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Investigations by computer manufacturers and users have shown for many years that more
than a quarter of commercially consumed computing time is dedicated to sorting operations.

It is therefore not surprising that significant efforts have been made to develop the most
efficient procedures for sorting data using computers.

The accumulated knowledge about sorting algorithms now fills volumes. Still, new insights into
sorting continue to appear in scientific journals, and numerous theoretically and practically
important problems related to the task of sorting a set of data remain unresolved.
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Example: sat-data (birth year) | key (name) | sat-data (living town)
1980 Anna Uppsala
2000 Max Linképing
1988 Paula Stockholm

To understand the principles of the basic sorting algorithms we focus here mainly on sequences of integers only.
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Part 2: Insertion Sort

Given: A sequence of integers (as, az . . ., an)
Goal: A re-ordering (&},a5...,ap) suchthata; < a, <--- < &),

Example: A= (5,2,2,4,6) should become (2,2,4,5,6)

Recap (Insertion_Sort):

sorted list

5246

A simple sorting "algorithm" idea:

2 5 4 6 We assume to have an order list (highlighted in red)

~— Then, subsequently insert the next element x into this sorted list

2 4 5 6 by comparing x with the elements in sorted list from right to left
— We put this into an algorithm, known as Insertion_Sort.

2456
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A simple sorting "algorithm" idea:

2 5 4 6 We assume to have an order list (highlighted in red)

~— Then, subsequently insert the next element x into this sorted list

2 4 5 6 by comparing x with the elements in sorted list from right to left
— We put this into an algorithm, known as Insertion_Sort.

2456

Insertion_Sort sorts the input numbers in place: it rearranges the numbers within the array A,
with at most a constant number of them stored outside the array at any time.
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In the upcoming part, we introduce three more sorting algorithms (assuming n numbers need to be
sorted):

Merge Sort: notin place, but runtime ©(nlog n)
Heapsort: in place, runtime ©(nlog n)

Quicksort: in place, but worst-case runtime ©(n?). However, its expected runtime is ©(nlog n)
and in practice it outperforms heapsort
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Quicksort: in place, but worst-case runtime ©(n?). However, its expected runtime is ©(nlog n)
and in practice it outperforms heapsort

The latter algorithms (incl. insertion sort) are all comparison sorts: they determine the sorted order
of an input array by comparing elements.

We then continue with proving a lower bound of Q(nlog n) on the worst-case running time of any
comparison sort on n inputs, thus showing that heapsort and merge sort are asymptotically optimal
comparison sorts.

This lower bound can be improved if one adds additional requirements on the input data and thus, if
one can gather information about the sorted order of the input by means other than comparing
elements. As an example, we consider

Counting Sort: notin place, runtime ©(n + k) in case the numbers to be sorted
arein{1,...,k} = ©(n)if k =0(n).
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Part 2: Merge Sort

Main Idea: Merge sort is a classical example of divide-and-conquer ap-
proaches. The divide-and-conquer paradigm involves three steps
at each level of the recursion:

1|y fe|
/N
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two sorted sequences in the "combine" step.
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where Ais an array and p, q, r integers suchthat p < g < r.
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are sorted and merges them to form a single sorted subarray that
replaces the current subarray A[p..r]
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take smallest (first elements) of A[3..4] and A[5..8] and put the
smaller one to list and repeat with next smallest elements:
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smaller one to list and repeat with next smallest elements:

1,2,2,4
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Part 2: Merge Sort

Main Idea:

/N
[sT2l4]  [eld]
N /N
151 3]
/\ \ /
MEREE /]‘é

The key idea of the "merging-operation” is the merging of two
sorted sequences which is done by calling an auxiliary procedure

MERGE(A, p, q, )

where Ais an array and p, q, r integers suchthat p < g < r.

The procedure assumes that the subarrays A[p..q] and A[g+1..r]
are sorted and merges them to form a single sorted subarray that
replaces the current subarray A[p..r]

Exmpl: A[3..4] = (8,4) and A[5..7] = (1, 2, 7)
take smallest (first elements) of A[3..4] and A[5..8] and put the
smaller one to list and repeat with next smallest elements:

1,2,2,4,7
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Part 2: Merge Sort

Main Idea:

/N
[sT2l4]  [eld]
N /N
151 3]
/\ \ /
MEREE /]‘é

The key idea of the "merging-operation” is the merging of two
sorted sequences which is done by calling an auxiliary procedure

MERGE(A, p, q, )

where Ais an array and p, q, r integers suchthat p < g < r.

The procedure assumes that the subarrays A[p..q] and A[g+1..r]
are sorted and merges them to form a single sorted subarray that
replaces the current subarray A[p..r]

Exmpl: A[3..4] = (8, 4) and A[5..7] = (1, 2,17)
take smallest (first elements) of A[3..4] and A[5..8] and put the
smaller one to list and repeat with next smallest elements:

1,2,2,4,7

7/37



Part 2: Merge Sort

Main Idea: The key idea of the "merging-operation” is the merging of two
sorted sequences which is done by calling an auxiliary procedure

/ \ MER‘GE(Av P, q, r)
Ls[2]4] le]1] where Ais an array and p, g, r integers such thatp < g < r.
/N /A
E The procedure assumes that the subarrays A[p..q] and A[g+1..r]
/\ \ / are sorted and merges them to form a single sorted subarray that
heese 176 replaces the current subarray A[p..r]

smaller one to list and repeat with next smallest elements:

Exmpl: A[3..4] = (2, 4) and A[5..7] = (1, 2,77)
\ take smallest (first elements) of A[3..4] and A[5..8] and put the

N 1,2,2,4,7
11 L|%]|5]6 Each comparison: (1) time
RED=sorted Thus, merging takes ©(r — p 4+ 1) time since we have in total

r — p+ 1 comparisons.
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Part 2: Merge Sort

MERGE(A, p, q, r) /st entry of array M is M[1]
1 n=q-p+1 /Nlength of A[p..q]
2 n=r—q /Nlength of A[q + 1..r]
3 Init new arrays L[1..ny + 1] and R[1..ny + 1]
4 FOR (i=1tony)DO L[] :=A[p+i—1] /I"copy" Alp..q] to L[1..n1]
5 FOR (j = 1to no) DO R[j] := Alq + /] /["copy" Alq + 1..r] to R[1..np]
6 L[ny + 1] :== oo and R[ny + 1] := oo //to avoid: "array index out of bounds" in

L9, 12 and to further increment i, resp, j when L, resp., R has been copied
7 i=1andj:=1,k:=p

8 WHILE (k < r)DO /I"merge" elements, while runs from k = p..r
9 IF(L[{] < R[j]) THEN

10 AlK] = L[i]

11 i=1i4+1

12 ELSE

13 AlK] == R[j]

14 j=j+1

15 k=k+1

8/37



Part 2: Merge Sort

MERGE(A, p, q, r) /st entry of array M is M[1]
T m=qg—-—p+1 /Nlength of A[p..q]
2 n=r—q /Nlength of A[q + 1..r]
3 Init new arrays L[1..ny + 1] and R[1..ny + 1]
4 FOR (i=1tony)DO L[] :=A[p+i—1] /I"copy" Alp..q] to L[1..n4]
5 FOR (j = 1to no) DO R[j] := Alq + /] /I"copy" Alqg + 1..r] to R[1..n5]
6 L[ny + 1] :== oo and R[ny + 1] := oo //to avoid: "array index out of bounds" in

L9, 12 and to further increment i, resp, j when L, resp., R has been copied
i=1andj=1,k:=p
WHILE (k < r) DO /I"merge" elements, while runs from k = p..r
IF(L[]] < R[j]) THEN
AlK] = L[i]
f=i4+1
ELSE
AlK] == R[j]
j=j+1
k:=k+1

MERGE(A, p, q, r) correctly merges the sorted arrays Alp..q] and A[q + 1..r] into the sorted array

Alp..rl in®©(r — p+ 1) time.

[proof next slide]
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MERGE(A, p, g 1)

ENERN O

© ~

9
10
11
12
13
14
15

nqy = q — p -+ 1//length of Alp..q]
ng = r — q//length of Alg + 1..r]
Init new arrays L[1..n¢] and R[1..np]
FOR (i = 1tonq) DO L[] = Alp+i—1]
/["copy" Alp..q] to L[1..n4]
FOR (j = 1to np) D0 R[] = Alq +j]
/I"copy" Alg + 1..r]to R[1..np]
L[ny +1] = oo and R[ny +1] = oo
/to avoid: "array index out of bounds"
in L9, 12 and to further increment i,
resp, j when L, resp., R has been
copied
i=1andj:=1,k:=p
WHILE (k < r) DO //"merge" elements,
while runs fromk = p, .., r

IF(L[]] < RIj]) THEN

AlK] = L[i]
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MERGE(A, p, g 1)

ENERN O

nqy = q — p -+ 1//length of Alp..q]
ng = r — q//length of Alg + 1..r]
Init new arrays L[1..n¢] and R[1..np]
FOR (i = 1to nq) DO L[i] := Alp+i—1]
/["copy" Alp..q] to L[1..n4]
FOR (j = 1to np) D0 R[] = Alq +j]
/I"copy" Alg + 1..r]to R[1..np]
L[ny +1] = oo and R[ny +1] = oo
/to avoid: "array index out of bounds"
in L9, 12 and to further increment i,
resp, j when L, resp., R has been
copied
i=1andj:=1,k:=p
WHILE (k < r) DO //"merge" elements,
while runs fromk = p, .., r
IF(L[] < RIj]) THEN
AlK] = L[i]
i=i+

Show correctness: MERGE(A, p, g, r) correctly merges the sorted arrays
Alp..q] and A[g + 1..r] into the sorted array A[p..r]
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MERGE(A, p, g 1)

ENERN O

nqy = q — p -+ 1//length of Alp..q]
ng = r — q//length of Alg + 1..r]
Init new arrays L[1..n¢] and R[1..np]
FOR (i = 1tonq) DO L[] = Alp+i—1]
/["copy" Alp..q] to L[1..n4]
FOR (j = 1to np) D0 R[] = Alq +j]
/I"copy" Alg + 1..r]to R[1..np]
L[ny +1] = oo and R[ny +1] = oo
/to avoid: "array index out of bounds"
in L9, 12 and to further increment i,
resp, j when L, resp., R has been
copied
i=1andj:=1,k:=p
WHILE (k < r) DO //"merge" elements,
while runs fromk = p, .., r

