw Ulam who gave it as an example of application for
the Monte-Carlo method. Ulam conjectured that M\ﬁ?) converges to some constant ¢ ~ 1.7 when
n goes to infinity. His conjecture was proved by the British mathematician John M.Hammersley
who showed that this limit exists, and that % converges in probability. In 1977 Antony Vershik
and Sergei Kerov proved this limit is equal to 2, a result which has been independantly proven by
Benjamin F. Logan and Lawrence A. Shepp. The longest increasing subsequence problem, hence
known as the Ulam-Hammersley problem, was further studied by Jinho Baik, Percy A. Deift, and
Kurt Johansson who in 1998 derived the following asymptotics for the expected value of the length
of the longest increasing subsequence:

E(L,) = 2/n — yns + o(ns),

where the constant v = 1.77108... is defined using the Painlevé equation of type II.

One of the best known results for the Ulam-Hammersley problem was derived in 1999 by J. Baik,
P. Deift and K. Johansson, who proved that, when rescaled correctly, the lenghth of the longest
increasing subsequence of a random permutation converges to the Tracy-Widom distribution [2].
More precisely, they showed that

Ln— 2R

n
where F' is the standard Tracy-Widom distribution defined by

F(t) = exp <— /t . t)u(az)2daz) :

with u the solution of the Painlevé II equation.

— F in distribution,

o=

1.2 Geometric formulation and link with last passage percolation

The longest increasing subsequence problem has an alternative geometric formulation. Consider n
points uniformly distributed in a square. We are interested in paths going from the lower left corner
to the upper right corner of the square, which are oriented, that is they can only go up and to
the right, and which collect a maximum number of points along the way. We will call this number
of collected points the length of the path, sometimes also referred to as the crossing time of the
square. To see that finding the longest oriented path in this setting is equivalent to finding the longest
increasing subsequence of a permutation, note that, since the n points are distributed uniformly at
random, almost surely their abscises and ordinates will all be distinct. Denote by 1 < z9 < ... < z,
the abscises of the n points in increasing order, and by y1,¥2, ..., Y» their corresponding ordinates.
Let 0 € S,, such that

Yo(1) < -+ < Yo(n)-
Since the points are distributed uniformly on the square, the permutation ¢ is uniformly distributed
on Sy, just like in the Ulam-Hammersley problem.
Notice in addition that, given a subset iy < ... < i of {1,...,n}, there exists an oriented path
collecting the points (z;,, i, ), ..., (4, i, ) if and only if y;, < i, < ... < y;,, that is if and only if

J(il) < J(ig) < ... < U(Zk)

Hence, an oriented path in the square corresponds to an increasing subsequence of the associated
permutation o, which justifies the geometric formulation of the Ulam-Hammersley problem. This
geometric formulation corresponds to the probabilistic model of Last Passage Percolation (LPP).



1.3 Longest increasing circular subsequence and last passage percolation on a
torus

A variant of the LIS problem, the LICS (Longest Increasing Circular Subsequence) problem consists
in finding the longest increasing subsequence of a permutation when wrapping around once is
allowed. Stated differently, given a permutation we are looking for the longest increasing subsequence
of any cyclic rotation of this permutation.

This problem has been studied by M. H. Albert, M. D. Atkinson, D. Nussbaum, J. Sack and N.
Santoro [1], who proved that the expected length pu(n) of a LICS satisfies

p(n)
2/ ne

The authors also give a Monte-Carlo algorithm to compute the LICS of a given list, and based on
their numerical experiments conjecture that p(n) may be very close to 2/n + ns.

Just like the LIS problem, the LICS problem also has a geometric formulation, but this time one
needs to consider a torus instead of a square. We will allow the paths to make one loop around the
torus, as this corresponds to a subsequence of a circular permutation.

In this report we focus on the geometric formulation of the LICS problem. We choose to work in a
Poissonian setting, that is we consider that the points on the torus are distributed according to a
Poisson point process (defined in Section 2). Although this choice makes us slightly deviate from the
original problem, it still provides a reasonably good approximation. Indeed, conditionally to their
number, the points of the Poisson point process are distributed uniformly on the torus, just like in the
original problem. Moreover, although the number of points is no longer n, but a random variable
following the Poisson distribution of parameter n, the concentration of the Poisson distribution
around its mean ensures that the number of points will be close to n with high probability. In
return, we gain some useful properties, such as the independence of disjoint subsets of the torus,
which will simplify our analysis.

Our object of study will thus be the crossing time 7, of a torus equipped with a Poisson point
process, that is the length of the longest oriented path that makes one loop around this torus (a
rigorous definition will be given in Section 2). The goal of this report will be to prove the following
asymptotic lower and upper bounds on the expected value of 7,:

ok 10 a) logs,  log(2mlogn) ~(1—¢)
E[rn] > 2v/n + <<8lg> logm)} log )} +(logn)§>, (1.1)

1.

Wi

and
E[r,] < 2\/ﬁ+n% <1+ (:logn>3> + o(1), (1.2)

where v is the Euler-Mascheroni constant.

1.4 Organization of the report

As a first approach of the problem, in Section 3 we omit the dependence between different paths on
the torus and study the maximum of independent crossing times of a square, which we denote by
Tn. We show convergence in distribution for 7,, after appropriate rescaling, and derive bounds on its
variance and expected value.

In Section 4 we consider a simplified version of our problem, where we allow only certain starting
positions for the paths on the torus, thus reducing the number of paths. We will see that the
maximum length of one of those paths, denoted by 7,i, behaves similarly to 7,,, and an analysis
similar to the one in Section 3 will give us the limit in distribution as well as bounds on the
expected value of 7,;.

Finally, in Section 5 we consider the original problem, and prove the lower and upper bounds (1.1)
and (1.2) on the expected value of the crossing time 7,,.



2 Technical preliminaries

2.1 Definitions and notations

The setting of our problem will involve a Poisson point process, defined as follows.

Definition 2.1 (Poisson point process). Let [ > 0, and let II be a random finite subset of [0, 1]2.
Denote by p the standard Lebesgue measure on R?. We say that II is a Poisson point process (of
intensity 1) on [0,1]? if and only if:

1. for any Borel set A C [0,1], |ANTI| ~ Pois(u(A)),
2. for all Ay, Ay C [0,1]? disjoint Borel sets, A; NII and Ay N1II are independent.

For n € N* let T,, be a v/n by y/n square. Let II be a Poisson point process on this square. The
following two definitions formalize the notion of oriented paths.

