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Problem 1

Let ¢; denote the expected payments during future year ¢, i = 1, 2. Based
on the problem formulation it follows that

C1 = <62,3 - 02,3) + (63,2 - 0371) = 6870, and Cy = 63,3 - 63’2 = 1063,

where you can check that ¢; + ¢o equals the total expected future payments
(or reserve), which solves part a).

In part b) we should determine the implied development factors if the pre-
dictions would have been made using Mack’s C-LL model. This means that

03,2 = C3,1f1,
02,3 = 02,2f2,
03,3 = 03,2f2 = 03,1f1f2,

which gives us that

- Oy, Cos+C
Flo= 932 199 and fye= 228088 gy
3,1 coo+Cs9

One can also check that these development factors actually are the ones that
have been used to generate the data, since 02 3 = C22 fg and 033 = C’3 9 fg
hold separately.
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Given the results from above, part c) follows from that

§1,3 = §1,2]E2 = 61,11?1}; ?\13 = 126.92
Cia =Ci1fi = Ci; =9839
Cop = Caafi Cy1 =173.64

where le = 61,1, f271 = 62’1, and fLQ = 61,2 — 61,1 = 28.53.

Problem 2

From the problem formulation we know that
E[N; | Z;) = Z; = Var(N; | Z)),
which gives us that
E[N] = E[No] + E[N,] = E[E[Ny | Zo]] + E[E[N, | Z1]] = E[Z0] + E[Z4],
where the second equality uses the tower property, hence,
E[N] = Ao + A1.

The variance of N can be handled similarly using the “hint”, which states
the general variance decomposition formula, together with that

Var(N) = Var(Ny) + Var(Ny),
due to independence, and where

which gives us that Var(N) = A\g + A\; + 03 4+ o%. This ends part a).

Note that the expectation in part b) again can be solved using the tower
property, since

E[N] = E[WNo] + E[(1 = W)M] = E[E[W N, | W]] + E[E[(1 — W)N, [ W]],

where it holds that E[WN, | W] = WE[Ny] and E[(1 — W)N; | W] =
(1 — W)E[N;], which results in that

E[N] = E[W]E[No] + E[1 — WIE[N:] = pE[No] + (1 — p)E[M],
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with E[N;] from part a). This is one way of doing it, but you could just as
well have conditioned on the N;s instead of W, or just directly used that W
is independent of everything:

E[N] = E[WNo] +E[(1 — W)N] = E[W]E[No] + E[1 — W]E[Ny].

When it comes to the variance, note that E[W?] = E[W] and E[(1 — W)?] =
E[1 — W], since W € {0,1}, and that E[W (1 — W)] = 0. If we use variance
decomposition it is convenient to condition on W, since conditional on W,
then W Ny and (1 — W)N; will be independent:

Var(N) = E[Var(W Ny + (1 = W)N; | W)] + Var(E[W Ny + (1 — W)N, [])
[W? Var(Ny) + (1 — W)? Var(N;)] + Var(WE[No] + (1 — W)E[N,])
2] Var(Np) + E[(1 — W)?] Var(Ny)] + (E[No] — E[N,])? Var(W)

(W
Var(No) + (1 — p) Var(Ny)] + (E[No] — E[N1])*p(1 — p).

E
EW
p

Alternatively, you could directly calculate the variance of a sum of dependent
random variables, since unless conditioning on W, then W Ny and (1 —W)N;
will be dependent:

Var(N) = Var(W Ny) + Var((1 — W)N;) + 2 Cov(W Ny, (1 — W)Ny),
where
Var(W Ny) = E[(WNy)?| — (E[W]E[Ny))?

= E[W?|E[N§] — (E[W]E[No])?
= p(Var(Np) + E[No]?) — p’E[No]?,

where the second equality is due to independence, and analogously it holds
that

Var((1 — W)Ny) = (1 — p)(Var(Ny) + E[N1]?) — (1 — p)’E[N,]?,
and

= (E[W(1 - W)] - E[WIE[L — W])E[No]E[M]
= —E[WIE[l — W])E[No|E[]
—p(1 — p)E[NoE[V].

By combining the variance and covariance terms you arrive at the same
expressions as obtained above using variance decomposition.
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Problem 3

Since we are given S(t) and know that S(t) = 1 — F(t), it follows that the
density is given by

(1) = —5() = Bexp{ 6t}
ie. T~ Exp(f) s.t. E[T] = 1/, which finishes part a).

Part b) follows from

P(T<t|T>s)=

as expected, given part a).

Part c) follows from a combination of a) and the problem formulation, since

S = [0 =S = < loa(S(1) = —alt),

which together with that S(0) = 1 yields the desired result.

Problem 4

From the problem formulation we know that

L= 1Te4>37

which means that

11 r > 00 ET D I 2T

where P(T, D
> T+
=P(T,<1)=1— 077" 1 _y .
¢ (T < 1) P(T, > 7) b

That is,
E[L] = pespespes = 0.9832,
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and the fair premium is given by 7 := E[L].
Concerning b), given that it is reasonable that you should make a payment

when entering the contract and the last payment if you survive your 66th
birthday, the random total premium payment becomes

IT:= b(1T64>0 + ]lT64>1 + ]lT64>2>7
where b is the fixed amount to be determined. This premium payment process

is fair when the contract is written if

P64P65P66

E[I] = b(1 + pes + =Bl = b=
] ( P64 + P64Pes) (L] 1+ pea + peapes

= 0.3293,

which answers part b).

Problem 5

See Example 5.1 in the lecture notes, use translation invariance, positive ho-
mogeneity and that if Z ~ N(0, 1), then Z and —Z are equal in distribution.



