
Orlando Marigliano Fall Term 2022
Tim Hosgood

Commutative algebra and algebraic geometry – Exam

Instructions:
• Write your solutions in pen on separate sheets of paper.
• Do not forget to write your name on each sheet you use, and to number your pages.
• You may mark a page as a draft if you do not want it to be evaluated.
• You may not use any auxiliary material.
• There are seven problems in this exam: four for the first part of the course and
three for the second.

• Do not turn this page before the official start of the exam.
• You have 300 minutes (5 hours) to complete the exam.

1



Part 1

For this part you are required to justify your statements unless otherwise noted. In doing
so, you may use results from the lecture or the homework exercises without proof.

Problem 1 (1+1+2 points).
Let k be a field and A := k[t]/(t2). Let ε denote the image of t in A.
(a) Show that for all x ∈ A there exist a, b ∈ k such that x = a+ bε.
(b) Let b ∈ k. Show that the element 1 + bε is a unit of A.
(c) Show that A is a local ring with maximal ideal (ε).

Problem 2 (3 points).
Let A be a ring, M an A-module, and N ⊆ M a submodule. Show that if N and M/N
are finitely-generated, then M is finitely-generated.

Problem 3 (1+3 points).
(a) Let A be a ring with a unique prime ideal p. Show that Nil(A) = p.
(b) Let A be a ring such that Nil(A) = 0. Let p be a minimal prime ideal of A. Show

that the localization Ap is a field.

Problem 4 (2+3 points).
(a) p be a prime ideal of a ring A and n ≥ 1. Show that rad(pn) = p.
(b) Let A := k[x, y] and a ⊆ A an ideal with a primary decomposition of the form

a = (y2) ∩ (x− 1, y − 1)2 ∩ (x2 − y).

Determine the set Ass(a) of prime ideals associated to a, together with its partial
order ⊆. Indicate which associated primes are isolated and which are embedded.
Note: for this part (b), you do not have to justify your statements. You also do
not need to prove that the above is a primary decomposition.
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Part 2

Problem 5 (2+4 points). Let X ⊆ Am and Y ⊆ An be affine varieties.
(a) What does it mean to say that X and Y are isomorphic? (You should give two

definitions: one in terms of morphisms of affine varieties, and one in terms of
coordinate rings).

(b) Sort the following affine varieties (over C) into isomorphism classes (i.e. say which
of them are isomorphic to each other).
(i) A1 \ {1} ⊂ A1

(ii) V (x2 + y2) ⊂ A2

(iii) V (y − x2, z − x3) \ {0} ⊂ A3

(iv) V (3xy) ⊂ A2

(v) V (y2 − x3 − x2) ⊂ A2

(vi) V (x2 − y2 − 1) ⊂ A2

Note: for this part (b) you are should justify why two varieties are isomorphic by
writing down the isomorphism, but you do not need to prove that what you write
down is indeed an isomorphism.

Problem 6 (2+2+2 points). Let X ⊆ An be an affine variety.
(a) What does it mean for X to be irreducible? (You should give two definitions: one

in terms of topology, and one in terms of its ideal I(X)).
(b) Suppose that X is irreducible, and let f ∈ C[X] be non-zero. Find another affine

variety Y such that C[Y ] ∼= C[X]f ;
(c) Find an explicit bijective map between the Y above and X \ VX(f).

Problem 7 (1+3 points). Let f = x21 + x32 + 2x1x2 ∈ C[x1, x2].
(a) Compute the homogenisation fh of f .
(b) Let X = VA(f) ⊆ A2 and Y = VP(f

h) ⊆ P2. How many points do we need to add
to X to obtain Y (or, in other words, how many points are in the set Y \X when
we embed X into P2 via A2 ∼= U0)?
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