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This exam consists of two parts. The basic part (grundldggande del) has 7 problems (1—7), worth
a total of 2o points. The problem part (problemdel) has 4 problems (8—11), worth a total of 2o points.
You can obtain a maximum of 40 points. The questions are provided both in English (pp. 2—3) and
Swedish (pp. 4-5).

You may submit your answers in either English or Swedish.

No aids are allowed besides paper and pen. Write clearly and motivate your answers carefully.
All answers should be fully justified (unless stated otherwise). You may use the soundness and com-
pleteness theorems (and any other theorems from the course), but state clearly when you do so.

Good luck! — Lycka till!



Basic part
1. State carefully the following natural deduction rules (including any necessary conditions):

(a) V-introduction (b) —-introduction (c) RAA

2. Which of the following formulas are tautologies? Justify your answers.

@ (PLAP)— (P, VP) (b) (P,VP)— (PLAPR,)

3. For each of the following derivations, is it a correct, normal derivation showing that P, —
P,, P, — P;, =—P, + P;? If not, why not?

(a) P, — P, [P.]"
— E
Pz_>P3 P, -=P, [_'Pl]z
— E — E
P3 1
-1 —— RAA?
P, - P3 P,
— E
P3
(b) -=P,  [-P]
— E
1
—— RAA'
P, — P, P,
— E
P, — P3 P,
— E
P,

4. Let ¢ be the formula P, (xy, x,) V 3x, =P, (x1, x,).

(a) Give the free variables of ¢.
(b) Compute the result of the substitution ¢[ f;,(x5)/x,].

5. Give a derivation showing

F Vg, 1, ((P(x) Axy = x,) = Pi(x,))

6. Work for this question in predicate logic. The model existence lemma is the statement that
every consistent theory has a model. The completeness theorem is the statement that for all

Q1 ooy Oy W €, @1, ..., o E Y, then gy, ..., op F .
Show that the model existence lemma implies the completeness theorem.
7. Work over the arity type ( ; 2) (a single binary relation symbol). Let A be the structure

({1,2,3} ; ; <), where < is the usual ordering, and let v : N — |A| be the valuation with
(i) = 1 for all i, i.e. such that [ x; ] = 1 € {1, 2, 3} for every variable x;.

Compute the following truth-values:

@ [ Vx, (P(x,x,) = Py(x,,%,)) |7
(b) [V, (Pi(x1, %) = Py(355%1)) |74



Problem part
8. Show that for any theory I and formulas ¢, ¥, o, if there are RAA-free derivations showing

G) T, =(pVy)rL () T, ¢ —orL (iii) T, ¢, ~oF L

then there is some RAA-free derivation of T, —o + L. (This is the case for VE in the proof of
Glivenko’s theorem.)

9. Which of the following formulas are derivable without undischarged assumptions? For each,
give a derivation or a countermodel.

(a) Vxl:xz:xg (x1 =X, = ﬁ(xlax3) = ﬁ(xz,x3))
(b)  (Vxy,x, fi(x1,%,) = fi(35,%1)) = (Vxy, x5, 55 fi (3, fi (302 %3)) = fi(fi (363, %2), X))
(©) (Vx;3x, fi(x,) = x1) = (Fx; Vx, fi(x,) = x7)

10. Consider the structure A := ( Z ; ; X ), for the arity type ( ; 2) (i.e. with just a single
binary function in the language, no basic predicates or constant symbols).

Give formulas over this arity type representing the following predicates on A:

(a) “x1 — 1”
(b) “x, is a perfect square”

(C) <<x1 — _1”

That is, the formula for (a) should hold in A with any valuation v if and only if [ x, ]]° = 1,
and so on. (You do not need to justify that your formulas represent these predicates.)

11. Recall that a theory T is called complete if for every formula ¢, either T' + ¢ or T + —¢.

(a) Show that any inconsistent theory is complete.
(b) Give an example of a theory that is not complete. Justify your answer.