Definition 2.2. Let a,b € T,, of respective coordinates (x4, y,) and (zp, yp), and such that y, < yp.
An oriented path from a to b with at most one loop is a subset {(z1,y1),...(zk, yx)} of II verifying
the following properties:

o If z, < xp, then

and
Yo <Y1 < oo S Yk S Wb

o If z;, < x,, then there exists i € {0,...,k} such that
Te < a1 <. < 4, (2.1)

Ti4+1 S S Tk S Ty (2.2)

and
Yo S y1 < oo Sy <y,

with the convention that condition (2.1) (resp. condition (2.2)) is trivial when ¢ = 0 (resp.
when i = k).

The integer k is called the length of the path. We denote by P,_.; the set of all such paths.
We are now ready to define our variables of interest, that is the length of geodesics.

Definition 2.3. Let a and b be two points of T,, with respective coordinates (x4, yq) and (zp, yp),
and such that y, < y,. Define
Loy = maX{’p‘ ‘p € ,Pa%b} .

A path p € P, such that |p| = L, is called a geodesic from a to b.

We are particularly interested in geodesics with exactly one loop, that is geodesics of the form
L3 0)=(zym) With z € [0, /1), which we will call geodesics starting at x. We will use the following
notation: for z € [0,/n),

Ly, = Lig.0)>(ayi):
When x = 0, L} coincides with the passage time in the regular setting of Poissonian last passage
percolation on a square, and we will thus write L,, instead of LY.
Similarly, we can define the length of geodesics with at most two loops:
Note that the random variables P, _.; and L,_,; are functions of the Poisson point process II. We
will sometimes write P, (1) and L, _,;,(I1) but when there is no ambiguity as to the set of points
that is considered we will prefer the notations P,_;, and L,_p.
The passage time around the torus, which we denote by 7, is defined as follows:



Definition 2.4 (Passage time).

T, = max Ly.
0<z<\/n

When studying crossing times we will also need to consider spatial properties of paths, and in
particular their spatial fluctuations which are defined as follows:

Definition 2.5 (Fluctuations). Let x € [0,4/n) and let p = {(z1,91), ---(Tk, Yk) } € Pa0)= (@, v/m)-
Let i € {0, ..k} such that
1 <...<z; and xi41 < ... < xp.

We define the fluctuations of the path p, denoted by T'F(p) as follows:

. ly; — (zj — )| I(yj — ) — x|
) = s (g W, e, B0

We will also use the following notation for = € [0, /n):

TF? := max {TF(p)\p € Plao)—(z,ym and [p| = Lﬁ}

to denote the maximal fluctuations of a geodesic starting at x, and denote by TF,, the maximal
fluctuations of a geodesic starting at 0, which corresponds to a geodesic in the regular setting of
Poissonian last passage percolation on a square.

2.2 Some results in last passage percolation

In this section we present some of the known results in Poissonian last passage percolation which
will be used in this report.

Firstly, the convergence in distribution derived by J. Baik, P. Deift and K. Johansson in [2] also
holds in the Poissonian LPP setting. With the same notations as before, we have

L, —2Vn
VR LR

neé

in distribution.

The asymptotic behavior of the upper tail of the length of the geodesic is also quite well understood.
T. Sepéléinen proved the following large-devaiation principles for L,, [9] (here reformulated in the
setting of this report):

Theorem 2.6. There exists a convez function I(x) such that, for x > 2,

Jim \} log P(L, > v/nz) = —I(x).

n—00+/M
Moreover, I(x) > 0 for z > 2.

Theorem 2.7. There exists a function U(zx) such that, for all 0 <z <2,

1
nh]ll n lOg ( n > \/’E.’l?) = (:17)

Moreover, U(z) >0 for 0 <z < 2.

T. Sepélédinen gives explicit formulas for I and U, but in this report we simply need to know that

I(x) is positive for = > 2, and U(z) is positive for x < 2.

M. Léwe and F. Merkl proved moderate deviation results for L, |7]. In this report we will use a

special case of their result stated in the following theorem:

Theorem 2.8. For t, such thatt, — oo andt, = O(n%), the following asymptotic holds:
n—oo

n—oo

3
exp(—%t%)

P(L, > 2v/n +not,) ~ k
167t2

n—oo



The proof follows by calculation from Theorem 1.3 of [7], see Appendix for more detail.

It is also known that the longest path, also called the geodesic, tends to stay close to the diagonal.
In 20002K. Johansson showed that the typical deviations a the geodesic from the diagonal are of
order n3 [4], in the setting of a Poisson point process of intensity 1 on a n by n square (which
corresponds to fluctuations of order n3 in our setting).

Sharper estimates were derived in 2018 by A. Hammond and S. Sarkar. In this report we will use
their Theorem 2.6 from [3|, reformulated as follows:

Theorem 2.9. There exist two positive constants ¢ and C such that, for alln € N and for all s > 1,

P(TF, > sn*/?) < Cexp(—cs®).

2.3 Other useful results

In this section we state some simple properties of our model and lemmas that will be used in the
report.

Lemma 2.10. For all x in [0,+/n), LE follows the distribution of Ly,.

Bewvis. Let g in [0, y/n). If zg = 0 than L?° = L,. Suppose zg > 0. Let N = |II| and denote II =
{(z;,yi)|1 <i < N} the points of the Poisson point process. Consider the following transformation
of the square:
T > T

(z+Vn—m0,y) =<z
Denote IT" = f (II). The transformation f preserves the Lebesgue measure, hence Theorem 5.1 from

[6] ensures that IT" is still a Poisson point process of intensity 1. We will show that LZ0(IT) = L,,(IT').

Let p = {(z1,91), -, @k Yk)} € Plag,0)—(wo,y/m) (I1). From the definition of Py 0y (g, m), there
exists i € {1, ..., k} such that

£y e Vi - {@—mw

ro<r1<..<®, Tir1<..<xp<m9, and 0<y <. <y

or i« € {1,...,k}, denote (z},vy;) = xi,y;)). Since (x1,y1), ..., (Tg, yx) are points of a Poisson
For ¢ 1,...,k}, denot T Si ints of a Poi
point process, almost surely x1 # x, and thus almost surely xg < x1 or xp < xg. Without loss of
generality, suppose that x; < zg. We have

)<<z <vVn-—wzo <z <. <ap and y; <. <y,

)_>(07\/ﬁ)(H/) and

thus {(1,91), (¥4 ¥)} € Po,0)—(0,ym) IL). Hence Py 0)— (20, m) (1) (0,0
*0(II), which yields

-
therefore L¥°(IT) < L,(I'). An analogue argument shows that L, (IT') <
L¥o(IT) = L, (I'). Moreover II and IT’ follow the same distribution, hence

P
L

Ly (1) ~ Ly (II)
as stated. O

Remark 2.11. Note that the arguments in the proof above are not specific to the length of oriented
paths, and can be extended to other characteristics, such as fluctuations. This proof can be adapted
for instance to show that for all z in [0, +/n), TF? follows the distribution of T'F,.