IF(L[] < RIj]) THEN

AK] = L[
i=i+1

ELSE
AK] = Rj]
j=j+1

k=k+1

Show correctness: MERGE(A, p, g, r) correctly merges the sorted arrays
Alp..q] and A[g + 1..r] into the sorted array A[p..r]

Line 1+2: computes the length ny of A[p..q] and n, of A[g + 1..r].
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MERGE(A, p, g 1)

ENERN O

nqy = q — p -+ 1//length of Alp..q]
ng = r — q//length of Alg + 1..r]
Init new arrays L[1..n¢] and R[1..np]
FOR (i = 1tonq) DO L[] = Alp+i—1]
/["copy" Alp..q] to L[1..n4]
FOR (j = 1to np) D0 R[] = Alq +j]
/I"copy" Alg + 1..r]to R[1..np]
L[ny +1] = oo and R[ny +1] = oo
/to avoid: "array index out of bounds"
in L9, 12 and to further increment i,
resp, j when L, resp., R has been
copied
i=1andj:=1,k:=p
WHILE (k < r) DO //"merge" elements,
while runs fromk = p, .., r

IF(L[] < RIj]) THEN

Al = L[7]
i=i+1

ELSE
AlK] = R
j=j+1

k=k+1

Show correctness: MERGE(A, p, g, r) correctly merges the sorted arrays
Alp..q] and A[g + 1..r] into the sorted array A[p..r]

Line 1+2: computes the length ny of A[p..q] and n, of A[g + 1..r].
Line 3-5: Copy " A[p..q] to L[1..ny] and A[g + 1..r] to R[1..m,]

Kzp,prl - ovm s e g
p q -
[T 1] - T7-
Alp-g1 | Algad .1
(n rplew ALK by l;«[':m
p 9 1_
I N
orted |
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MERGE(A, p, g 1)

ENERN O

nqy = q — p -+ 1//length of Alp..q]
ng = r — q//length of Alg + 1..r]
Init new arrays L[1..n¢] and R[1..np]
FOR (i = 1tonq) DO L[] = Alp+i—1]
/["copy" Alp..q] to L[1..n4]
FOR (j = 1to np) D0 R[] = Alq +j]
/I"copy" Alg + 1..r]to R[1..np]
L[ny +1] = oo and R[ny +1] = oo
/to avoid: "array index out of bounds"
in L9, 12 and to further increment i,
resp, j when L, resp., R has been
copied
i=1andj:=1,k:=p
WHILE (k < r) DO //"merge" elements,
while runs fromk = p, .., r

IF(L[] < RIj]) THEN

Al = L[7]
i=i+1

ELSE
AlK] = R
j=j+1

k=k+1

Show correctness: MERGE(A, p, g, r) correctly merges the sorted arrays
Alp..q] and A[g + 1..r] into the sorted array A[p..r]

Line 1+2: computes the length ny of A[p..q] and n, of A[g + 1..r].
Line 3-5: Copy " A[p..q] to L[1..ny] and A[g + 1..r] to R[1..m,]
note that L and R are sorted

Kzp,prl - ovm s e g
p q -
[T 1] - T7-

Alp-gl | Algad .1
£ H'f““' k[k] b-d l;fiétj'l
p q 1_

I A N
L ——
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Part 2:

Merge Sort

MERGE(A, p, g 1)

ENERN O

nqy = q — p -+ 1//length of Alp..q]
ng = r — q//length of Alg + 1..r]
Init new arrays L[1..n¢] and R[1..np]
FOR (i = 1tonq) DO L[] = Alp+i—1]
/["copy" Alp..q] to L[1..n4]
FOR (j = 1to np) D0 R[] = Alq +j]
/I"copy" Alg + 1..r]to R[1..np]
L[ny +1] = oo and R[ny +1] = oo
/to avoid: "array index out of bounds"
in L9, 12 and to further increment i,
resp, j when L, resp., R has been
copied
i=1andj:=1,k:=p
WHILE (k < r) DO //"merge" elements,
while runs fromk = p, .., r

IF(L[] < RIj]) THEN

Al = L[7]
i=i+1

ELSE
AlK] = R
j=j+1

k=k+1

Show correctness: MERGE(A, p, g, r) correctly merges the sorted arrays
Alp..q] and A[g + 1..r] into the sorted array A[p..r]

Line 1+2: computes the length ny of A[p..q] and n, of A[g + 1..r].
Line 3-5: Copy " A[p..q] to L[1..ny] and A[g + 1..r] to R[1..m,]
note that L and R are sorted

Loop-invariant: At the start of each iteration of the while-loop (L 8—14), it holds

Kzp,prl - ovm s e g
p q -
I N Y N
Alp-gl | Algad .1

(n rpte ALK by e

d

p 9 1_
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el
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THEN A[p-- k-1,K] gorked
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Part 2:

Merge Sort

MERGE(A, p, g 1)

ENERN O

nqy = q — p -+ 1//length of Alp..q]
ng = r — q//length of Alg + 1..r]
Init new arrays L[1..n¢] and R[1..np]
FOR (i = 1tonq) DO L[] = Alp+i—1]
/["copy" Alp..q] to L[1..n4]
FOR (j = 1to np) D0 R[] = Alq +j]
/I"copy" Alg + 1..r]to R[1..np]
L[ny +1] = oo and R[ny +1] = oo
/to avoid: "array index out of bounds"
in L9, 12 and to further increment i,
resp, j when L, resp., R has been
copied
i=1andj:=1,k:=p
WHILE (k < r) DO //"merge" elements,
while runs fromk = p, .., r

IF(L[] < RIj]) THEN

Al = L[7]
i=i+1

ELSE
AlK] = R
j=j+1

k=k+1

Show correctness:  MERGE(A, p, q, r) correctly merges the sorted arrays
Alp..q] and A[g + 1..r] into the sorted array A[p..r]
Line 1+2: computes the length ny of A[p..q] and n, of A[g + 1..r].
Line 3-5: Copy " A[p..q] to L[1..ny] and A[g + 1..r] to R[1..m,]
note that L and R are sorted

Loop-invariant: At the start of each iteration of the while-loop (L 8—14), it holds

[I] A[p..k—1] contains the k— p smallest elements of L[1..ny] and R[1..n5]
in sorted order and

Kzp,prl - ovm s e g
p q -
N R R
Alp-gl | Algad .l
(u rpte ALK by e
4
4 9 1_
|| Wl - 1
orted |
I Afp.. k47 K

THEN A[p-- k-1,K] gorked
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Part 2:

Merge Sort

MERGE(A, p, g 1)

ENERN O

nqy = q — p -+ 1//length of Alp..q]
ng = r — q//length of Alg + 1..r]
Init new arrays L[1..n¢] and R[1..np]
FOR (i = 1tonq) DO L[] = Alp+i—1]
/["copy" Alp..q] to L[1..n4]
FOR (j = 1to np) D0 R[] = Alq +j]
/I"copy" Alg + 1..r]to R[1..np]
L[ny +1] = oo and R[ny +1] = oo
/to avoid: "array index out of bounds"
in L9, 12 and to further increment i,
resp, j when L, resp., R has been
copied
i=1andj:=1,k:=p
WHILE (k < r) DO //"merge" elements,
while runs fromk = p, .., r

IF(L[] < RIj]) THEN

Al = L[7]
i=i+1

ELSE
AlK] = R
j=j+1

k=k+1

Show correctness:  MERGE(A, p, q, r) correctly merges the sorted arrays
Alp..q] and A[g + 1..r] into the sorted array A[p..r]
Line 1+2: computes the length ny of A[p..q] and n, of A[g + 1..r].
Line 3-5: Copy " A[p..q] to L[1..ny] and A[g + 1..r] to R[1..m,]
note that L and R are sorted

Loop-invariant: At the start of each iteration of the while-loop (L 8—14), it holds

[I] A[p..k—1] contains the k— p smallest elements of L[1..ny] and R[1..n5]
in sorted order and

[Il] L[], R[j] are the smallest elements of their arrays that have not been
copied back into A.

Kzp,prl - ovm s e g
p q -
[T 1] - T7-
Alp-gl | Algad .1
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Part 2: Merge Sort

MERCE(A, p, G, 1)

nqy = q — p -+ 1//length of Alp..q]

ng = r — q//length of Alg + 1..r]

Init new arrays L[1..n¢] and R[1..np]

FOR (i = 1tonq) DO L[] = Alp+i—1]

/["copy" Alp..q] to L[1..n4]

5 FOR(j = 1t0np) D0 R[] = Alq + j]
/"copy" Alg + 1..r] to R[1..np]

6 L[ny+1] == coand R[ny +1] == oo
/to avoid: "array index out of bounds"
in L9, 12 and to further increment i,
resp, j when L, resp., R has been
copied

7 i=1andj=1,k:=p

8 WHILE (k < r) DO //"merge" elements,
while runs fromk = p, .., r

ENERN O

9 IF(L[] < RIj]) THEN
10 AlK] = L[]

11 i=i+1

12 ELSE

13 AlK] = RIj]
14 j=j+1

15 k=k+1

[I] & [II] hold when initializing first run of while-loop:

Show correctness:  MERGE(A, p, q, r) correctly merges the sorted arrays
Alp..q] and A[g + 1..r] into the sorted array A[p..r]
Line 1+2: computes the length ny of A[p..q] and n, of A[g + 1..r].
Line 3-5: Copy " A[p..q] to L[1..ny] and A[g + 1..r] to R[1..m,]
note that L and R are sorted

Loop-invariant: At the start of each iteration of the while-loop (L 8—14), it holds

[I] A[p..k—1] contains the k— p smallest elements of L[1..ny] and R[1..n5]
in sorted order and

[Il] L[], R[j] are the smallest elements of their arrays that have not been
copied back into A.
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Part 2: Merge Sort

