Department of Mathematics, Stockholm University

Exam in MT7054, Risk models and reserving in non-life insurance, March 19, 2026,
15:00-20:00.

Examiner: Filip Lindskog, lindskog@math.su.se
Allowed aids: None.
Return: Communicated via course forum.

Arguments and computations should be clear and easy to follow.

Problem 1

An insurance company’s aggregate 1-year claims cost S is given by

with probability 0.80,
with probability 0.10,
with probability 0.05,
with probability 0.05.
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Suppose a reinsurance company prices reinsurance contracts according to twice its
expected claims cost. Consider a stop-loss contract with lower cutoff point ¢ > 1
and no upper cutoff point. Compute and draw the graph of the price of this contract
as a function of c. (10 p)

Problem 2

Fori € {0,...,4} and j € {1,...,4}, let C;; be the cumulative claim amount for
the first j development years due to accidents during accident year ¢. Assume that
D = {C;; : i+ j < 5} are known whereas {C;; : i +j > 5} are yet unknown.
Assume Mack’s distribution-free chain ladder.
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Table 1: Cumulative claim amounts Cj ;.
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(a) Express the predictor 63,4 in terms of elements in D.

(b) Compute Var(Cs4 | D).

Problem 3

Consider the same data as in Problem 2. Consider the modification of Mack’s
distribution-free chain ladder resulting from the following modification of the condi-
tional variance property: Var(Ci i1 | Ci1,...,Ci;) = o;. Explain how this change

of model assumption affects the expression for the predictor 6374. (10 p)
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Problem 4

Consider the same data as in Problem 2. Consider the model C; ;11 = C; j exp (,Uj +
VjZm'_H), where all variables Z; ; are independent with common probability density
function

7o (-3)
z exp| ——= ).
2 P 2
The parameters of the model are estimated by maximum likelihood estimation.
(a) Compute E[Cy4 | D). (5 p)

(b) Express the predictor 6274 in terms of elements in D. (5 p)

Problem 5

Suppose that the current aggregate liabilities for an insurance company corresponds
to a simple single-year cashflow C; at the end of the year. Suppose that P(C; =
0) = 0.95 and P(C; = 1.1-10%) = 0.05. Determine the current value of the liabilities
according to cost-of-capital valuation with unlimited liability for the capital provider.
Solvency corresponds to VaRg go5(X) < 0, where X denotes a generic net value one
year from today. Suppose that the one-year discount factor is d(0,1) = 1 and the
cost-of-capital rate is n = 0.05. (10 p)
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Problem 1
The reinsurance premium is p(c) = 2 E[max(S — ¢,0)] and
E[max(S —¢,0)] = E[(S — ¢)I{S > c}]

E[SI{S > ¢}] — cE[I{S > ¢}]
=(E[S|S>c—c¢)P(S>c).

— —

Note that

(4,0.05)  ifce[3,4)
(B[S | S >c,P(S>c) =< (7/2,01) ifce[2,3)
(11/4,0.2) ifc€[1,2)

The graph of p(c) is obtained by linear interpolation between the points (¢, p(c)):
(1,7/10), (2,3/10), (3,1/10) (4,0)
Problem 2

(a) The predictor is 6374 = C’ggﬁﬁ, with

};  Coz+Ci3+Co3 >~  Coa+Cig
9 = s I3 = a0 A
Coo+ Cia+ Co Cosz+Ci3

(b) Mack’s model says that

E[Oi7k+1 | Ci,b ) Cl,k’] = fkci,k7
Var(Ci’kH | 0@1, ey OfL’k) = O',%Ci’k

and independence across accident years. Hence,

Var(Cs4 | D) = Var(Cs4 | Cs1,C52)
= E[Val"(c3,4 ‘ 03,1, 03,2703,3) ’ 03,1, 03,2]
+ Var(E[Cs4 | C31,C32,C33] | Cs1,C32)
= 05 E[Cs3 | Cs1,C3) + f3 Var(Cs 3 | Cs.1,Cs9)
=03 f2C32 + f305C5

Problem 3

Consider the regression equation Y = fs A + g9 written as

C'0,3 00,2 €0,3
Cigs | =fa| Cig | +02| €13
01,3 01,2 €1,3

Least squares estimation gives

Co2C03 + C1 2013+ Cy0C5 3

fo=(ATA)TATY =
fo= (A0 CTo+ Cly + O,
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Similarly,

]? ~ Cp3Cha+ C13C14
3 =
C§s+ Cts

Since
E[CSA | D] = E[E[C3,4 | 03,2703,3] | 03,2] = Cs,2f2f3

we get the predictor C’ggfgﬁ with f;, f; as expressed above.

Problem 4
E[Ca4 | D] = Cayzexp(us + v3/2). For j fixed, note that
C C
X :=log =22 X, :=log = are independent and N (us, v3).
Cozs Ci3

The likelihood and log-likelihood are, with n = 2,

- 1 (xz - NB)Q n 2 1 ¢ 2
L = - [ = ——=1log(2 - — E i —
i=1 22 o ( 2V§ ’ 2 08 (2m3) 2v3 (70 = 1)

3 =1

Solving 91/ = 0 and 9l/0vz = 0 gives

n

fo=y Soa A=y e

i=1
Finally, R
Coy = Cyzexp (fis + v3/2)
Problem 5
Since 0.05 > 0.005,
Ry = VaRg.005(—C1) = d(0,1)F;'(0.995) = 1.1 - 10°.
The capital provider’s acceptability condition is

d(0,1) E[Ry/d(0,1) — C4]
R() — L()

=1+n
which gives, with E[C}] = 5.5-10%, d(0,1) =1 and /(1 +7n) = 1/21,
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