Notation. For a,b € T, with respective coordinates (z4,¥y,) and (zp,yp) such that y, < yp we
define

Area, s = (zb — Ta) (Yp — Ya) if e <
® (Vn—za+x) (Y — ya) if x4 >y

Lemma 2.12. Leta,b € T, such that their respective coordinates (zq,ya) and (xp, yp) verify Yo < Yp.
Then the following equality in distribution holds

La—>b ~ LAreaa,b-



Beuwis. Using the proof of Lemma 2.10, it is sufficient to treat the case where x, < x. Denote by
R, the rectangle spanned by the points a and b, that is

Ra,b = {(»’U,y) € T|xa <r<wmy, Yo<y< yb}‘
From the definition of oriented paths it follows that
Lo = Lasp(IT) = Ly p(| R, ,)-

Consider the following transformation of R, p:

g:(x,y) € Ryp — ( T a VAreagp, Ya \/Areamb) )

y —
Tp — Lq Yb — Ya

The function g maps R, to a square of area Areaqp. Let II' = g(II| g, , ). The function g preserves
the order of the points, and thus the oriented paths, hence

La%b(H‘Ra,b) = LAreaa,b (H/)

Moreover, since the transformation g preserves the Lebesgue measure, it follows from Theorem 5.1
from [6] that II' is a Poisson point process of intensity 1, which finishes the proof. O

Throughout the report, we will make use of Fatou’s lemma for weakly converging random variables,
which we recall below:

Lemma 2.13 (Fatou’s lemma for convergence in distribution). Let (X, )nen be a sequence of non-
negative random variables converging in distribution to a random variable X. Then

E[X] < liminfE [X,].

n—oo

Bevis. Let (X;,)neny and X be such as in the hypotheses of the lemma. Then Skorokhod’s represen-
tation theorem (see Theorem 3.30 in [5]) ensures that on a suitable probability space, there exist

random variables X’ £ X and X, < X, for n € N such that X, — X' almost surely. Hence,

n—oo
Fatou’s lemma implies that
E[X'] <liminfE [X]].
n—oo
Moreover E[X'] = E[X] and E[X,,] = E[X]] for all n € N, hence the result. O

We will also make use of the FKG inequality, and more precisely of a corollary of this inequality
which we will state below. We begin by recalling the FKG inequality. The following definition and
theorem are a reformulation of Theorem 20.4 from [6].

Definition 2.14 (Increasing functions). Let N be the space of finite subsets of T,. A function
f € R(IN) is said to be increasing if f(I U{x}) > f(I) for all I € N and all x € T,,. It is said to be
decreasing if (—f) is increasing.

Theorem 2.15 (FKG inequality). Let IT be a Poisson point process on Ty, and let f, g € L*(I1) be
increasing functions. Then

E[f(I1)g(IT)] > E[f(ID)]E[g(TT)].
Remark 2.16. Theorem 2.15 still holds if the functions f and g are both decreasing.

Remark 2.17. By induction, Theorem 2.15 can be extended to a product of any finite number of
increasing functions.

From the FKG inequality, we deduce the following
Corollary 2.18. Let m € N and let X1,..., X, be a family of crossing times on T,. For i €
{1,...,m}, let X| be a copy of X;, such that the X1, ..., X,, are mutually independent. Then

E[max XZ} SE[max XZ’]

1<i<m 1<i<m



Beuvis. Let € R. We will show that P(maxi<j<m X; < z) > P(maxi<ij<n, X! < x), from which the
proposition will follow. We have

P( max X; <z)=E
1<i<m

I1 1{Xi<as}] :
=1

Note that the indicator functions 1;x,<,) are functions of the Poisson point process II. Moreover,
they are all decreasing since adding a point to the Poisson point process Il can only increase crossing
times. Hence the hypotheses of the FKG inequality hold, and we get

g (1132251 Xis "”) =k H1 ix,<a}| 2 HIE [ix<a] =E H1 1{X{§x}] =P (115@;1 Xi < w)
which finishes the proof. O

3 The maximum of independent crossing times

As a first approach of the problem, we will study the behavior of the maximum of a family of
independent crossing times. Although the crossing times on T,, are not independent, especially for
paths with starting points that are close to each other, one can assume that paths with distanced
enough starting points will be almost independent (this idea will be developed in the next section).
Hence, although it is different from the original problem, taking the maximum over independent
crossing times seems like a reasonable first approximation.

3.1 Setup

Let o, 5 > 0, and let m = [Sn®]. Let L,(ll), ...,L%m) be a family of independent random variables
all following the distribution of L,,. We are interested in the maximum of those variables, which we
will denote as

Tp = max {Lg), - L(m)} .

Remark 3.1. We chose to work with 8 > 0 constant for more clarity, however the results proved
in this section still hold when f is logarithmic in n.

Take (ty)nen such that t, — +4oo and ¢, = o(n%). Denote z := 2y/n + néot,. Then, using

n—oo
independence and Theorem 2.8, we have

3 m 3
4,3 4,3
_4y —3t
B(r <) = B(Ln <2y = [1- T3 (o)) e [ @RS (1 4 o)
167t? 167t2

3.2 Limit in distribution and variance of 7,

We will show the following limit in distribution.