MERGE(A, p, g, 1) Show correctness: MERGE(A, p, g, r) correctly merges the sorted arrays
1 ny=q—p-+1/lengthof Alp..q] Alp..q] and A[g + 1..r] into the sorted array A[p..r]
2 np =r — ql/llengthof Alg + 1..r]
Ini .. d A1 ; .
: F”c::{'('f"ia{r;yf,‘ )[LU f[h] 1‘/‘[‘7[1’.:’21]] Line 1+2: computes the length ny of Alp..q] and n, of Alg + 1..r].
/I"copy" Alp..q] to L[1..n4] i - "
, Uy: e s Alg+ ] Line 3-5: Copy " A[p..q] to L[1..ny] and A[g + 1..r] to R[1..m,]
["copy” Alq + 1..r] to A[1..np] note that L and R are sorted
6 Llny+1] = oo and Rlng +1] = oo
o e ot ound: Loop-invariant: At the start of each iteration of the while-loop (L 8~14), it holds
resp, Jwhen L, resp. A has been [ll Alp..k—1] contains the k—p smallest elements of L[1..ny] and R[1..n,]
7 ;z tandj=1,k=p in sorted order and

8 WHILE (k < r) DO //"merge" elements,

while runs from k = p. . r [I] L[/], R[j] are the smallest elements of their arrays that have not been

9 TR(L[] < RIj]) THEN copied back into A.
10 AlK] = L[

11 i=i+1

12 ELSE

13 AK] = RIj]

14 j=j+1

15 k=k+1

[I] & [II] hold when initializing first run of while-loop:

k = p (just k initialized in L7, no run of while-loop so-far) = A[p..p — 1] "empty" and thus has 0 = k — p elements =- [I] holds
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Part 2: Merge Sort

MERGE(A, p, g, 1) Show correctness: MERGE(A, p, g, r) correctly merges the sorted arrays
1 ny =g — p+1/engthof Alp..q] Alp..q] and A[q + 1..r] into the sorted array A[p..r]
2 np =r — ql/llengthof Alg + 1..r]
Ini L. d A[1.. ; .
: F”c::{’(‘ie"ia{’;y;‘ )[;)U f[h] 1]/1[,7[1;:721]] Line 1+2: computes the length ny of A[p..q] and n, of A[g + 1..r].
/I"copy" Alp..q] to L[1..n4] i _5- "
, Uy: e s Alg+ ] Line 3-5: Copy " A[p..q] to L[1..ny] and A[g + 1..r] to R[1..m,]
I"copy"” A[q + 1..rto R[1..ny] note that L and R are sorted

6 L[ny+1] == coand R[ny +1] == oo

/to avoid: "array index out of bounds" . n . . : . .
in L9, 12 and to further increment /. Loop-invariant: At the start of each iteration of the while-loop (L 8-14), it holds

resp, Jwhen L, resp. A has been [ll Alp..k—1] contains the k—p smallest elements of L[1..ny] and R[1..n,]
7 ;z tandj=1,k=p in sorted order and

8 m;ﬁﬁfm’%i“:'ge'ge Slements, [l L[i], R[] are the smallest elements of their arrays that have not been

9 TR(L[] < RIj]) THEN copied back into A.
10 AlK] = L[

11 i=i+1

12 ELSE

13 AK] = RIj]

14 j=j+1

15 k=k+1

[I] & [II] hold when initializing first run of while-loop:
k = p (just k initialized in L7, no run of while-loop so-far) = A[p..p — 1] "empty" and thus has 0 = k — p elements =- [I] holds

Since i =1, j = 1and Alp..k — 1] empty so-far and since L, R are sorted = [lI] holds
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Part 2: Merge Sort

MERCE(A, p, G, 1)

nqy = q — p -+ 1//length of Alp..q]

ng = r — q//length of Alg + 1..r]

Init new arrays L[1..n¢] and R[1..np]

FOR (i = 1tonq) DO L[] = Alp+i—1]

/["copy" Alp..q] to L[1..n4]

5 FOR(j = 1t0np) D0 R[] = Alq + j]
/"copy" Alg + 1..r] to R[1..np]

6 L[ny+1] == coand R[ny +1] == oo
/to avoid: "array index out of bounds"
in L9, 12 and to further increment i,
resp, j when L, resp., R has been
copied

7 i=1andj=1,k:=p

8 WHILE (k < r) DO //"merge" elements,
while runs fromk = p, .., r

ENERN O

9 IF(L[] < RIj]) THEN
10 AlK] = L[]

11 i=i+1

12 ELSE

13 AlK] = RIj]
14 j=j+1

15 k=k+1

Show correctness:  MERGE(A, p, q, r) correctly merges the sorted arrays
Alp..q] and A[g + 1..r] into the sorted array A[p..r]
Line 1+2: computes the length ny of A[p..q] and n, of A[g + 1..r].
Line 3-5: Copy " A[p..q] to L[1..ny] and A[g + 1..r] to R[1..m,]
note that L and R are sorted

Loop-invariant: At the start of each iteration of the while-loop (L 8—14), it holds

[I] A[p..k—1] contains the k— p smallest elements of L[1..ny] and R[1..n5]
in sorted order and

[Il] L[], R[j] are the smallest elements of their arrays that have not been
copied back into A.

[I] & [II] are maintained when running the while-loop:
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Part 2: Merge Sort

MERCE(A, p, G, 1)

nqy = q — p -+ 1//length of Alp..q]

ng = r — q//length of Alg + 1..r]

Init new arrays L[1..n¢] and R[1..np]

FOR (i = 1tonq) DO L[] = Alp+i—1]

/["copy" Alp..q] to L[1..n4]

5 FOR(j = 1t0np) D0 R[] = Alq + j]
/"copy" Alg + 1..r] to R[1..np]

6 L[ny+1] == coand R[ny +1] == oo
/to avoid: "array index out of bounds"
in L9, 12 and to further increment i,
resp, j when L, resp., R has been
copied

7 i=1andj=1,k:=p

8 WHILE (k < r) DO //"merge" elements,
while runs fromk = p, .., r

ENERN O

9 IF(L[] < RIj]) THEN
10 AlK] = L[]

11 i=i+1

12 ELSE

13 AlK] = RIj]
14 j=j+1

15 k=k+1

Show correctness:  MERGE(A, p, q, r) correctly merges the sorted arrays
Alp..q] and A[g + 1..r] into the sorted array A[p..r]
Line 1+2: computes the length ny of A[p..q] and n, of A[g + 1..r].
Line 3-5: Copy " A[p..q] to L[1..ny] and A[g + 1..r] to R[1..m,]
note that L and R are sorted

Loop-invariant: At the start of each iteration of the while-loop (L 8—14), it holds

[I] A[p..k—1] contains the k— p smallest elements of L[1..ny] and R[1..n5]
in sorted order and

[Il] L[], R[j] are the smallest elements of their arrays that have not been
copied back into A.
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Two Cases: L[i] < R[j] or L[i] > R[j]. Assume that L[] < R[j]in L9
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Alp..k] contains now the kK — p + 1 smallest elements of L[1..n{] and R[1..ny]
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Part 2: Merge Sort

MERCE(A, p, G, 1)

ny = q — p+ 1//length of Alp..q]

ng = r — q//length of Alg + 1..r]

Init new arrays L[1..n¢] and R[1..np]

FOR (i = 1tonq) DO L[] = Alp+i—1]

["copy" Alp..q] to L[1..nq]

5 FOR(j = 1t0np) D0 R[] = Alq + j]
/"copy" Alg + 1..r] to R[1..np]

6 L[ny+1] == coand R[ny +1] == oo
/to avoid: "array index out of bounds"
in L9, 12 and to further increment i,
resp, j when L, resp., R has been
copied

7 i=1andj=1,k:=p

8 WHILE (k < r) DO //"merge" elements,
while runs fromk = p, .., r

ENERN O

9 IF(L[] < RIj]) THEN
10 AlK] = L[]

11 i=i+1

12 ELSE

13 AlK] = RIj]

14 j=j+1

15 k=k+1

In summary, we have shown:

Show correctness:  MERGE(A, p, q, r) correctly merges the sorted arrays
Alp..q] and A[g + 1..r] into the sorted array A[p..r]
Line 1+2: computes the length ny of A[p..q] and n, of A[g + 1..r].
Line 3-5: Copy " A[p..q] to L[1..ny] and A[g + 1..r] to R[1..m,]
note that L and R are sorted

Loop-invariant: At the start of each iteration of the while-loop (L 8—14), it holds

[I] A[p..k—1] contains the k— p smallest elements of L[1..ny] and R[1..n5]
in sorted order and

[Il] L[], R[j] are the smallest elements of their arrays that have not been
copied back into A.

MERGE(A, p, g, r) correctly merges the sorted arrays A[p..q] and A[q + 1..r] into the sorted array A[p..r] in ©(N) time
with N being the sum of the length of A[q + 1..r] and A[p..r].
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Part 2: Merge Sort

By the previous arguments, we obtain

MERGE_SORT(A, 1, A.length) correctly sorts the array A

MERGE_SORT(A, p, r)

1 IF(p < r) THEN
g=1[(p+r)/2]
3 MERGE_SORT(A, p, q)
4 MERGE_SORT(A, g+ 1,r)
5 MERGE(A, p, q, )

N

We start this algorithm by calling MERGE_SORT(A, 1, A.length)
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Part 2: Merge Sort - Comic

.
MERGE SORT B o
V12, CC by-nc-sa 4.0




Algorithms and Data Structures: Part 2 - Sorting

Part 2: Heapsort
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Part 2: Heapsort

We introduce another sorting algorithm: Heapsort.
Like merge sort, but unlike insertion sort, heapsort’s running time is in O(nlog n).

Like insertion sort, but unlike merge sort, heapsort sorts in place: only a constant number
of array elements are stored outside the input array at any time.

Thus, heapsort combines the better attributes of the two sorting algorithms we have
already discussed.

Before starting we need some further basic introduction into some new terms: Graphs,
Tree & Co [next slides]
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Part 2: Heapsort - some graph theory first

To recall:

A graph G = (V, E) is a tupel consisting of a vertex set V := V(G) and an edge set E(G) := E that is a subset of the
2-elementary subsets of V.
Theorem. The following statements are equivalent for every graph G = (V, E) (exercise):

1. Gis a tree (per def: G is connected and acyclic).

2. Any two vertices in G are connected by a unique simple path.

3. G s connected, and |E| = |V| — 1.

4. Gisacyclic, and |[E| = |V| — 1.
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Part 2: Heapsort - some graph theory first

Atree T = (V, E) is rooted if there is a distinguished vertex p € V, called the root of T [for all we give examples - board!!]
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Let T be a tree with | V(T)| = n+ 1 vertices and L leaves. [ It holds that L > 1 (exercise!) ]

Let x be a leaf and consider the tree T — x from which x and the unique edge {w, x} containing x has been removed.
Denote with L’ the number of leaves in T — x and with B’ the number of vertices in T — x having 2 children.

