
 

3 1
input A graph G VIE

Q Is G 3 colorable That is is there a coloring

0 V 112,33 Sit UNBEE 0 a u

We've seen that 3 COL is NP complete as well as

k coloring

KCI
input A graph G VIE integer k

Q Is G K colorable That is is there a coloring

0 V 1,2 k sit UNBEE a u

For practice we'll show 6 COL is NP complete

Steps G COLE NP

We show a 6 coloring can be verified in poly
time

checkcoloring G o

for VEVCG
for neighbors n of vI lit a v return false

borhood

if o uses 66 colors return true

else return false



Runtime is polynomial IVP In fact Ollult El achievable

Therefore 6 COL lies in NP

Steps G COL is NP hard

We will reduce 3 Coc p6 COL

Let G be an input to the 3 COL problem

We need to construct graph H to use as input for

G COL such that

a It can be constructed in polynomial time and

t.iiii.ie
NB G H does not work b not satisfied For example G H Ky
has a 6 coloring but no 3 coloring 1 8

From G we construct It by taking to

copies of G and adding all edges between
plossible

them



H
This is known as the join
of two graphs

If V is a vertex of G V V2 denote

the two copied vertices in H Ex

ap
ff.fi

Ii

Gd
first

copyofG

Can we construct H in polynomial time

sure a sketch fill in details as exercise

1 For all VEVCG add vertices v V2

2 For all au3 E G add edges u v 42V23
3 For all uuEVCG add edges a Yz UzV13

Runtime O local certainly possible so a ok



Now we show equivalence in b

Sps G is a 3 colorable gmph

Let 0 V 1,2 be such a coloring

We define

IT VCH by

o v if ie
for all V eU H

4 c 3 if i 2 remember each vertex

of A is v or v2

for some ve VLG

We need to show IT is a 6 coloring of H

The image of IT is a scubset of 1,23 63

since codomain is 42,3

Just make sure no edge of H have same color

on two end points



Consider edge vi 4 of H Then i jE 423and

uu3 ECG

f i j l then Ui Vi in same copy of G so UNSEEG

Ef
and mail.ru

MV Mv

Since UN EEG 6 a coloring have

Ma Glu 610 T V1

Similar if i 5 2

If 1 1 2 5 then U Iv in differentcopies

and thus

Flu 014 1,433

Vj 5 v 3 45,63
TO

similar if i 2 l j

This shows

G 3 colorable A 6 colorble



Say It is 6 colorable let

IT VH 42 163 be such coloring

If IT only uses 3 colors on the vertices of H

with index 1 we can transfer that to a

3 coloring of G

o V G WE 42 6 for 12 3

defined by o v TLV VEUCG

Goga

ii.FIE i

I c

uld
only 3colors

If it uses 3 colors on the vertices of H

with index 1 I claim it uses 3 colors on

the vertices with index 2

why Well every U is adjacent to every V2 int



gyros
her UNEVG so no color of vetes
with index I can repeat on a vertex

with index 2

g
If 6 3 colors on the vertices with

3 index 1 then at most 6 k 3
3colors colors on vertices with index 2

Therefore the coloring

VCG WE 44 1,63
defined by Tlv Alva uses 3 colors

Abida soda

Leaves
th
dec

3 Id
3colors

We've shown

H G colonble G 3 colonble

Therefore b also holds We've shown 6COLis NPcomplete