Proposition 3.2. Let G be a random variable following the standard Gumbel distribution, defined
by P(G < z) =e " for all x € R. Then the following limit in distribution holds:

1 2
3 3
(6alolgn)s [%n_ (2\/ﬁ+né ((Zalogn) B (loglogn N log8 log(127ra)1>>
3

ne 6alog n)% (6crlog n)% (6crlogn)

To prove this proposition we will need the following lemma:



Lemma 3.3. Forv* in (0,1) let

Tn(v") =

. 3 5 log logn log 8 log 127ax log log 71_17*
o log n - T+ 1 1 1
(6arlogn)s  (6alogn)s  (6alogn)s  (6alogn)s

Then )
lim P(7, > 2v/n +nsz,(v*)) ="
n—oo

Bevis. Let v* in (0, 1). It follows from (3.1) that

exp(—éazm*)%)) | 52)

P(7, < 2v/n + néin(v*)) ~exp | —m S
167, (7*)2

To show that this quantity is equivalent to 1 — v* we will begin by computing the asymptotics of
Zn(7*). We have

3 1 1
Pn(7*) = <zalogn> [1 - % <loglogn — log 8 + log 12w + log log T ’7*)] )
2

3 1 1 log1 2
a?n(fy*)% =—alogn |1 - loglogn — log B + log 12wa + log log +0 0808
4 alogn 1 —~* logn

1
- Z (alogn — <loglogn —log B8 + log 127a + log log 1 *>> +o(1)
-7

~ —al .
1@ logm

It follows that

4 1 127l 1
exp(—gj;n(,y*»%) ~ exp (—alogn + loglogn — log 8 — log 127 + log log T ’Y*> — Wﬁansgn log 1=~
and ,

1672, (v")2 ~ 127 logn.
Using the fact that m ~ gn®, we finally get
4~ *\) 2
exp(—3Z 2 1
SR Ly
16Ty, ()2 Y
and thus s
i exp(—5Z.(v*)2)\ \
m exp [ —m 3 =1—7
n—oo 1671'1%71(’7*)5
which concludes thanks to (3.2) O

We will now prove Proposition 3.2.

Proof of Proposition 3.1. Let x € R. It follows from Lemma 3.3 that

2
3 3 log1 1 log 12
IP’(%H§2\/H+TL<16 ((alogn) _(og o8 n + og - oA + ’ )) —

4 6alog n)% (6cxlog n)% (6arlog n)% (6crlog n)% nmreo

- e ¢ =P(G <)

n—o0



)

Moreover
2
3 logl 1 log(12
P (7, <2vn+ns (3alogn> _ 0808l ogf _ log(I2ma) .
4 (6arlogn)s  (6alogn)s  (6alogn)s  (6alogn)s
2 1
3 log 1 1 log(12 6
=P|7 — 2\/ﬁ+n% <3alogn> _ 8 Ognl og - — os( 7ra)1 < _n T
4 (6arlogn)s  (6alogn)s  (6alogn)s (6arlogn)s
1
1 3 3 log1 1 log(12
=P 7(60[ O%n)S Tn — 2\/ﬁ+n% <3alogn> .- ognl 08 - — o8( 71'04)1 <z
ne 4 (6alogn)s  (6alogn)s  (6alogn)s
O

which finishes the proof.
Lemma 3.3 can also be used to derive a lower bound on the variance of 7,,. We will show the following

Wl

n

Proposition 3.4. There exists a positive constant D such that
Var(7,) > D S
(logn)s

1

n3
2
(logn) 3

In other words, the variance of T, is at least of order
Bevis. Let 7/ be an independent copy of 7,. Let v* and ~* in (0,1) with v* > ~*. Let u, =

1
= 7E(‘7~—n —Tn

2y/n + n%:fn(fy*), and u), = 2y/n+ néicn('y*'). We have
Var(7,) = 5 7 12)

and thus
- 1 - -
Var(Fa) 2 2B(17 = 715, <) Liri o))
1
> §|un —u [PP(F < un)P(F > ).
Moreover
1 10 1 1 Y
1, 5 n6 g 1+ N6 log(1
Up — ul, =16 (Z,(7*) — 2o (7)) +lo ! 17 = T lo <lg(17*)> )
(6arlogn)s log == (6arlogn)s og(l —7%)
(3.3)
and from Lemma 3.3 it follows that
P(7p < up)P(7p > ul,) ~ (1-— S o
n—oo
Finally,
*/ 2
lo log(1—y ))
1 1 g ( —
*‘U@ — UQ/|2]P)(7~’n S U@)P(%n > u,g/) ~ fn% log(l ’yl) (1 — ’y*)’y*/,
2 n—oo 2 (6arlogn)s
1
n3

;.
(logn)3

which shows that the variance of 7, is at least of order



3.3 Expected value of 7,

We will now derive an upper and lower bound for the expected value of 7,,. We start with the upper

bound. Define )
- 3 1 3 1
Zp 1= {4((04—}—2) logn>] + Olgﬂ T
(6(a + 3)log n) 3

Then we have the following

Proposition 3.5. The following asymptotic upper bound holds:
(%) < 2v/7n 4 n 2, + o(1).
Beuvis. We begin by splitting the expected value of 7,, into three terms:
E(7,) = E(7,1 )+ E(7,1

{n<2vitnd 2} {3ﬁ2%n>2ﬁ+n%zn}) +E(Tnliz,>30my)

<2yn+nsz, +0 (\/ﬁp(%n > 2v/n + n%gn)) + E(Tnlz,>3,m))-

We will now show that the two last terms of the equation above tend to zero when n goes to infinity.
For the second term we use (3.1) to write

4
3

Swolw

exp(—37s)

P(%, > 2V/n+n8%,) =1 —exp [ —m (1+0(1))

16722
It follows by computation that
1 3
a+ §)logn+ Zlogﬁ—k o(1)

hence

3
exp(—3%3) 1 ( 1 )
m ~ -
3 Vnl2m(a+ 1) logn n
which yields

P(7, > 2v/n + no3,) = 1(1+0<\/15>): 1>.

n
For the third we use the Cauchy-Schwarz inequality which yields

. ol 1
E(fuliz, s my) < E(7)2P(7, > 3v/n)z. (3.4)
It follows from the definition of 7,, and from the fact that the crossing times L,(f ) are non negative
that

72 = max { (LOP, ., (L)} < 310y
=1
hence
E(72) < mE(L2). (35)

Let N = |II|. Since Il is a Poisson point process on T,,, N follows a Poisson distribution of parameter
n, and the length of the geodesic L,, is at most IV, hence

E(L?) < E(N?) =n? +n. (3.6)

Moreover the large deviation result from Theorem 2.6 yields

P(7, > 3v/n) = (LJ{LZ >3\f}) < mP(Ly, > 3v/n) = mexp (—vnI(3)(1+0(1))), (3.7)

where [ is the convex function given in Theorem 2.6 (recall that we know in particular that I(3) > 0).
Putting together equations (3.4), (3.5), (3.6) and (3.7), we get
g
E(faliz, saym) < (mn? 4 mn)bmiem ViAo — o(1)
which finishes the proof. O



We will now show the following asymptotic lower bound on the expected value of 7,.

