
Questions and Problems for Statistical Models,

Exam 20 August 2009

Examinator: Rolf Sundberg

Part 1, 9.00 - 11, without literature.

Question 1

Show that an exponential family is preserved under repeated sampling from
the same distribution, and tell in what sense (what will change and what
does not change?)

Question 2

Give two examples of curved exponential family models

Question 3

For a sample of size n from a full exponential family distribution, show that
the MLEs of the mean value parameter µ and the canonical parameter θ are
both consistent and asymptotically Gaussian, as n→∞
(this question weighs a little more than the other ones)

Question 4

Define profile likelihood function

Question 5

What is a pivot and how is it used? Give also an example, to illustrate.

Question 6

Give the formula for the score test statistic, allowing nuisance parameters,
and specify what is (typcially) its large sample distribution.
(or otherwise at least in a situation without nuisance parameters)
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Statistical Models, 20 August 2009, continued

Part 2, 11 - 14.00, with literature.

Problem 1

Let (y1, ..., yn) be a sample from the distribution with density

f(y; µ) =
√

α0

2πy3
e−α0(y−µ)2/(2yµ2) , y > 0,

with a fixed, given value α0 > 0. Thus, µ is the only parameter.

(1a)

Do not show that the function above is really a probability density; this is
taken as a known fact. However, as a start, do show that this is a linear
exponential family and find its canonical statistic and canonical parameter.
Additionally, use exponential family theory to show that µ is actually the
mean value parameter of the family.

(1b)

Find a small sample approximation of the density for the MLE µ̂ of µ (better
than the standard asymptotically normal approximation). Characterize this
distribution approximation in terms of the original distribution family.

(1c)

Suppose the distribution family is used in a generalized linear model (as
being a linear exponential family). What is then the canonical link function?
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Problem 2

Consider a contingency table model having multinomial distribution proba-
bilities according to the following 4× 4 table:

1 2 3 4 Row totals

1 (1−λ)(1−ψ)
12

(1+λ)(1−ψ)
12 0 0 (1− ψ)/6

2 (1−λ)(1+ψ)
12

(1+λ)(1+ψ)
12 0 0 (1 + ψ)/6

3 0 0 (2−λ)(2−ψ)
12

(2+λ)(2−ψ)
12 (2− ψ)/6

4 0 0 (2−λ)(2+ψ)
12

(2+λ)(2+ψ)
12 (2 + ψ)/6

Col. totals (1− λ)/6 (1 + λ)/6 (2− λ)/6 (2 + λ)/6 1

Let the corresponding multinomial frequency data be yij , i = 1, ..., 4, j =
1, ...4, with row sums yi., i = 1, ..., 4, correspondingly y.j for the column
sums, and a fixed total n = y.. (the total number of individuals or items
classified). All frequencies that are represented by a zero probability in the
table above are assumed to actually be zero.

(2a)

Is this an exponential family? If so, in what sense? Full? Regular?

(2b)

Determine the (maximal) parameter space for (λ, ψ), and determine if the
two parameters are variation independent.

(2c)

An alternative model is the following. Regard data as two separate 2×2 con-
tingency tables, yij , i = 1, ..., 2, j = 1, ...2, and yij , i = 3, ..., 4, j = 3, ...4,
corresponding to the positive cell probabilities. The two subtable totals are
now regarded as fixed and given. Justify this, i.e. that the two subtable to-
tals can be regarded as given, by showing that they are distribution-constant,
i.e. ancillary in the simple sense, and motivate conditioning on them,

(2d)

In the sequel, let ψ be the parameter of interest and λ be regarded as a
nuisance parameter. Show that the likelihood factorizes and that the set of
column sums is S-ancillary for inference about ψ.
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(2e)

In the conditional model of (2d), given the column sums, show that we have
a two-dimensional minimal sufficient statistic, one component from each of
the two subtables in (2c). Tell what distribution the components have.

(2f)

In the same conditional model, derive the likelihood equation for ψ (or do
it unconditionally, if you have got some problems with the conditioning).
If correctly calculated, the likelihood equation can be expressed as a third
degree polynomial equation for ψ.