Since T — x has n vertices we can apply the Ind-Hyp. on T — x.

There are two cases: In T, the parent w of x has either (a) two or (b) one children.
Case (a): In T — x, vertex w has still one child and is, therefore, not a leaf. Hence, L' = L — 1.
By Ind-Hyp: B = L' —1=L-2.
In T we have now exactly one vertex more than in T — x that has two children, namely w.
Thus,B=B"+1=L—1
Case (b): In T — x, vertex w is now a leaf. Hence, L’ = L. Moreover, observe that B = B’
By Ind-Hyp: B = L' —1 =L — 1. Since B= B’,we havethus B= L — 1.
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Proof. Let L be the number of leaves in T, h := h(T) its height and n = | V/|.
"Easy to verify by induction:"
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L=2" — h=logy(L).
By the previous lemma, we have B = L — 1 with B being the number of vertices with 2 children.
Since T is a complete binary tree its vertex set can be partitioned into leaves and vertices with two children, i.e.,

n+1

n=B+4+L=L-1+L=2L-1 << L= 2

= h=logy(Z') = logy(n+1) — logy(2) = logy(n+ 1) — 1
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Since at least one leaf at depths h must exist, we obtain

2h < V| < 2! _q < oM

The latter is, if and only if,
h<log,(|V|) < h+1

Since his an integer, h = |log,(|V])] € O(logs(|V])).
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Part 2: Heapsort

Heapsort uses a data structure called (binary) heap which is an array A with a particular structure that can be
viewed as a nearly complete binary tree:

Number within the circle at each node
in the tree is the value stored at that
node. The number above a node
1 2 3 4 5 6 7 8 9 10 is the corresponding index in the ar-
N ray. Above and below the array
|16‘ 14‘ 10‘ 8 ‘ 7 ‘ 9 | 3 | 2 | 4 ‘ 1 ‘ are lines showing parent-child relation-
e ships; parents are always to the left of

their children.

(b)
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|16‘ 14‘ 10‘ 8 ‘ 7 ‘ 9 | 3 | 2 | 4 ‘ 1 ‘ are lines showing parent-child relation-
———— ships; parents are always to the left of

their children.

(b)

1st entry of A (i.e., A[1]) corresponds to value of root 1,
Parent of i is |i/2]| and children of / are 2i (left) and 2/ + 1 (right)
A.length = length of array

A.heap_size = number of elements in heap that are stored in A
That is, although A[1..A.length] may contain numbers, only the elements in A[1..A.heap_size], where 0 < A.heap_size <
A.length, are valid elements of the heap

Lemma. If A is a heap with n = A.heap_size, then the leaves in the tree representation
have indices i € | = {|n/2] +1,...,n}. [proof board]
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Part 2: Heapsort

Heapsort uses a data structure called (binary) heap which is an array A with a particular structure that can be
viewed as a nearly complete binary tree:

Number within the circle at each node
in the tree is the value stored at that
node. The number above a node
1 2 3 4 5 6 7 8 9 10 is the corresponding index in the ar-
N ray. Above and below the array
|16‘ 14‘ 10‘ 8 ‘ 7 ‘ 9 | 3 | 2 | 4 ‘ 1 ‘ are lines showing parent-child relation-
———— ships; parents are always to the left of

their children.

(b)
There are two kinds of binary heaps: max-heaps and min-heaps; specified by a "heap property" that must be
satisfied by the values stored at each vertex.
Heap property
max-heap: for every node i other than the root it holds that A[parent(i)] > Ali]
min-heap: for every node i other than the root it holds that A[parent(i)] < A[f]
For heapsort we use max-heaps (see Example in figure).
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Part 2: Heapsort - procedure MAX-HEAPIFY

max-heap: for every node i other than the root it holds that A[parent(i)] > Ali]
Assume we have a binary heap (=nearly complete binary tree) and an index i such that the binary trees rooted at

left(i) = 2i and right(i) = 2i + 1 are max-heaps, but that A[i] < A[2i] or A[i] < A[2i + 1]

— i violates the max-heap property.
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Max-Heapify lets the value at A[i] "float down" in the max-heap so that the subtree rooted at index i obeys the
max-heap property.
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Since we always exchanged with largest child-value, the final tree T(/) is a max-heap.
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Runtime?
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# of calls: O(log(n)) as h(T) € O(log(n)) or via master theorem [exercise - see Cormen Sec 6.2]
= Total runtime is O(log(n))
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Part 2: Heapsort - Building a heap

Every array A can naturally be viewed as a heap (however, A might not be a max-heap)

A=[ 41| 12| 33| 24| 165 96| 107 144 89| 710 |

To transform A into a max-heap, we may simply apply Max-Heapify bottom-up to each i violating the
max-heap property.
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1 A.heap_size = A.length
2 FOR (i = |A.length/2] TO 1 DO
3 Max-Heapify(A, i)

A=[ 164 145 103 84| 75| 96| 37| 28| 49| 110 ]

To transform A into a max-heap, we may simply apply Max-Heapify bottom-up to each i violating the
max-heap property.

Lemma. If A is a heap with n = A.heap_size, then the leaves in the tree representation
haveindicesi € I = {|n/2] +1,...,n}.

For each leaf i, T(i) is a single vertex and thus, already a max-heap.

Theorem. Build-Max-Heap(A) correctly transforms A into a max-heap in O(A.heap_size) time
[proof correctness on board, proof runtime omitted - rather lengthy (ideas in Cormen Sec 6.3) - full proof 5 pages in my notes]
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Part 2: Heapsort - the algorithm

Aim: Order elements of a given array A = A[1..n] such that A[1] < A[2] < --- < A[n].
Heapsort Alg. Idea:
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3 Exchange A[1] with A[n], now the largest element of A[1..n] is in the correct position n
4 Goto Step 1 with A[1..n — 1] “playing the role” of A and repeat until all elements in A have been processed

We can realize the latter idea as follows:

Heapsort(A)
1 Build-Max-Heap(A)
2 FOR /= A.length TO 2 DO

3

4
5

Exchange A[1] with A[]
A.heap_size := A.heap_size — 1
Max-Heapify(A, 1)
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3 Exchange A[1] with A[n], now the largest element of A[1..n] is in the correct position n
4 Goto Step 1 with A[1..n — 1] “playing the role” of A and repeat until all elements in A have been processed

= q
We can realize the latter idea as follows: A= T2 83,404,130 ’ﬁ'%]

Heapsort(A) hAX/ﬁEAP: o
1 Build-Max-Heap(A)
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4
5 Max-Heapify(A, 1) vee AND... S0 .. ON..-

Theorem. Heapsort(A) correctly orders A in O(nlog(n)) time (n = A.length)
Proof: By the latter arguments, Heapsort is correct. Runtime: (n — 1) calls of Max-Heapify each takes O(log(n)) time. O
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Algorithms and Data Structures: Part 2 - Sorting

Part 2: Quicksort
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Part 2: Quicksort

Quicksort: in place sorting, but worst-case runtime ©(n?). However, its expected runtime is
©(nlog n) and in practice it outperforms heapsort.
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Part 2: Quicksort

Like merge sort, quicksort applies the divide-and-conquer paradigm.
Here is the three-step divide-and-conquer process for sorting a typical
subarray A[p..r]:
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1 x = A[r] //pivot (other ways to pick x are possible!)
2 i=p—1//iis highest index of low side
3 FORj=pTOr—1D0
/Iprocess each element other than pivot
4 IF (A[j] < x) THEN
//does this element belong on the low side?
i == i+ 1//index of a new slot in the low side
exchange A[/] with A[j]
exchange A[i + 1] with A[r]
/Ipivot goes just to the right of the low side
8 RETURN/ + 1
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Quicksort(A, p, r) //A[1]=first entry of A
1 IF (p < r) THEN
2 g = Partition(A,p,r)
3 Quicksort(A, p, g — 1)
4 Quicksort(A, g+ 1,r)

The key to Quicksort is the Partition procedure, which
rearranges the subarray A[p..r] in place.

To sort an entire array A, the initial call is
Quicksort(A, 1, A.length)

We call A[p..q — 1] the low side and A[q + 1..r] the high
side

Partition(A, p, r)
1 x = A[r] //pivot (other ways to pick x are possible!)
2 i=p—1//iis highest index of low side
3 FORj=pTOr—1D0
/Iprocess each element other than pivot
4 IF (A[j] < x) THEN
//does this element belong on the low side?
i == i+ 1//index of a new slot in the low side
exchange A[/] with A[j]
exchange A[i + 1] with A[r]
/Ipivot goes just to the right of the low side
8 RETURN/ + 1
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Quicksort(A, p, r) //A[1]=first entry of A
1 IF (p < r) THEN
2 g = Partition(A,p,r)
3 Quicksort(A, p, g — 1)
4 Quicksort(A, g+ 1,r)

The key to Quicksort is the Partition procedure, which
rearranges the subarray A[p..r] in place.