Proposition 3.6. Let v be the Euler-Mascheroni constant. For any € > 0, there exists ng € N, such
that for all n > ny,

2
3 log1 1 log(12 1-
E[7,) 22\/ﬁ+n% <3alogn> _ %% ognl + 08 5 - — og( 7roz)1 + il 6)1 :
4 (6alogn)s  (6alogn)s  (6alogn)s  (6alogn)s

1 2
Bevis. Let X, = (8alogn)3 [i—n — <2\/ﬁ+né ((ialogn)3 _ loglogn . _ logf _ log(12ma) >)]

I I
nt (6alogn)3 (6alogn)3 (6alogn)3

Proposition 3.2 gives us
X, 3% a,

thus using Lemma 2.13 we have
liminf E[X,] > E[G] = 7.

This yields

lim inf

neé

6alog n)% (6crlog n)% (6crlogn)

and thus asymptotically

2
3 log1 1 log(12 1-
E[7,] > 2\/ﬁ+n% <3alogn> _ o8 ognl + 08 - — og( 7roz)1 + il 6)1
4 (6alogn)s  (6alogn)s  (6alogn)s  (6alogn)s

for any € > 0. O

Both the lower and upper bound on the expectation of 7,, are of the form
2v/n + Bn%(log n)%(l +0o(1)),

2
with B = (%a)g for the lower bound, and B = (%(a + %))g for the upper bound. This suggests
that the expectation of 7,, should be of the form

E(%,) = 2v/n + Bns (logn)3 (1 + o(1))

B+ B)F].

wiN

with B in {(%a)

4 Analysis of a simplified problem

In the previous section we have seen that supposing independence of crossing times greatly simplifies
the problem and we can understand quite well the behavior of 7,,. We would thus like to introduce
independence in our original problem. To do so, we will analyze a simplified version of the problem
where, instead of taking the maximum over all possible starting positions in [0, /n) we only consider
a subset of starting positions, which we choose at sufficiently large distances from each other for
the paths to be roughly independent. More precisely, set

1
(1+ é)logn) ?

1
l, = s,n3, where s, =2 (
c

and c is the positive constant given by Theorem 2.9. We will consider a subset of points of [0, /n)
1

at distance [,, from each other, namely {0, l,, ..., (m — 1)l,,} where m = ng, and denote by 7,7 the
maximum length of a path that starts at one of these points, that is

7 =max{LF"|0 <k <m —1}.

(6alolgn)§ [E[%n]_ (2\/5_’_”% ((ialogn)s B (loglogn N logB log(127ra)1>>

>
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Figur 1: Strip Sk

4.1 Decoupling argument

To clarify what we mean by paths being roughly independent, let us introduce the following notations
and events. For z in [0, y/n) let A, be the event that the transversal fluctuations of a geodesic starting
at  do not exceed %"
l
A, ={TF? < 5"}.

Moreover, let A be the event that the transversal fluctuations of any geodesic whose starting point
belongs to the subset {0, 1, ..., (m — 1)l,} do not exceed l,:

m—1
A= ﬂ Ag, .
1=0

Finally, for £ in {0,1,...m — 1} let

S.={ @) e Tus o b1) -~y < S AU @) e Tuslo - -kl < 25 .

Intuitively, when seeing T, as a torus, for k in {0,..,m}, Sk is a strip of width /,, making one
loop around this torus (see Figure 1). It is therefore immediate to verify that supposing that the
fluctuations of a geodesic starting at kl,, do not exceed %" is equivalent to supposing that this geodesic
stays inside the strip Sy. In other words, under the event Ay, , LFn .= LE~(TT) = Lkl (T1|g, ).

The following observations justify the choice of the event A:

Remark 4.1. e Under the event A, for all k in {0,...,m — 1}, Lk~ = LF=(T1|g ).

e Since the strips S are disjoint for different values of k, and II is a Poisson process, it follows
that the variables Lkl (11|, ) are mutually independent.

e The probability of A€ is very small. This point will be made more precise in the following
lemma.

Lemma 4.2. Let C be the positive constant from Theorem 2.9. Then

P(A5) < — and B(A%) = o0 (1) .

n

n 6

Beuvis. The first inequality follows by direct computation from Theorem 2.9, since P(A§) = P(TF? >
%”) < 1C+ +. For the second inequality we use a union bound to write
n 6

m—1 I m—1 l
— il > 2N iln > 1
pas) = B(|J (T > 1)) < S pEi > ),
1=0 1=0
From Remark 2.11 it follows that P(T'Fil» > %”) =P(TF, > g) for all ¢ in {0, ...,m — 1}, hence

1
P4 < “p(rE, > 1y < C =, (1)
Sn 2 NSy n

which finishes the proof. O



4.2 Limit in distribution and variance of 7
We are now ready to begin our study of 7,;. We will show the following convergence in distribution:

Proposition 4.3. Let G be a random variable following the standard Gumbel distribution. Then
the following limit in distribution holds:

1 2
1 3 1 3 1 log(271
(log ?)3 T — | 2v/n+ ne < log n) i Snl — 0g(27 ogln)
ne 8 (logn)s (logn)s
To prove this proposition we will need the following lemmas:
For n in N* and v* in (0,1) let

4 aq.

(1 log n) i logs, log(2mlogn) loglog s
Lemma 4.4. For +* in (0,1) the following asymptotics hold:

P(Ly > 2V +nsa5(v) ~ % log

Bevis. Let v* in (0,1). We have z,(v*) — 400 and z}, = o(né), hence Theorem 2.8 yields

n—0o0

exp(—325(7%)

neo 16ma(y7)?

ol

P(L,, > 2\/ﬁ+né:ﬂ;§(7*)) )

We have

1 5 4 1
£y — (21 1— 1 log(2m1 logl
z, (v") <8 Ogn) [ logn(ogsn+ og(2mlogn) + log Ogl_,y*)}’

4 1 4 1 loglog n)?
fx*('y*)% =—logn |1 - 3 (log s, + log(2mlog n) + log log )| +O (loglogn)”
2logn 1—* logn

1 1
=5 logn — (log s, + log(2m log n) + log log 1 -) +o(1)
-7
and ,
167z (v*)2 ~ 2mlogn,
thus s
exp(féx;ﬁ(v*ﬂ) sy 2mlogn 1 Sn 1 1 1
3 NTzl Ogl *7T10g1 *Nilogl *
16727 (%) ng 2mlogn T 11—y 4 -y m Cl-y
as stated. O

Lemma 4.5. Forv* in (0,1)
lim P(7) > 2v/n+ n%xfb(’y*)) =~*
n—oo
Bevis. Let v* in (0, 1). To simplify the notations, in this proof we will denote
r=2vn+ n%x:;(’y*)
With this notation, we need to show that

lim P(7, > z) =~".

