MATEMATISKA INSTITUTIONEN Make up assignment

STOCKHOLMS UNIVERSITET MMb5020 Abstract Algebra
Avd. Matematik 7.5 hp
Examinator: Sofia Tirabassi August 6, 2025

Please read carefully the general instructions:
e During the exam any textbook, class notes, or any other supporting material is forbidden.

e In particular, calculators are not allowed during the exam.

In all your solutions show your reasoning, explaining carefully what you are doing. Justify your answers.
A correct answer without proper justification will not award full points.

Use natural language, not just mathematical symbols.

Use clear and legible writing. Write preferably with a ball-pen or a pen (black or dark blue ink).

e A maximum score of 24 points can be achieved.

GOOD LUCK!



Throughout this exam, for a positive integer n, S,, denotes the symmetric group on n letters, A, is the
alternating group on n letters, and Z/n is the cyclic group of order n. If n is prime and we want to
emphasize the field structure of Z/n, we denote it by [F,,.

1. Let G be a group and consider H a subgroup of index 2.

(a) (2 pts) Write an argument that shows that H is normal in G (To get full points it is not enough
to cite the textbook, lectures and homework: you have to provide an argument).

For an element h € H, denote by [h]¢ its conjugacy class in G.

(b) (2 pts) Show that [h]¢ C H.

(c) (2 pts) Prove the following: If Co(h) < H, then [h] splits as the union of two conjugacy classes
of H.

2. This exercise aims to show that Aj is the only simple group of order 60.

(a) (2 pts) Let G be a simple subgroup of S,,, show that either G < 4,, or |G| < 2.
(b) (2 pts) Suppose now that G is a simple group of order 60, show that ns = 6.

(¢) (2 pts) Deduce from (a) and (b) that a simple group of order 60, G, is isomorphic to a subgroup
of Ag. Show that [As : G] = 6 (You can use without proof that |Ag| = 360.)

(d) (2 pts) In the notation of (c), let S be the set of left cosets of G in Ag. Then G acts on S by left
multiplication. Show that the action is nontrivial and admits one fixed point - that is that there
is s € S such that g-s = s for all g € G. Deduce that G < S5 and conclude the proof. (You can
use without proof that Ag is simple)

3. (2 pts) List all the abelian groups of order 24 up to isomorphism (to get full points you should provide
ONE group for every isomorphism class).

4. (2 pts) Let R be a unitary commutative ring and consider I/ C R an ideal. Given ¢ : R — S a
SURJECTIVE homomorphism of unitary commutative rings, show that ¢(I) is an ideal of S.

5 Let o« = v/2+v2€C.

(a) (2 pts) Find the minimal polynomial of o over Q (to get full points you also have to show that
this is indeed the minimal polynomial).

(b) (2 pts) Compute [Q(«) : Q] and find a basis for Q(a) over Q.

2

(c) (2 pts) Express o~ ¢ as a Q—linear combination of the elements of the basis provided in (b).



I SR MR N ey wer——————— |
R\)‘E*EOC\‘ Q\%c\)i‘-_‘ (_(uu\ .ﬂ(“ﬁ 9.

A) G a 3:\) and W a w\\t&im? t& ey o,
Q f o\ AN
a) Y e lwe '{(:-Q\, if‘:.‘-td\._r\\{ (L J\.L\ cche\ s, Q

To s W &8 ahwsal tu G oue  geedt fo Qo Yigh YO

Lo W&\ and \@3\»\ cac\s conade .

,‘_‘IR %C‘“’ 3\\:\\ ‘:\\3
N

'.iig

~ J&R‘C‘x\%(

oi@-@u}hewuﬁ*\

d:i-\ Mew %\\= G\NW e ‘;\\4\\,me\&\¥@

g \nﬂ*\‘-‘s N cud e oy 3‘\0?. o SEk?:t\\.\\:dk_
s o Dad Rok R%é*\

*\%, 4% P

S ia'o.m.\ %C\-\ wuf Lo %Q\:\‘u}) \\mu.e\x\ A\ Ra \xcﬁw.o&%\xﬁar-«‘g

b) fek et oud [QJC\ & Qd-khu%c.u.\ da iw G
&t : " o at ok |
Thess [Mq'-{gkg -'.ijG‘} CS‘A%‘zk\ as M & "