To sort an entire array A, the initial call is
Quicksort(A, 1, A.length)

We call A[p..q — 1] the low side and A[q + 1..r] the high
side

Partition(A, p, r)
1 x = A[r] //pivot (other ways to pick x are possible!)
2 i=p—1//iis highest index of low side
3 FORj=pTOr—1D0
/Iprocess each element other than pivot
4 IF (A[j] < x) THEN
//does this element belong on the low side?
i == i+ 1//index of a new slot in the low side
exchange A[/] with A[j]
exchange A[i + 1] with A[r]
/Ipivot goes just to the right of the low side
8 RETURN/ + 1
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Part 2: Quicksort
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Part 2: Quicksort

Quicksort(A, p, r) //A[1]=first entry of A i’pj
x=tt  Afj1-2¢H
1 IF (p < r) THEN |z]8|7|1|3|5|6|4| il 1 ]
2 g = Partition(A,p,r) 1=l AR 3
3 Quicksort(A, p, g — 1) D] o
4 Quicksort(A, g+ 1,r)

I I8|7|1|3|5|6I4|
The key to Quicksort is the Partition procedure, which
rearranges the subarray A[p..r] in place. J r ALQ J

To sort an entire array A, the initial call is nn ogo A fj I 4’<

Quicksort(A, 1, A.length)

We call A[p..q — 1] the low side and A[g + 1..r] the high ’”q’ ) /AQ] < x
side ﬂﬂ > jeixl

Partition(A, p, r) P i r
1 x = Alr] //pivot (other ways to pick x are possible!) | D) | 1 - 3 | 5 | 6 |4 | ALY &%
2 i=p—1//iis highest index of low side AT
3 FORj=pTOr—1D0 = i i+l
/Iprocess each element other than pivot 20 A
4 TIF (A[j] < x) THEN |2|1|3..5|6|4| ‘
/Idoes this element belong on the low side? A [i 14X

i:== i+ 1//index of a new slot in the low side r

£
exchange A[i] with A[j] ... ﬁ w05 Fx
exchange A[i + 1] with A[r]
/Ipivot goes just to the right of the low side "r~ v

8 RETURN/ + 1 ... = 0
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Part 2: Quicksort

Quicksort(A, p, r) //A[1]=first entry of A
1 IF (p < r) THEN In what follows we show:
2 g = Partition(A,p,r)
3 Quicksort(A, p, g — 1)

4 Quicksort(A g+ 1, 7) Thm. Quicksort(A, 1, n) correctly sorts the array (in place)

in O(n?) time, n = A.length.
The key to Quicksort is the Partition procedure, which

rearranges the subarray A[p..r] in place. Thm. If the entries in A are pairwise distinct and randomly dis-

To sort an entire array A, the initial call is tributed (i.e., each of the n! possible permutations of the entries in A
Quicksort(A, 1, A.length) are equiprobable), then the average time of Quicksort(A, 1, n) is in

We call A[p..q — 1] the low side and A[q + 1..r] the high O(nlog n).

side

Partition(A, p, r)
1 x = A[r] //pivot (other ways to pick x are possible!)
2 i=p—1//iis highest index of low side
3 FORj=pTOr—1D0
/Iprocess each element other than pivot
4 IF (A[j] < x) THEN
//does this element belong on the low side?
i == i+ 1//index of a new slot in the low side
exchange A[/] with A[j]
exchange A[i + 1] with A[r]
/Ipivot goes just to the right of the low side
8 RETURN/ + 1

NOoO O
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Quicksort(A, p, r) //A[1]=first eniry of A Thm. Quicksort(A, 1, n) correctly sorts the array (in place) in O(n?) time.
1 IF(p < r) THEN (n —A Iength)
2 q = Partition(A, p, r) :
3 Quicksort(A p,q — 1)
4 Quicksort(A, g+ 1,r)

Alp..q — 1] = low side
Alq + 1..r] = high side

Partition(A, p, r)
1 x = A[r] //pivot (other ways to pick x are possible!)
2 i = p — 1//iis highest index of low side
3 FORj=pTOr — 1D0
/lprocess each element other than pivot
4 IF (Alj] < x) THEN
//does this element belong on the low side?
i =i+ 1//index of a new slot in the low side
6 exchange A[i] with A[j]
exchange A[i + 1] with A[r]
/Ipivot goes just to the right of the low side
RETURN j + 1

o

~

©
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Quickfort(/?, p.r) ;Am:first entry of A Thm. Quicksort(A, 1, n) correctly sorts the array (in place) in O(n?) time.
IF (p < r) THEN —
2 q = Partition(A, p, r) (n - A‘Iength)

3 Quicksort(A p,q — 1) )

4 Quicksort(A, g+ 1,7) Proof. correctness: easy exercise - see Cormen Sec 7.1.

Alp..q — 1] = low side
Alq + 1..r] = high side

Partition(A, p, r)
1 x = A[r] //pivot (other ways to pick x are possible!)
2 i = p — 1//iis highest index of low side
3 FORj=pTOr — 1D0
/lprocess each element other than pivot
4 IF (Alj] < x) THEN
//does this element belong on the low side?
i =i+ 1//index of a new slot in the low side
6 exchange A[i] with A[j]
exchange A[i + 1] with A[r]
/Ipivot goes just to the right of the low side
RETURN j + 1
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Q“ickforw(*v p. 1) )/A[ﬂ:fifsi entry of A Thm. Quicksort(A, 1, n) correctly sorts the array (in place) in O(n?) time.
IF (p < r) THEN _
2 q = Partition(A, p, r) (I’) - A‘Iength)
3 Quicksort(A p,q — 1) )
4 Quicksort(A, g+ 1,7) Proof. correctness: easy exercise - see Cormen Sec 7.1.
Alp..q — 1] = low side runtime: Let T(n) be worst-case runtime for size n input.

Alq + 1..r] = high side

Partition(A, p, r)
1 x = A[r] //pivot (other ways to pick x are possible!)
2 i = p — 1//iis highest index of low side
3 FORj=pTOr — 1D0
/lprocess each element other than pivot
4 IF (Alj] < x) THEN
//does this element belong on the low side?
i =i+ 1//index of a new slot in the low side
6 exchange A[i] with A[j]
exchange A[i + 1] with A[r]
/Ipivot goes just to the right of the low side
RETURN j + 1
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Quicksort(A, p, r) //A[1]=first entry of A

1

2
3
4

IF (p < r) THEN
q = Partition(A, p, r)
Quicksort(A p,q — 1)
Quicksort(A, g+ 1,r)

Alp..q — 1] = low side
Alq + 1..r] = high side

Partition(A, p, r)

1
2
3

4

o

~

©

x = A[r] //pivot (other ways to pick x are possible!)
i = p — 1//iis highest index of low side
FORj = pTOr — 1D0
/lprocess each element other than pivot
IF (Alj] < x) THEN
//does this element belong on the low side?
i =i+ 1//index of a new slot in the low side
exchange A[i] with A[j]
exchange A[i + 1] with A[r]
/Ipivot goes just to the right of the low side
RETURN j + 1

Thm. Quicksort(A, 1, n) correctly sorts the array (in place) in O(n?) time.
(n = A.length)

Proof. correctness: easy exercise - see Cormen Sec 7.1.
runtime: Let T(n) be worst-case runtime for size n input.
q = PARTITION(A, 1, n) runs in ©(n) time.
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Quicksort(A, p, r) //A[1]=first entry of A
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2
3
4

IF (p < r) THEN
q = Partition(A, p, r)
Quicksort(A p,q — 1)
Quicksort(A, g+ 1,r)

Alp..q — 1] = low side
Alq + 1..r] = high side

Partition(A, p, r)

1
2
3

4

o

~
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x = A[r] //pivot (other ways to pick x are possible!)
i = p — 1//iis highest index of low side
FORj = pTOr — 1D0
/lprocess each element other than pivot
IF (Alj] < x) THEN
//does this element belong on the low side?
i =i+ 1//index of a new slot in the low side
exchange A[i] with A[j]
exchange A[i + 1] with A[r]
/Ipivot goes just to the right of the low side
RETURN j + 1

Thm. Quicksort(A, 1, n) correctly sorts the array (in place) in O(n?) time.
(n = A.length)

Proof. correctness: easy exercise - see Cormen Sec 7.1.

runtime: Let T(n) be worst-case runtime for size n input.

q = PARTITION(A, 1, n) runs in ©(n) time.

Then, we consider the subproblems A[p..q — 1] and A[qg + 1..r] of total size n — 1.

One of them is of size ¢ and the other of size n — 1 — 2.

28/37



Quicksort(A, p, r) //A[1]=first entry of A

1

2
3
4

IF (p < r) THEN
q = Partition(A, p, r)
Quicksort(A p,q — 1)
Quicksort(A, g+ 1,r)

Alp..q — 1] = low side
Alq + 1..r] = high side

Partition(A, p, r)

1
2
3

4

o

~
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x = A[r] //pivot (other ways to pick x are possible!)
i = p — 1//iis highest index of low side
FORj = pTOr — 1D0
/lprocess each element other than pivot
IF (Alj] < x) THEN
//does this element belong on the low side?
i =i+ 1//index of a new slot in the low side
exchange A[i] with A[j]
exchange A[i + 1] with A[r]
/Ipivot goes just to the right of the low side
RETURN j + 1

Thm. Quicksort(A, 1, n) correctly sorts the array (in place) in O(n?) time.
(n = A.length)

Proof. correctness: easy exercise - see Cormen Sec 7.1.
runtime: Let T(n) be worst-case runtime for size n input.

q = PARTITION(A, 1, n) runs in ©(n) time.

Then, we consider the subproblems A[p..q — 1] and A[qg + 1..r] of total size n — 1.
One of them is of size ¢ and the other of size n — 1 — 2.

= T(n) = o< Py {T(&)+T(n—1—0)} +6(n)

28/37



Quicksort(A, p, r) //A[1]=first entry of A

1

2
3
4

IF (p < r) THEN
q = Partition(A, p, r)
Quicksort(A p,q — 1)
Quicksort(A, g+ 1,r)

Alp..q — 1] = low side
Alq + 1..r] = high side

Partition(A, p, r)

1
2
3

4

o

~

©

x = A[r] //pivot (other ways to pick x are possible!)
i = p — 1//iis highest index of low side
FORj = pTOr — 1D0
/lprocess each element other than pivot
IF (Alj] < x) THEN
//does this element belong on the low side?
i =i+ 1//index of a new slot in the low side
exchange A[i] with A[j]
exchange A[i + 1] with A[r]
/Ipivot goes just to the right of the low side
RETURN j + 1

Thm. Quicksort(A, 1, n) correctly sorts the array (in place) in O(n?) time.
(n = A.length)

Proof. correctness: easy exercise - see Cormen Sec 7.1.
runtime: Let T(n) be worst-case runtime for size n input.

q = PARTITION(A, 1, n) runs in ©(n) time.

Then, we consider the subproblems A[p..q — 1] and A[qg + 1..r] of total size n — 1.
One of them is of size ¢ and the other of size n — 1 — 2.

= T(n) = o< Py {T(&)+T(n—1—0)} +6(n)

Show by induction T(n) € O(n?)
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Quicksort(A, p, r) //A[1]=first entry of A

1

2
3
4

IF (p < r) THEN
q = Partition(A, p, r)
Quicksort(A p,q — 1)
Quicksort(A, g+ 1,r)

Alp..q — 1] = low side
Alq + 1..r] = high side

Partition(A, p, r)

1
2
3

4
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x = A[r] //pivot (other ways to pick x are possible!)
i = p — 1//iis highest index of low side
FORj = pTOr — 1D0
/lprocess each element other than pivot
IF (Alj] < x) THEN
//does this element belong on the low side?
i =i+ 1//index of a new slot in the low side
exchange A[i] with A[j]
exchange A[i + 1] with A[r]
Ipivot goes just to the right of the low side
RETURN j + 1

Thm. Quicksort(A, 1, n) correctly sorts the array (in place) in O(n?) time.
(n = A.length)

Proof. correctness: easy exercise - see Cormen Sec 7.1.
runtime: Let T(n) be worst-case runtime for size n input.

q = PARTITION(A, 1, n) runs in ©(n) time.