n—o0



Throughout the proof we will make an extensive use of Lemma 4.2 to justify that, for an event B,

P(B N A) < P(A°) = o <1> |
n
Using the total probability formula,
1
Piry <z)=P((r, <x)NA)+P((7; <z)NA°)=P((1; <z)NA)+o (n) . (4.1)

Moreover, using the fact that, under the event A, Lkln = L} (Tl|g,) fo all k in {0,...,m — 1},

P((r; < )N A) = B((_max Li" <2)nA)

_ kln <
P((,_max | Li"(Is,) <) 4) "
_ Kl < . kL, < ¢ 4.2
P(,_max  LE"(Ills,) < @) = B((_max | L (Il]s,) <) 0 A7)
1
= kln < -
P, | 24 (Is) < o)) 40 (1),
From Remark 4.1 we know that the variables L (Il|s, ) are mutually independent, hence
m—1
P, Jpac (M) < ) = B[] (L3 () < )
m—1 (4.3)
= [ pails,) <)
k=0
= P(Ln(Tlsy) < )™
Furthermore,
P(Ln(ls,) < ) = P((La(Il]s,) < 2) N A) + P((Ln(M]s,) < ) N A%)
1
=P(L,<z)NA)+o0 <)
n
1
1 4.4
:P(Lngx)—i—o<> (“4.4)
n

:1—P(Ln>x)+o<i>

1 1 1
=1— —log +o|—].
m 1 —~* m

The last equality follows from Lemma 4.4 and the fact that 2 = o(:1). Putting together (4.1), (4.2),
(4.3) and (4.4), we obtain

. 1 1 1\\" 1 .
P(ry <z)=|1——log +o|— +ol—-) — 1—1°%,
m 1_7* m n n—oo

*

and thus
P(ry >z) — ~

n—o0

which finishes the proof. O

We will now prove Proposition 4.3.



Proof of Proposition 4.3. Let x € R. It follows from Lemma 4.5 that

2
1 5 logs,  log(2rl .
P(r;§2\/ﬁ+né <<8logn> —(Ogs _ log(mlogn) | @ )) — e =P(G<a).

log n)% (log n)% (log n)% nreo

Moreover,
2
1 3 logs,  log(2wl
Pl §2\/ﬁ+n% (logn> _ 083 T og(2m ogln) + 1
8 (logn)b  (logn)t  (logn)}
2
1 3 logs,  log(2ml
=P - 2/ + né <logn> _ 083 - — og(2m ogln)
8 (logn)s  (logn)s

TZ
g 3
_p (logn)% o 2\/ﬁ+né <1logn>§— logs,  log( 27Tlogn
né " 8 (10gn)- logn

which finishes the proof.

m\»—‘

Just like in Section 3, we can use Lemma 4.5 in order to get a lower bound on the variance of 7;;,
as stated in the following proposition.

1
Proposition 4.6. The crossing time 7 has a variance of order at least 0 3)1 when n goes to
ogn)3

nfinity.

4.3 Expected value of 7,

We will use the result about the convergence in distribution of 77 to show the following asymptotic
lower bound on its expected value.

Proposition 4.7. Let v be the Euler-Mascheroni constant. For any € > 0, there exists ng € N, such

that for all n > n,,
2
(1 logn> 5 log 8n1 B log(27rlog1 n) n ~v(1 - 61) '
8 (logn)s  (logn)s  (logn)3

1 2
Bevis. Let X,, = dgn)? [T; _ (2\/77_,_ ne ((é logn)?® — logsn log(?wlogn)))]‘ Proposition 4.3

I 1
no (logn)3 (logn)3

o=

E[r] > 2V + 1

gives us

and thus by Lemma 2.13

This yields

Wl
wlno

(logn)

1 ok 10 N 8 logs,  log(2mlogn)
ns [E[ g <2f+ <<81 : > (logn)s  (logn)s >>] =7

and thus asymptotically

2
1 5 logs, log(2rl 1—
Biry) 2 2+ b ( (Glogn ) — Lo, Josrlon) oo
8 (logn)s (logn)s (logn)s

lim inf

for any € > 0. O

We will now derive an upper bound on E(7;) using the results from Section 3.



Proposition 4.8. The following asymptotic upper bound holds:

2
1 5 logs,
E[T;]SQ\/E—I—TL% <logn> —&1 +o(1).
2 (4logn)s

Beuvis. Let Lg), . L&m) be m independent copies of L,. Lemma 2.10 ensures that L,";l” ~ Ly, for all

k € {0, ...,m — 1}, thus it follows from Corollary 2.18 that

" 0<k<m—1 1<i<m = "

E[rf]=E [ max LZZ”} <E [ max L(i)} .

1
Recall that m ~ % with s, logarithmic in n. Using Remark 3.1 and Proposition 3.5 we get

s savm oot ([3 (33 wun)] '~ o o)+

2
1 5 logs,
= 2\/ﬁ—|—n% ( logn) _ 985 +o(1)
2 (4logn)

W=

which finishes the proof. ]

5 Analysis of the actual problem

5.1 Expected value of 7,

A first remark we can make is that, since 7, is the maximum over all oriented paths on the torus,
while 7,7 is the maximum over only a subset of paths, 7, is necessarily larger than 7. It follows that
E(7,) > E(7;}), and so from the lower bound on E(7;}) which we derived in Proposition 4.7, we get
the same lower bound on E(7,).

Corollary 5.1. Let v be the Euler-Mascheroni constant. For any € > 0, there exists ng € N, such
that for all n > n,,

2
1 3 1 n ]. 2 1 1_
E[ra] > 2v/m + nt <10gn) _ logsa__log2nlogn) (1=
8 (log TL) 3 (log 7'[,) 3 (log n) 3

We will now derive the following upper bound on the expectation of 7,.

Proposition 5.2. The following asymptotic upper bound holds

E[r.] < 2V + ns (1 + <2logn>§> +o(1).

For the proof of this propositions we will need the following two definitions:

Definition 5.3. Let a,b € T, of respective coordinates (z4,y,) and (xp, yp), and such that y, < yp.
An oriented path from a to b with at most two loops is a subset {(z1,91),...(zk, yr)} of II verifying
the following properties:

e If 2, < x, then there exists i € {0, ..., k} such that

To <21 < LZ oy,

and



o If z;, < x,, then there exist i,j € {0, ..., k} such that
To <1 < .Sy

Ti41 S S :z:j
Tijp1 < oS <@y

and
Yo < y1 <o S yr <y,

with the same conventions as in Definition 2.2. The integer k is called the length of the path. We
denote by 733 _,p, the set of all such paths.