\3&3-\3 ¢ N (> CGL&\ = ¢, R

C) Asgse Cq(QQ: )LcaCG
Ne Vote to Qod Kok

'ng Qek C&]H:{%Q&{\Z%CGS s

g AR, | N e e
¥ G/ m&
A
A ‘# L&:}a/ = #-.CC\\/ - :‘Z
LA 4 A /#CHW\

Scanné avec CamScanner


https://v3.camscanner.com/user/download

{H e 3‘-."[\(( \ 4 f‘. £ (';i'\\

\ k._ .;‘uu\\ LY udmu\ AN C\

W e A“ WA amk POV %0 \JQ\ € G.P P\\ awnd QJU{

w

1 €6 abat e A (ad 98q €6 \ecaue W CG),

B\‘\ G t\\u\;\t % A*(\G={}d\
. %
A Mo\ 4 G+ {idy S e ey
%.\u.t.u\oh\m .
and W€ G ¢ © asqgléd\
aund 3/;0‘\ €EQ . kfk"“c‘:{d‘l)“—m i&‘{ ’
Caui,m\\m d& 4 ¢ a\“ % ‘c.x‘odm\xmc.,
Xe @udalouy
it .t'.. Ko 0\3? gam V) % 3:3 8 d& CA& ‘R\'ﬁd\u\m%
GLS\, )&Bst%m%oaél\ﬂ\QJSa
-A i
§eq: = 9:q”
Rence & G (2 9
\b) G 55 c»%\'me\t 2P QKQM Go;ﬁlxax‘fj
-\ c\m;ua'.ﬂl"%‘-\\@ (O{d\dﬁf Ll\ ‘ ng ok v 44 \JLC. {v’i-’ﬁ‘fﬁ‘
3o fyled La& odes 3N\ e G o nufle.

w-S - Sylans (& ader S

l\6|60cm& ué‘-_:-L[S_\ So-vls=4.cré benee w_: 6

S:

= \ w\\g\-f‘ Ryess.: -
C\Gw&m&&&c&kgb-&(@ Wy P ¢, - 3
(mw\oﬁ Kook 5-&&@3 czﬂt @%ijﬂa\G wides G ). |
Tws @ ot 6 dewens ' 6 4t isawedue ke a wap

So. By A Medw i ko o alaug o k- r

L
Scanné avec CamScanner


https://v3.camscanner.com/user/download

i‘k'\\ S \_(‘_\\ \‘_‘_\._-\g Q\ L§ WA N,‘.
R QN
(\3' s) — %-‘.)
¢ €S N kox:_& u*& \S%CG %5;3_.-\&3555’7‘(‘&“

due GG _'\R:& same ¢ € $\6-_

\-—l?a{ l\'\lﬂk -}EL'Q QQ\\SO_L Q G OX S Audance) o ca'i.ot_.\?

° baud) x uo\mi& ::C\T%Lb\uda = wefe ence

lbs‘{’—. G\d’%ul.(]

0

,1\& %ﬂ"?-_G/ Reee ‘;‘366\,““%73-—-—‘3 N e
3\_.--—»3&

Ldﬁsdx\\\me

Toe gy Aok Vgeq dae b, 76 =T6 o a,7eh

Nowdyy s 4

o 6 &= G\Ja%o:mmcn& 5\1\‘%%?5& AGMCS
m?ﬁm\&e_ \eccanse 1\6 i e

.o&? %Q:{MM‘Q&\M*&“&&Q\}@_

fe Xk Ke COBC\GERL& MH .cs.ou%xed pocuk

4 SgEG aeha odG. 962 § =G )

S(\mue_. X adhves hor o} Qﬁa.\\m_e_ %—ledga.\,&

cPde o) Re odwen O!GmSEV\Lk’i Ade fwa adVouh saue

Mx‘.\k\\w‘w ﬁtﬁie}a?\%‘ce& Pou&s. M_ﬂmmmﬁm

.}(Q;P_m ek lcﬁ\ﬁfﬁ&c&kﬁ& adhe 'y o\ :\QuS.&?B‘ 0.

s LAY aar el ller wdded el sudules kY

Scanné avec CamScanner


https://v3.camscanner.com/user/download

\ A . » f‘i\-l\(@)

he 6 n tnge and e adwen s o \swak (a1 i A
~
‘\ \(i.\ \ \ \ '!‘ ! % '&
L oc O Gru.\m chr\ ?o\og\ Q&S\) L € {Ls

daance & _n&m\\ﬁ&\ a a m\ocse Ji %1&”&@5?—: S*@

Whae FC: s dk - 9\”@?"‘*\5 S 632 G mu\{@ax
o e ho hdg6:60548) s, et He adion of 4
or 3 Ao ““U*ﬁufmb(b\ed'\m\}«m G R Sowsfus
A & N\g‘wf‘?{ Ay whad u%d&iﬁs&ﬁ © QA N