Then, we consider the subproblems A[p..q — 1] and A[qg + 1..r] of total size n — 1.
One of them is of size ¢ and the other of size n — 1 — 2.

max ; {T()+T(h—1—2£)} +06(n)

= T(n) =
0<e<n—

Show by induction T(n) € O(n?)

Basecasen = 1: T(n) = T(0) + T(0) + ©(1) = ©(1) = 9(12), since the recursive call on array of size 0 just returns.
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Quicksort(A, p, r) //A[1]=first entry of A

1

2
3
4

IF (p < r) THEN
q = Partition(A, p, r)
Quicksort(A p,q — 1)
Quicksort(A, g+ 1,r)

Alp..q — 1] = low side
Alq + 1..r] = high side

Partition(A, p, r)

1
2
3

4
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x = A[r] //pivot (other ways to pick x are possible!)
i = p — 1//iis highest index of low side
FORj = pTOr — 1D0
/lprocess each element other than pivot
IF (Alj] < x) THEN
//does this element belong on the low side?
i =i+ 1//index of a new slot in the low side
exchange A[i] with A[j]
exchange A[i + 1] with A[r]
Ipivot goes just to the right of the low side
RETURN j + 1

Thm. Quicksort(A, 1, n) correctly sorts the array (in place) in O(n?) time.
(n = A.length)

Proof. correctness: easy exercise - see Cormen Sec 7.1.
runtime: Let T(n) be worst-case runtime for size n input.

q = PARTITION(A, 1, n) runs in ©(n) time.

Then, we consider the subproblems A[p..q — 1] and A[qg + 1..r] of total size n — 1.
One of them is of size ¢ and the other of size n — 1 — 2.

max ; {T()+T(h—1—2£)} +06(n)

= T(n) =
0<e<n—

Show by induction T(n) € O(n?)
Basecasen = 1: T(n) = T(0) + T(0) + ©(1) = ©(1) = 9(12), since the recursive call on array of size 0 just returns.
Assume, the statement is true for all instance of size < n. Consider an instance of size n
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Quicksort(A, p, r) //A[1]=first entry of A

1

2
3
4

IF (p < r) THEN
q = Partition(A, p, r)
Quicksort(A p,q — 1)
Quicksort(A, g+ 1,r)

Alp..q — 1] = low side
Alq + 1..r] = high side

Partition(A, p, r)

1
2
3

4

o

~

©

x = A[r] //pivot (other ways to pick x are possible!)
i = p — 1//iis highest index of low side
FORj = pTOr — 1D0
/lprocess each element other than pivot
IF (Alj] < x) THEN
//does this element belong on the low side?
i =i+ 1//index of a new slot in the low side
exchange A[i] with A[j]
exchange A[i + 1] with A[r]
Ipivot goes just to the right of the low side
RETURN j + 1

Thm. Quicksort(A, 1, n) correctly sorts the array (in place) in O(n?) time.
(n = A.length)

Proof. correctness: easy exercise - see Cormen Sec 7.1.
runtime: Let T(n) be worst-case runtime for size n input.

q = PARTITION(A, 1, n) runs in ©(n) time.

Then, we consider the subproblems A[p..q — 1] and A[qg + 1..r] of total size n — 1.
One of them is of size ¢ and the other of size n — 1 — 2.

= 0<%y {T(&)+T(n—1—0)} +6(n)

= T(n)
Show by induction T(n) € O(n?)
Basecasen = 1: T(n) = T(0) + T(0) + ©(1) = ©(1) = 9(12), since the recursive call on array of size 0 just returns.
Assume, the statement is true for all instance of size < n. Consider an instance of size n
By Ind-hyp., T(i) € O(/‘2) andthus, T(i) < ¢ - 2 foralli < nand large enough constants ¢

= T(n < max {C-K2<c-(n—1—1/.)2}<®(n)

= 0<e<n—1
2 N2

=c- c+(n—1—1¢ + O(n

ogfgaxn71{ ( 2} + e(n)
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Quicksort(A, p, r) //A[1]=first entry of A

1

2
3
4

IF (p < r) THEN
q = Partition(A, p, r)
Quicksort(A p,q — 1)
Quicksort(A, g+ 1,r)

Alp..q — 1] = low side
Alq + 1..r] = high side

Partition(A, p, r)

1
2
3

4

o

~

©

For which £ is maximum in f(£) = 24 (n—1-— £)2 achieved?

x = A[r] //pivot (other ways to pick x are possible!)
i = p — 1//iis highest index of low side
FORj = pTOr — 1D0
/lprocess each element other than pivot
IF (Alj] < x) THEN
//does this element belong on the low side?
i =i+ 1//index of a new slot in the low side
exchange A[i] with A[j]
exchange A[i + 1] with A[r]
Ipivot goes just to the right of the low side
RETURN j + 1

Thm. Quicksort(A, 1, n) correctly sorts the array (in place) in O(n?) time.
(n = A.length)

Proof. correctness: easy exercise - see Cormen Sec 7.1.
runtime: Let T(n) be worst-case runtime for size n input.

q = PARTITION(A, 1, n) runs in ©(n) time.

Then, we consider the subproblems A[p..q — 1] and A[qg + 1..r] of total size n — 1.
One of them is of size ¢ and the other of size n — 1 — 2.

= 0<%y {T(&)+T(n—1—0)} +6(n)

= T(n)
Show by induction T(n) € O(n?)
Basecasen = 1: T(n) = T(0) + T(0) + ©(1) = ©(1) = 9(12), since the recursive call on array of size 0 just returns.
Assume, the statement is true for all instance of size < n. Consider an instance of size n
By Ind-hyp., T(i) € O(/‘2) andthus, T(i) < ¢ - 2 foralli < nand large enough constants ¢

= T(n < max {C-K2<c-(n—1—1/.)2}<®(n)

= 0<e<n—1
2 N2

=c- c+(n—1—1¢ + O(n

ogfgaxn71{ ( 2} + e(n)
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Quicksort(A, p, r) //A[1]=first entry of A

1

2
3
4

IF (p < r) THEN
q = Partition(A, p, r)
Quicksort(A p,q — 1)
Quicksort(A, g+ 1,r)

Alp..q — 1] = low side
Alq + 1..r] = high side

Partition(A, p, r)

1
2
3

4

o

~

©

x = A[r] //pivot (other ways to pick x are possible!)
i = p — 1//iis highest index of low side
FORj = pTOr — 1D0
/lprocess each element other than pivot
IF (Alj] < x) THEN
//does this element belong on the low side?
i =i+ 1//index of a new slot in the low side
exchange A[i] with A[j]
exchange A[i + 1] with A[r]
Ipivot goes just to the right of the low side
RETURN j + 1

Thm. Quicksort(A, 1, n) correctly sorts the array (in place) in O(n?) time.
(n = A.length)

Proof. correctness: easy exercise - see Cormen Sec 7.1.
runtime: Let T(n) be worst-case runtime for size n input.

q = PARTITION(A, 1, n) runs in ©(n) time.

Then, we consider the subproblems A[p..q — 1] and A[qg + 1..r] of total size n — 1.
One of them is of size ¢ and the other of size n — 1 — 2.

= 0<%y {T(&)+T(n—1—0)} +6(n)

= T(n)
Show by induction T(n) € O(n?)
Basecasen = 1: T(n) = T(0) + T(0) + ©(1) = ©(1) = 9(12), since the recursive call on array of size 0 just returns.
Assume, the statement is true for all instance of size < n. Consider an instance of size n
By Ind-hyp., T(i) € O(/‘2) andthus, T(i) < ¢ - 2 foralli < nand large enough constants ¢

= T(n < max {C-K2<c-(n—1—1/.)2}<®(n)

= 0<e<n—1
2 N2

=c- c+(n—1—1¢ + O(n

ogfgaxn71{ ( 2} + e(n)

For which £ is maximum in f(£) = 24 (n—1-— £)2 achieved? Answer: For £ = 0and £ = n — 1 (take first derivative d%(f—) =0)
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Quicksort(A, p, r) //A[1]=first entry of A

1

2
3
4

IF (p < r) THEN
q = Partition(A, p, r)
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Alp..q — 1] = low side
Alq + 1..r] = high side

Partition(A, p, r)
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4
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x = A[r] //pivot (other ways to pick x are possible!)
i = p — 1//iis highest index of low side
FORj = pTOr — 1D0
/lprocess each element other than pivot
IF (Alj] < x) THEN
//does this element belong on the low side?
i =i+ 1//index of a new slot in the low side
exchange A[i] with A[j]
exchange A[i + 1] with A[r]
Ipivot goes just to the right of the low side
RETURN j + 1

Thm. Quicksort(A, 1, n) correctly sorts the array (in place) in O(n?) time.
(n = A.length)

Proof. correctness: easy exercise - see Cormen Sec 7.1.
runtime: Let T(n) be worst-case runtime for size n input.

q = PARTITION(A, 1, n) runs in ©(n) time.

Then, we consider the subproblems A[p..q — 1] and A[qg + 1..r] of total size n — 1.
One of them is of size ¢ and the other of size n — 1 — 2.