(c) Show that any maximally consistent theory is complete.

—— End of exam ——
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Grundliggande del

Ange noggrant foljande regler f6r naturlig deduktion (inklusive alla nédvéindiga restriktio-
ner):

(a) V-introduktion (b) —-introduktion (c) RAA

Vilken av féljande formler ar tautologier? Motivera svaren.

(@ (PrAP,) = (PyVP) (b) (P.VP)— (PLAP,)
For vardera av f6ljande hirledningar, ar det en korrekt, normal harledning som visar att
P, —» P,, P, — P;, ==P, + P;? Om inte, varfor inte?

(a) P—P,  [P]

Lat ¢ vara formeln P, (x,x,) V 3x, =P (x4, x,).

(a) Ange de fria variablerna av ¢.

(b) Berikna resultatet av substitutionen ¢[ f;,(x;)/x,].

Ge en harledning som visar

F oVx,x, ((Pl(xl) Ax, =x,) = Pl(x2))

I denna fraga arbetar vi med predikatlogik. Modell-existens-lemmat ar pastdendet att varje
konsistent teori har en modell. Fullstdndighetssatsen ar pastaendet att for alla ¢y, ..., ¢p, ¥ €,

om ey, ..., Op E Y, dad @y, ..., op F .

Visa att modell-existens-lemmat medfor fullstindighetssatsen.

Arbeta med stéllighetstypen ( ; 2) (en enda tvastallig relationssymbol). Lat A vara struktu-
ren { {1,2,3}; ; <), dér < &r den vanliga ordningen, och lat v : N — |A| vara varderingen
med o(i) = 1 for alla i, d.v.s. sa att [ x; |7*? = 1 € {1, 2,3} for varje variabel x;.

Berikna f6ljande sanningsvérden:

@ [ Vx, (P,(x,%,) = Py(x,,%,)) |7

() [ Vx, (P,(x1,x,) = Py (x5, %)) |



Problemdel

8. Visa att for varje teori I' och formler ¢, ¢, o, om det finns RAA-fria hédrledningar som visar
att

@ I, (pVvy)r L (i) T, —or L @) I,¢, ~orL

sa finns det en RAA-fri harledning av T', o + L. (Detta dr VE-fallet i beviset av Glivenkos
sats.)

9. Vilka av f6ljande formler kan hirledas utan oavslutade antagenden? For var och en, ange en
hirledning eller en motmodell.

(@) Vx,x5, %5 (xl =x, = fi(x1,%3) = fl(xz,xS))
(b) (Vxy,x, ﬁ(xl’xz) = fl(xza X)) — (Vxl:xz’ X3 fl(xnﬁ(xz, xs)) = fl(fl (xgaxz)a xl))
() (Vx;3x, fi(x,) = x;) = (Fxy Vx, fi(x,) = x,)
10. Lat A vara strukturen ( Z ; ; X ), for stallighetstypen ( ; 2) (d.v.s. bara en enda tvastillig
funktion, inga relationssymboler eller konstantsymboler).

Ge formler 6ver denna stallighetstyp som representerar foljande predikat pa A:

(a) “x1 — 155
(b) “x, ar ett kvadrattal”
(C) C‘x1 — _15’
Det vill siga, formeln for (a) ska gilla i A med nagon virdering v om och bara om [[ x, [ =

1, och sa vidare. (Ni behover inte att redovisa noggrant att era formler representerar dessa pre-

dikat.)

11. Péaminn att en teori I kallas for fullstdndig om for varje formel ¢, antingen T + g eller T + —¢.

(a) Visa att om en teori dr inkonsistent, sa dr den fullstandig.
(b) Ange ett exempel pa en teori som inte ar fullstindig. Motivera svaret.

(c) Visa att om en teori 4r maximalt konsistent, s& ar den fullstindig.

—— Slut pa provet —