Definition 5.4. Let a,b € T, with respective coordinates (z4,y,) and (p,vp), and such that
Yo < yp. Define

Ry = max {|p|[p € Pi_,} -
A path p € Pgﬂb such that |p| = R,y is called a geodesic with at most two loops from a to b.

Proof of Proposition 5.2. Let m = (néw For i in {1,...,mm — 1} let

M; = max Ly,
me[(i—l)n%,in%]
and let
M, = max L7.
2€[(m—1)nt /7]
It follows from the definition of 7, that 7, = maxj<j<,,, M;. We define also, for ¢ in {1,...,m — 1},

Ri = R((i—l)n%‘,O)—)(in%‘,\/ﬁ)’

and

Bon = B0 b 0y (i)

It follows from the definition of oriented paths that

2
U 7)(33,0)—>(I,\/ﬁ) C 7D((i_1)n%,0)—>(in?157\/5)7

11
z€[(i—1)nb ,inb]

hence R; > M, for all i in {1,...,m}. Let R}, ..., R}, be mutually independent copies of Ri,..., Ry,
(R}, ..., R, are iid following the distribution of Ry, and R}, is an independent copy of R,,). Hence,
using Corollary 2.18 we have

= ) < ) < /
E(rn) = E(max M;) < E(max R;) < E( max ;). (5.1)

Note that since /n — (m — l)n% < ns, R!, is stochastically dominated by R, and hence the
inequality above still holds if we assume that R, follows the distribution of Ry, rather than R,,.
We will make this assumption from now on.

We will now study the law of Ry, and link it to the law of L] with n’ = n + n5. Recall that T,
is a y/n by y/n square, and II a Poisson point process with intensity one on T,. Let T/, be a \/n
by (v/n+ n%) rectangle. Note that T/, has area n’. Let a,b,c,d, e, f,g,h and i be points on T,, and
Jyk,l,m,n,0,p,q,7, 8t and u be points on T/, placed like on Figure 2. We consider IT" a Poisson
point process with intensity one on T’ coupled with II in the following way:

e Let II; be a Poisson point process with intensity one on rson and Ils be a Poisson point
process with intensity one on pgml.

o We define Il'|;son, = I, IU'|pgmi = M2, IT'|stijno = Il|nicade (see area hatched in yellow on
Figure 2) and Il'|;uqp = H|ghea (see area hatched in green on Figure 2).
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Figur 3: Path p

The independence property of Poisson processes ensures that II' constructed as above is indeed a
Poisson point process with intensity one on T/,. We thus have the following equalities in distribution:

Ra*)h ~ Rl and L]_yu ~ LTL,'

Let € € (0, 2*4‘/5). We consider the following event:

G = {Lxﬁy(H’) < 2\/Areaz, +ey/n V(z,y) € P} ﬂ {Lj%u(l'[') > 2./ Area;j, — e\/ﬁ}

where P = {(j,0), (n, s), (o,u), (4,p), (1,q), (p,u)}. The following two lemmas show that on the event
G, Ry—n = Ljy, and that G has small probability.

Lemma 5.5. For n large enough
1GLj—>u =1¢Ra—h-

Bevis. We will first show that, on the event G, a geodesic from j to w does not intersect the
rectangles rson and pgml. Suppose event G occurs. Let p in Pj_,(II'). Suppose that p intersects
rson. Then we can partition p into three sub-paths p = p; Upa Ups such that p1 € P, p2 € Ppos
and p3 € P,y (see Figure 3).

From the definition of G we know that
Vi 1) !
o Il < L) <2 (406 e/t = Vand 4 ey,

o 2] < Lnss(I) < V203 + e/,

N|=

o Ips| < Lou(I) <2 (V) + ey = (V2 + )/,



hence |p| < (V2 + 3¢e)v/n + o(v/n).

Moreover, it follows from the definition of the event G that L;_,(II') > 2(n + n%)% —&y/n =
(2 —€)y/n+ o(y/n). Hence, for n large enough |p| < L;_,, and thus p is not a geodesic from j to w.
We conclude that, under the event G, a geodesic from j to u cannot intersect rson. An analogue
argument shows that under the event G a geodesic from j to u cannot intersect pgml. Note that,
given the coupling between IT and IT', for every oriented path from j to w on T] that does not
intersect the rectangles rson and pgml, one can find an oriented path with at most two loops from
a to h on T,. Consequently, under the event G, R,y > Lj_,. A similar argument shows that,
under the event G, for any geodesic with at most two loops from a to h on T/, one can find an
oriented path from j to w on T, which has the same length. This shows that, under the event G,

Ry—h = Lj_, as stated. O

Lemma 5.6. The event G satisfies Q(n)P(G€) = 0 for any polynomial Q.
n (o.0]

Bewis. It follows from Lemma 2.12 that

Lazﬁy ~ L for ($ay) € {(]v O)v (TL,S), (lv(Z)a (p,u)},

2
12
ans3

and
Loy~ Ly o) for (@) € {o.u), ()}

For n large enough and for (CC, y) € {(ja 0)7 (Tl, 3)7 (la Q)a (p7 ’U,)},

win

for large n n

2
P (Loosy > 2/Areapy + Vi) =P | Ly > 2\, % tevn| = P|Lyae >3\ 5

Moreover, Theorem 2.6 ensures that for large n
2 1
ns3 ns3
]P) L%n2/3 > 3 7 S exp <—2I(3)> 5

hence for all (z,y) in {(j,0), (n,s), (1,q), (p,u)}, P (Lywsy > 2y/Areasy + \/ne) decays faster than
any polynomial in n. Analogue computations show that this also holds for (z,y) in {(o,u), (7,p)},

while similar arguments applied with Theorem 2.7 show that P(L;j_,(Il') < 2,/Area;, — ey/n)
decays faster than any polynomial. Applying an union bound to P(G¢) concludes. O

Let (IIM, 1MW), .., (I1™), II'™)) be independent copies of the pair (IL, IT') of Poisson point proces-
ses, on T and T’. Denote by (R, LM), . (R™) L(™)) the corresponding crossing times. For i in
{1,...,m} let G be the analogue of the event G for the couple (II(), IT'"). Recall in particular
that

150 R =140 LY. (5.2)

Let Gy, = -, G%). Note that since m is polynomial in n, Lemma 5.6 ensures that P(G¢,) decays
faster than any polynomial. Note also that