= 0<%y {T(&)+T(n—1—0)} +6(n)

= T(n)
Show by induction T(n) € O(n?)
Basecasen = 1: T(n) = T(0) + T(0) + ©(1) = ©(1) = 9(12), since the recursive call on array of size 0 just returns.
Assume, the statement is true for all instance of size < n. Consider an instance of size n
By Ind-hyp., T(i) € O(/‘2) andthus, T(i) < ¢ - 2 foralli < nand large enough constants ¢

= T(n < max {C-K2<c-(n—1—1/.)2}<®(n)

= 0<e<n—1
2 N2

=c- c+(n—1—1¢ + O(n

ogfgaxn71{ ( 2} + e(n)

For which £ is maximum in f(£) = 24 (n—1-— £)2 achieved? Answer: For £ = 0and £ = n — 1 (take first derivative d%(f—) =0)

Either choice of £ implies that T(n) < ¢ - (n — 1)2 + ¢ - 0+ ©(n) = ¢(m® — 2n + 1) + ©(n) < & € O(m?) o
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For which £ is maximum in f(£) = 24 (n—1-— Z)Z achieved? Answer: For £ = 0and £ = n — 1 (take first derivative d%(f—) =0)

Either choice of £ implies that T(n) < ¢ - (n — 1)2 + ¢ - 0+ ©(n) = ¢(m® — 2n + 1) + ©(n) < & € O(m?) o

In fact, there are example where worst-case is achieved, i.e., there are instances such that T(n) € Q(n2) (e.g. if Ais in reversed order (exercise))

These worst-case examples are rare and we can obtained better expected runtime when entries in A are are pairwise distinct and randomly distributed.
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Quicksort(A, p, r) //A[1]=first entry of A
1 IF (p < r) THEN
2 q = Partition(A, p, r)
3 Quicksort(A, p,q — 1)
4 Quicksort(A, g+ 1,r)

Alp..q — 1] = low side
Alg + 1..r] = high side

Partition(A, p, r)
1 x = A[r] //pivot (other ways to pick x are possible!)
2 j=p — 1//iis highest index of low side
3 FORj=pTOr — 1D0
Iprocess each element other than pivot
4 1F (A]j] < x) THEN
/does this element belong on the low side?
i = i+ 1//index of a new slot in the low side
6 exchange A[i] with A[j]
exchange A[i + 1] with A[r]
/Ipivot goes just to the right of the low side
RETURN j + 1

3

~

©

Thm. If the entries in A are pairwise distinct and randomly distributed (i.e., each of
the n! possible permutations of the entries in A are equiprobable), then the average

time of Quicksort(A, 1, n) is in O(nlog n).
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i = p — 1//iis highest index of low side
FORj=pTOr — 1D0
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exchange A[i + 1] with A[r]
/lpivot goes just to the right of the low side
RETURN j + 1

Thm. If the entries in A are pairwise distinct and randomly distributed (i.e., each of
the n! possible permutations of the entries in A are equiprobable), then the average
time of Quicksort(A, 1, n) is in O(nlog n).

Proof. W.Lo.g. n = A.lengthand A[i] € {1, ..., n}. Recallthat g = PARTITION(A, 1, n) runs in ©(n) time.
Step (1)
By induction, let us assume that 7(/) € O(ilog /) foreveryi € {1,..., N} forsome N > 2

(base case N = 1, 2 check by yourself).
Choose n = N + 1. We want to show that T(n) € O(nlog n).
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(base case N = 1, 2 check by yourself).
Choose n = N + 1. We want to show that T(n) € O(nlog n).

By induction hypothesis: T(i) < ¢’ilogi < ¢’nlogn forall1 < i < nand large enough ¢’
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Proof. W.Lo.g. n = A.lengthand A[i] € {1, ..., n}. Recallthat g = PARTITION(A, 1, n) runs in ©(n) time.
Step (1)
By induction, let us assume that 7(/) € O(ilog /) foreveryi € {1,..., N} forsome N > 2

(base case N = 1, 2 check by yourself).

Choose n = N + 1. We want to show that T(n) € O(nlog n).

By induction hypothesis: T(i) < ¢’ilogi < ¢’nlogn forall1 < i < nand large enough ¢’

Step (2)

By Thm.-assumption, each k € {1, ..., n} is equally likely on some position of A.
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Thm. If the entries in A are pairwise distinct and randomly distributed (i.e., each of
the n! possible permutations of the entries in A are equiprobable), then the average
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Step (2)
By Thm.-assumption, each k € {1, ..., n} is equally likely on some position of A.

== with probability ’l,' we have A[n] = k and thus, k is a pivot in which case
the problem is subdivided into two smaller problems of size k — 1and n — k
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== with probability ’l,' we have A[n] = k and thus, k is a pivot in which case
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— T(n) = %ké(r(k — 1)+ T(n — k) + ©(n)
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Quicksort(A, p, r) //A[1]=first entry of A
1 IF (p < r) THEN
2 q = Partition(A, p, r)
3 Quicksort(A, p,q — 1)
4 Quicksort(A, g+ 1,r)

Alp..q — 1] = low side
Alg + 1..r] = high side

Partition(A, p, r)

1 x = A[r] //pivot (other ways to pick x are possible!)
2 j=p — 1//iis highest index of low side
3 FORj=pTOr — 1D0

/process each element other than pivot
4 1F (A]j] < x) THEN

/does this element belong on the low side?

5 i = i+ 1//index of a new slot in the low side
6 exchange A[i] with A[j]
7 exchange A[i + 1] with A[r]

/lpivot goes just to the right of the low side
8 RETURN/ + 1

Thm. If the entries in A are pairwise distinct and randomly distributed (i.e., each of
the n! possible permutations of the entries in A are equiprobable), then the average
time of Quicksort(A, 1, n) is in O(nlog n).

Proof. W.Lo.g. n = A.lengthand A[i] € {1, ..., n}. Recallthat g = PARTITION(A, 1, n) runs in ©(n) time.
Step (1)
By induction, let us assume that 7(/) € O(ilog /) foreveryi € {1,..., N} forsome N > 2

(base case N = 1, 2 check by yourself).
Choose n = N + 1. We want to show that T(n) € O(nlog n).

By induction hypothesis: T(i) < ¢’ilogi < ¢’nlogn forall1 < i < nand large enough ¢’

Step (2)
By Thm.-assumption, each k € {1, ..., n} is equally likely on some position of A.
= with probability ’l,' we have A[n] = k and thus, k is a pivot in which case
the problem is subdivided into two smaller problems of size k — 1and n — k
n

= T(n) =1 S (Tk = 1)+ T(n — k) + &(n)
k=1
Step (1) +(2)
Since foreachk € {1,...,n} wehavek — 1 < nandn — k < nwe can apply the induction hypothesis:
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ﬂﬂickff’rt(Av p, r) //A[1]=first entry of A Thm. If the entries in A are pairwise distinct and randomly distributed (i.e., each of
3 T ien(A 5y 1) the n! possible permutations of the entries in A are equiprobable), then the average
3 Quicksort(A, p, g — 1) time of Quicksort(A, 1, n) is in O(nlog n).
4 Quicksort(A, g+ 1,r)
Proof. W.Lo.g. n = A.lengthand A[i] € {1, ..., n}. Recallthat g = PARTITION(A, 1, n) runs in ©(n) time.
Alp..q — 1] = low side
Alg + 1..r] = high side Step (1)
By induction, let us assume that 7(/) € O(ilog /) foreveryi € {1,..., N} forsome N > 2
Partition(A, p, r) (base case N = 1, 2 check by yourself).
1 x = A[r] //pivot (other ways to pick x are possible!) _
2 i=p— 1/iis highest index of low side Choose n = N + 1. We want to show that T(n) € O(nlog n).
3 FORj=pT0r— 1D0 By induction hypothesis: T(i) < ¢’ilogi < ¢’nlogn forall1 < i < nand large enough ¢’

/process each element other than pivot
4 1F (A]j] < x) THEN

/does this element belong on the low side? Step (2)
5 i = i+ 1//index of a new slot in the low side By Thm.-assumption, each k € {1, ..., n} is equally likely on some position of A.
6 exchange A[i] with A[j]
7 exchange A[i + 1] with A[r] == with probability ’l,' we have A[n] = k and thus, k is a pivot in which case
/lpivot goes just to the right of the low side the problem is subdivided into two smaller problems of size k — 1and n — k
8 RETURN/ + 1 n
= T(n) =1 S (Tk = 1)+ T(n — k) + &(n)
k=1
Step (1) +(2)
Since foreachk € {1,...,n} wehavek — 1 < nandn — k < nwe can apply the induction hypothesis:

lnn((cn log n + cnlog n)) + cn for large enough ¢

n
T(n) < 15 > (¢’nlogn+ ¢’nlog n) + ©(n) <
k=1

= T(n) € O(nlog n) (easy exercise). [}
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Part 2: Quicksort - Comic

o0
KVI CK so RT idea-instructions.com/quick-sort/ m
V1.2, CC by-nc-sa 4.0

Here, the pivot is randomly chosen!
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Algorithms and Data Structures: Part 2 - Sorting

Part 2: lower bound for "comparison
sort”



Part 2: Lower bound for runtime of "comparison sort" algorithms

We have now seen a handful of algorithms that can sort n numbers in O(nlog n) time.
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Part 2: Lower bound for runtime of "comparison sort" algorithms

We have now seen a handful of algorithms that can sort n numbers in O(nlog n) time.

Whereas merge sort and heapsort achieve this upper bound in the worst case, quicksort achieves it
on average.

Moreover, for each of these algorithms, we can produce a sequence of n input numbers that causes
the algorithm to run in Q(nlog n) time [exercise]

These algorithms share an interesting property: the sorted order they determine is based only on
comparisons between the input elements. We call such sorting algorithms comparison sorts.
Thus, all the sorting algorithms introduced so far are comparison sorts.

In what follows, we show that any comparison sort must make Q(nlog n) comparisons in the worst

case to sort n elements. Thus, merge sort and heapsort are asymptotically optimal, and no
comparison sort exists that is faster by more than a constant factor.
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Part 2: Lower bound for runtime of "comparison sort" algorithms

For the worst case, we can assume that all elements in A[1..n]
are distinct.
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For the worst case, we can assume that all elements in A[1..n]
are distinct.

We can view comparison sorts abstractly in terms of decision
trees. A decision tree is a full binary tree (each node is either
a leaf or has both children) that represents the comparisons be-
tween elements that are performed by a particular sorting algo-
rithm operating on an input of a given size.
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We can view comparison sorts abstractly in terms of decision
trees. A decision tree is a full binary tree (each node is either
a leaf or has both children) that represents the comparisons be-
tween elements that are performed by a particular sorting algo-
rithm operating on an input of a given size.

Because any correct sorting algorithm must be able to produce
each permutation of its input, each of the n! permutations on nel-
ements must appear as at least one of the leaves of the decision
tree for a comparison sort to be correct.
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For the worst case, we can assume that all elements in A[1..n]
are distinct.

We can view comparison sorts abstractly in terms of decision
trees. A decision tree is a full binary tree (each node is either
a leaf or has both children) that represents the comparisons be-
tween elements that are performed by a particular sorting algo-
rithm operating on an input of a given size.