?) &\:25)&3
wm%m\%ﬁm%%“keﬂ'%@&xmﬁm
sy Gaﬁm Uy deupees b o medud

By WA T IR .
fouce w2 Vot e Hosiug  galeiva

2 2/ v BN
Z/&J{a Zl/&z: * Ly X a2 /61

¢ hts € 5 I o w B

Tueed, W8G2 20> s

“Q”‘—\ G &5 gy d?\osde.aau{

3:3 s 3 axtume 3|d;, Kew o df»\&i*& weeARas Y 5\*-@1
$ 3\d¢ - Tx Re souwe walss aa\d\; A= d‘\a’i\{ We agt Qﬁ%

ol e sl - eltes O =42 & 7 6
3{ de=Ad  wecomasly dg,: R ab Td=dy s &,2&,?/&2

Scanné avec CamScanner


https://v3.camscanner.com/user/download

.\i dc: € Kew ¢ | € and 5)(&"\ G Ag.ym ok s -

L8 | -_(.& :\L
e ok To = QL ue deduce Mok :23 GU-’*‘}‘ d‘(-l A

Lal

e (2 Zz/,:m'\ ’&/.221* Zf./“"

9 R ulery contiuahelede . “\“8

U\
T el

k{'- p\t — 6 mxae.c,\\\:e. W@‘\\& O\ m&‘\uf s
® -kve m.wbi
3 (e AN A P"\\m s W"\i‘-ﬁm ul{\ PRIt
8?51 bewce LT & a m\;sfme aé‘ .

o, B 8 €0 & B €% Y LD
afs eR st L{J.(QS\ = ﬁ)yb\}m.ﬁ_

ay ¥ s sugjechwe -
re: QW) sz Q)R R )E QTY .an $5 €Y oo

CLAMLMLQ&Q;_

(@) S)DZE}C ol-. ﬁ&n‘_:.f' € ©
‘9 L\J’a%@ )1: ,LBT H?(J(\:x{"_k*xl_%)\, = Q@@Lén}e.
. (&-\-JE).L:L;*.&-yUE deg.S\L‘ "-"Q,L‘&a_h&.

= C el Tk oo, ho Swad b LY
aedueldle ou @\0‘3

By Gows i, _;i? SOST w200 v Ak e
®Cx]. ,
Pud Yo ose gen S ofvens:
) Yo we ey Greuden  cxdersan (Toporbiac 43 ou e
%3 % Dususk &?’cx:\tc_)
%) Yoo Qd\w—“ﬁ 9o R@QWS\-\. e ?m%céi Ecanlenu, enflesvas

Scanné avec CamScanner


https://v3.camscanner.com/user/download

- - ‘\\“ W\ e Ru N AN A Y

A |
\ k\-l naLe, v ayx Q (\-k a C (I‘L l_-il-(Y\ at R \r) EN a
/ o y

\u‘ \A \\\ s 4 \)\. A
| ; L :
eapd)e (3)" =NI%) 4

\ a 4 e
= 0‘"5‘-\ » ¥ OL/\)'L ~

- Oh.-tlﬁa \Ql-} 09-\)\{:0

gy b divdes Re dies Nehus | Rk @ w1

S b e .

ase @A\\dﬂ pRUE: 3o Wl

' A
doe alletidio w4 wda il

oL c{kh&c SCN T N eg? honte R AN neé.utu\@&
Ag i\ s & o AN\ A\ !&x. A ad.\‘uam\a&

Y LR RD; deq & o s flypasdol

=4

Qﬁn}" 3@4&(‘0)?& \0\
Fudeed A @ A\ e wsu Mv’:& ASC ek @ N

k,&d gk'lgl\s AQ%QEM Q'&'Ll M(QL&\\OA

B, 4, 'y oﬁ“}

%
Y

JURRTLIE WP RPENTLEITAEL SR
- dgl,k‘_:h;io{-’r"

-‘;‘E-; L & aflj

Scanné avec CamScanner


https://v3.camscanner.com/user/download