( ,17"'7R;’)’L) ~ (R(1)7"'?R(m))7

and thus by (5.1) we have

E[r,] <E [ max R(")} =K {( max R(i)> 1Gm] +E [( max R(i)> 1ge,

1<i<m 1<i<m

Using (5.2) we have

E [( max R<i)> 1Gm] =K K max L@) 1Gm] <E [ max L(i)] < 2Vl + 1/ 5 + o(1)

1<i<m 1<i<m 1<i<m



where the second inequality comes from Proposition 3.5. Plugging in n’ = n (1 + %) to the formula

n3
2
w=(5ven) o (G3)
Zp = | slogn| +o|— ).
8 n3

for Z,, with a = % and g =1, we

Moreover ) )
2Vn! = 2/n + ns +o <1> and ' =né + O (1) +o(1)
neé ne
hence ,
. 3
E [(113‘2?( R(l)> lcm} <2yn+ ns + no (glogn> +o(1).
We bound the second term of (5.3) using the Cauchy-Schwarz inequality

1
2

P(GS,)3.

N|=

2
E [( max R(i)) 1ge } <E < max R(i)>
1<i<m m 1<i<m

Using the the fact that the crossing times R are non negative we have

2
E [( max R(i))
1<i<m

where the last inequality follows from the fact that R(®) is bounded by [TIV|, and [IIM| ~ Pois(n).
The upper bound m(n + n?) is polynomial in n, yet P(G¢,) decays faster then any polynomial, thus
E [(maxlgigm R(i)) 1G%] = o(1) which finishes the proof.

=F [ max R(i)z] <mE {R(lﬂ < m(n®+n),

1<i<m

O]

The two bounds we have for the expected value of 7, are of the form
2y/n + Cné (logn)3 (1 + o(1)),

2 2
with B = By := (é)g = 1 for the lower bound, and B = By := (2)3 = 2} for the upper bound.
This suggests that the expectation of 7, is of the form

o=

E(r,) = 2v/n + Bné(log n)% + o(ns(log n)%)

4> 4
This is confirms the conjecture made by M. H. Albert, M. D. Atkinsoln, D. Nussbaum, J. Sack and
N. Santoro in [1] that the expected value should be close to 2y/n + ns.

2
with B in [1 53]

A Proof of Theorem 2.8

Theorem 2.8 is a special case of Theorem 1.3 stated by M. Lowe and F. Merkl in [7]. In the notations
of this report, the theorem states the following:

Theorem A.1. For everyn € N*, [ € N with 2y/n < I, we have the following asymptotics, uniformly

M Yn:
(Vi + 24/1 = V2 )R 20 nm)
P(Ly, > 1) ~ — as M, — +o0, (A.1)
8rl(1 — 7127”)5(1 +4/1— 712,n)
where

2 [ —2 1
Y = \l/ﬁ, M, = 71\/5, and  wo(y) := /1 —~% — arcosh—.
3 Y



Let t, be as in Lemma 2.8. We apply the above theorem with

l:=2yn+ n%tn.
We have | > 2y/n and M, ~ o 400 so the conditions of Theorem 1.3 hold. Note that in that
23
case vy, ~ 1, so (A.1) can be simplified as follows:
1 e2lwo(vi,m)
P(Ly, > 2/n+nét,) ~ ——— as M;,, — +oo.
8ml(l—~2))

(A.2)

N|w

To further simplify this expression, we compute the asymptotics of wo(v;,) = /1 — ’yfn —arcoshwi
t

3

Let
Uy 1=

S
W=

We then have ) u
I =2y/n+nét, =2v/n(1+ ?”).
In order to get an equivalent of €201 given that [ ~ Q\f we need to compute the asymptotics

of wo(71,,) to the order O(\f) Yet, recalling that ¢,, = o(nS) we have

5 5 5
t2 16 n16 nie 1
ul\/u, = % = o(—), and f— = —=o0(1), so ulu,=o(—7=)
ne ne n3 \/ﬁ
and it is therefore enough to compute the asymptotics of wy,(7;,) to the order O(u; \/u,). We have
12 —4n
1 - 712,” = 12
o An(l+ 2 _4n
n(l + %2 (A.3)
2
s+
(1+%5)%
S0
\/W
1_712,71 VUn———F— 1+un
u
Un(1+ § +0(n)(1 = 5 +0(u})) (A4)
3
U (1 — gln + O(u?)).
We have
1 2¢/n(1+ %) U,
e T Sl s A B )
Mn 2\/ﬁ 2

Recall the asymptotic development of Arcosh around 1

@—£x+0( 2/xz).

arcosh(1 + z) =

(A.5)

We thus have ) )
arcosh(%) = /un(1 — 24 Un + O(u?)).

Subtracting (A.5) to (A.4) yields

wotn) = V(=3 + 5 + O /i)



Hence,

w| =
B

We will now compute an equivalent of the denominator in (A.2).
We know from (A.3) that

1- ’YZQ = Un,
thus
3
2 \3 3 t7’2L
(1 - 7l,n)2 ~ ’LL% = 7,”/
Finally, using the fact that [ ~ 2y/n, we get
3
e2lw0(’Yl ) e—gt?z
3 ™ 3
8TU(1=7,)2  16mt2

which finishes the proof of Lemma 2.8.



Erratum

e The proof of Proposition 3.6 in Section 3 is incorrect. We apply Fatou’s lemma to the family
of random variables (X, )nen, where

1 2
6ol 3 3 3 log1 1 log(12
X, = 7( @ olgn)?s [%n — <2\/ﬁ+né ((4alogn> - ( ceosn + 0gp - og(12me) ))] )

ne 6alog n)% (6crlog n)% (6crlogn)

ol

but these random variables are not non-negative. Although the proof is incorrect, Proposition
3.6 still holds. Indeed, it follows by long but standard computations from Theorem 1.3 from
[7] that the family of random variables (X}, ),cn is uniformly integrable. We thus get

1
- 1 ne
Elf] = 2V + ns&a(y) + 0 | ——
(log n)’
which in particular implies the lower bound from Proposition 3.6.

e Similarly, the proof of Proposition 4.7 in Section 4 is also incorrect as Fatou’s lemma is applied
to a family of random variables which are not non-negative. The result still holds as this family
is uniformly integrable. We thus get

ET;:2\/E+néx:; +o ﬂl ,
™ o <<logn>s>

which in particular implies the lower bound from Proposition 4.7.
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