Because any correct sorting algorithm must be able to produce
each permutation of its input, each of the n! permutations on nel-
ements must appear as at least one of the leaves of the decision
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For the worst case, we can assume that all elements in A[1..n]
are distinct.

We can view comparison sorts abstractly in terms of decision
trees. A decision tree is a full binary tree (each node is either
a leaf or has both children) that represents the comparisons be-
tween elements that are performed by a particular sorting algo-
rithm operating on an input of a given size.

Because any correct sorting algorithm must be able to produce
each permutation of its input, each of the n! permutations on nel-
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log(n!) = log(1 - 2 - ... - n)implies together with log-rules:
log(n!) = Y271 log(i) < Y2714 log(n) = nlog(n) € O(nlog(n))

log(nt) = 5714 log(i) > X1, log(i) =

For the worst case, we can assume that all elements in A[1..n]
are distinct.

We can view comparison sorts abstractly in terms of decision
trees. A decision tree is a full binary tree (each node is either
a leaf or has both children) that represents the comparisons be-
tween elements that are performed by a particular sorting algo-
rithm operating on an input of a given size.

Because any correct sorting algorithm must be able to produce
each permutation of its input, each of the n! permutations on nel-
ements must appear as at least one of the leaves of the decision
tree for a comparison sort to be correct.

Since a binary tree of height h has no more than 2" leaves, we
have 2" > nl <= h > log(n!) = Q(nlog n)

= log(n/2) + log(n/2 +1) + - - - 4 log(n — 1) + log(n)
> log(n/2)+ ... +log(n/2) = n/2-log(n/2) € Q(nlog(n))
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log(n!) = log(1 - 2 - ... - n)implies together with log-rules:

log(n!) = Y271 log(i) < Y2714 log(n) = nlog(n) € O(nlog(n))

log(nt) = 5714 log(i) > X1, log(i) =

log(n/2) + log(n/2 +1) + - - - 4 log(n — 1) + log(n)
> log(n/2)+ ... +log(n/2) = n/2-log(n/2) € Q(nlog(n))

For the worst case, we can assume that all elements in A[1..n]
are distinct.

We can view comparison sorts abstractly in terms of decision
trees. A decision tree is a full binary tree (each node is either
a leaf or has both children) that represents the comparisons be-
tween elements that are performed by a particular sorting algo-
rithm operating on an input of a given size.

Because any correct sorting algorithm must be able to produce
each permutation of its input, each of the n! permutations on nel-
ements must appear as at least one of the leaves of the decision
tree for a comparison sort to be correct.

Since a binary tree of height h has no more than 2" leaves, we
have 2" > nl <= h > log(n!) = Q(nlog n)

So, in worst-case at least (nlog n) comparisons must be per-
formed in any comparison sort to sort n elements.
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Part 2: Counting sort
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How to sort an array, if not not by comparing the elements ??
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How to sort an array, if not not by comparing the elements ??
Counting sort assumes that each of the n input elements is an integer in the range 0 to k, for some integer k and

runs in ©(n + k) time.
Hence, if kK = O(n), the counting sort runs in ©(n) time.
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Part 2: Counting sort

How to sort an array, if not not by comparing the elements ??

Counting sort assumes that each of the n input elements is an integer in the range 0 to k, for some integer k and
runs in ©(n + k) time.

Hence, if kK = O(n), the counting sort runs in ©(n) time.

Counting sort first determines, for each input element x, the number of elements less than or equal to x.
It then uses this information to place element x directly into its position in the sorted output array.

Example: A=1[2,6,5,0,1] = 4 elements are less than or equalto x =5
= in sorted array, x = 5 must be placed in position 4, i.e., A[4] = 5 must hold.

We must modify this scheme slightly to handle the situation in which several elements have the same value,
since we do not want them all to end up in the same position.
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Part 2: Counting sort

COUNTING-SORT(A, n, k)
let B[1..n] and C[0..k] be new arrays
FOR (i=0to k)D0O C[i] =0
FOR (j = 1 to n) D0 C[A[f]] = C[A[j]] + 1 //C[i] now contains the nr of elements equal to /
FOR (i = 1 to k) DO C[i] = C[i] + C[i — 1] /C[i] now contains the nr of elements </
FOR (f = nto 1) DO
B[C[A[j]]] = Alj] //Copy Ato B, starting from the end of A.
C[A[j]] = CIA[j]] — 1 //to handle duplicate values
RETURN B

ONO O WN =
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Part 2: Counting sort

COUNTING-SORT(A, n, k)

ONO O WN =

let B[1..n] and C[0..k] be new arrays
FOR (i=0to k) DO C[] =0

FOR (j = 1 to n) D0 C[A[]] = C[A[]] + 1 //C[i] now contains the nr of elements equal to /

FOR (i = 1 to k) DO C[i] = C[i] + C[i — 1] /C[i] now contains the nr of elements </

FOR (f = nto 1) DO

B[C[A[j]]] = Alj] //Copy Ato B, starting from the end of A.

C[A[j]] = CIA[j]] — 1 //to handle duplicate values
RETURN B
Example Board

12 3 4 5 6 7 8

a[2]s]3]o]2]3]0]5] 0123 45

01 23 45 cl2]2]4]7]7]8]
c[2]o]2]3]o]1]
after Line 3 after Line 4
1203 4567 8 123 45678
s (o] =5 ] 5 [ o [N 3 [3 [
01 23 4 5 01 23 4 s
c[i]2]4T6]7]s] c[i]2]4]s5]7]s]

after Line 5-7 with j=7 after Line 5-7 with j=6

12345 678
» [ 5
01 23 4 5

c[2]z]4]e]7]s]

after Line 5-7 with j=8

1 2 3 4 5 6 7 8

s[ofol2]2[3]3]3]5]

final sorted array B
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Part 2: Counting sort

COUNTING-SORT(A, n, k)

1 let B[1..n] and CJ[0..k] be new arrays

2 FOR(i=0tok)DO C[i] =0

3 FOR (j = 1 to n) DO C[A[f]] = C[A[j]] + 1 //C[i] now contains the nr of elements equal to /
4 FOR (i = 1to k) DO C[i] = C[i] + C[i — 1] /C[i] now contains the nr of elements </

5 FOR (j=nto 1) DO

6 B[C[A[j]]] = Alj] //Copy Ato B, starting from the end of A.

7 C[A[j]] = CIA[j]] — 1 //to handle duplicate values

8 RETURN B

Theorem. COUNTING-SORT(A, n, k) correctly sorts the elements of A into B in ©(n + k) time.

Proof: correctness [Exercise].
runtime:
Line 1 takes ©(n + k) time
FOR-loops of line 2 and 4 both take ©(k) time
FOR-loops of line 3 and 5-7 both takes ©(n) time
= overall time is ©(k + n) O
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runtime:
Line 1 takes ©(n + k) time
FOR-loops of line 2 and 4 both take ©(k) time
FOR-loops of line 3 and 5-7 both takes ©(n) time
= overall time is ©(k + n) O

In practice, we usually use counting sort when we have k = O(n), in which case the running time is ©(n).
Thus, counting sort can beat the lower bound of Q(nlog n) because it is not a comparison sort. In fact, no comparisons between
input elements occur anywhere in the code.
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COUNTING-SORT(A, n, k)
let B[1..n] and C[0..k] be new arrays
FOR (i=0to k)D0O C[i] =0
FOR (j = 1 to n) D0 C[A[f]] = C[A[j]] + 1 //C[i] now contains the nr of elements equal to /
FOR (i = 1 to k) DO C[i] = C[i] + C[i — 1] /C[i] now contains the nr of elements </
FOR (f = nto 1) DO
B[C[A[j]]] = Alj] //Copy Ato B, starting from the end of A.
C[A[j]] = CIA[j]] — 1 //to handle duplicate values
RETURN B

ONO O WN =

Theorem. COUNTING-SORT(A, n, k) correctly sorts the elements of A into B in ©(n + k) time.

Proof: correctness [Exercise].
runtime:
Line 1 takes ©(n + k) time
FOR-loops of line 2 and 4 both take ©(k) time
FOR-loops of line 3 and 5-7 both takes ©(n) time
= overall time is ©(k + n) O

In practice, we usually use counting sort when we have k = O(n), in which case the running time is ©(n).
Thus, counting sort can beat the lower bound of Q(nlog n) because it is not a comparison sort. In fact, no comparisons between
input elements occur anywhere in the code.

There are many further algorithms that can beat this lower when additional information about the data to be sorted is available.

E.g. bucket sorts assumes that the input is drawn from a uniform distribution and has an average-case running time of O(n). 36/37



Part 2: Summary

Given: A sequence of integers (ai, a ..., an)
Goal: Are-ordering (&}, a5 ...,a))suchthata) < ay <--- < a,
We have seen now several sorting algorithms (assuming n numbers need to be sorted):
Insertion Sort: in place, runtime O(n?)
Merge Sort: notin place, runtime ©(nlog n)
Heapsort: in place, runtime ©(nlog n)
Euicksort: in place, worst-case runtime ©(n?). However, expected runtime is ©(nlog n) and in practice it outperforms
eapsort

The latter algorithms are all comparison sorts: they determine the sorted order of an input array by comparing elements.
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Part 2: Summary

Given: A sequence of integers (ai, a ..., an)
Goal: Are-ordering (&}, a5 ...,a))suchthata) < ay <--- < a,
We have seen now several sorting algorithms (assuming n numbers need to be sorted):
Insertion Sort: in place, runtime O(n?)
Merge Sort: notin place, runtime ©(nlog n)
Heapsort: in place, runtime ©(nlog n)

Quicksort: in place, worst-case runtime e(nz). However, expected runtime is ®(nlog n) and in practice it outperforms
heapsort

The latter algorithms are all comparison sorts: they determine the sorted order of an input array by comparing elements.

We provided a lower bound of (nlog n) on the worst-case running time of any comparison sort on n inputs, thus showing that
heapsort and merge sort are asymptotically optimal comparison sorts.

This lower bound can be improved if one adds additional requirements on the input data and thus, if one can gather information
about the sorted order of the input by means other than comparing elements. As an example, we considered

Counting Sort: notin place, runtime ©(n + k) in case the n numbers to be sorted are in {1, ..., k}
= runtime ©(n) if k = O(n).
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