(2g)

Derive the observed information for ψ and show that it is everywhere posi-
tive. Even if you fail to prove it, draw consequences for the number of real
roots to the third degree equation in the parameter space for ψ.
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Problems for Statistical Models, 20 August 2009

Part 2, 4 hours, with literature.

Problem 1

Let (y1, ..., yn) be a sample from the distribution with density

f(y; µ) =
√

α0

2πy3
e−α0(y−µ)2/(2yµ2) , y > 0,

with a fixed, given value α0 > 0. Thus, µ is the only parameter.

(1a)

Do not show that the function above is really a probability density; this is
taken as a known fact. However, as a start, do show that this is a linear
exponential family and find its canonical statistic and canonical parameter.
Additionally, use exponential family theory to show that µ is actually the
mean value parameter of the family.

(1b)

Find a small sample approximation of the density for the MLE µ̂ of µ (better
than the standard asymptotically normal approximation). Characterize this
distribution approximation in terms of the original distribution family.

(1c)

Suppose the distribution family is used in a generalized linear model (as
being a linear exponential family). What is then the canonical link function?
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Problem 2

Consider a contingency table model having multinomial distribution proba-
bilities according to the following 4× 4 table:

1 2 3 4 Row totals

1 (1−λ)(1−ψ)
12

(1+λ)(1−ψ)
12 0 0 (1− ψ)/6

2 (1−λ)(1+ψ)
12

(1+λ)(1+ψ)
12 0 0 (1 + ψ)/6

3 0 0 (2−λ)(2−ψ)
12

(2+λ)(2−ψ)
12 (2− ψ)/6

4 0 0 (2−λ)(2+ψ)
12

(2+λ)(2+ψ)
12 (2 + ψ)/6

Col. totals (1− λ)/6 (1 + λ)/6 (2− λ)/6 (2 + λ)/6 1

Let the corresponding multinomial frequency data be yij , i = 1, ..., 4, j =
1, ...4, with row sums yi., i = 1, ..., 4, correspondingly y.j for the column
sums, and a fixed total n = y.. (the total number of individuals or items
classified). All frequencies that are represented by a zero probability in the
table above are assumed to actually be zero.

(2a)

Is this an exponential family? If so, in what sense? Full? Regular?

(2b)

Determine the (maximal) parameter space for (λ, ψ), and determine if the
two parameters are variation independent.

(2c)

An alternative model is the following. Regard data as two separate 2×2 con-
tingency tables, yij , i = 1, ..., 2, j = 1, ...2, and yij , i = 3, ..., 4, j = 3, ...4,
corresponding to the positive cell probabilities. The two subtable totals are
now regarded as fixed and given. Justify this, i.e. that the two subtable to-
tals can be regarded as given, by showing that they are distribution-constant,
i.e. ancillary in the simple sense, and motivate conditioning on them,

(2d)

In the sequel, let ψ be the parameter of interest and λ be regarded as a
nuisance parameter. Show that the likelihood factorizes and that the set of
column sums is S-ancillary for inference about ψ.
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(2e)

In the conditional model of (2d), given the column sums, show that we have
a two-dimensional minimal sufficient statistic, one component from each of
the two subtables in (2c). Tell what distribution the components have.

(2f)

In the same conditional model, derive the likelihood equation for ψ (or do
it unconditionally, if you have got some problems with the conditioning).
If correctly calculated, the likelihood equation can be expressed as a third
degree polynomial equation for ψ.

(2g)

Derive the observed information for ψ and show that it is everywhere posi-
tive. Even if you fail to prove it, draw consequences for the number of real
roots to the third degree equation in the parameter space for ψ.
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Brief solutions, August 20, 2009

1a) t(y) =
∑
y and θ = −α0/(2µ2). Differentiate logC(θ) to find the mean

value parameter expressed in θ.
1b) The result of a saddle point approxmation (p* formula) is a new distri-
bution of the same type, but with α0 replaced by nα0. The formula is in
fact exact.
1c) η(µ) ∝ 1/µ2, see 1a).

2a) May be regarded as a curved exponential family, since the usual multi-
nomial is an ordinary exponential family.
2b) They are variation independent with parameter space |ψ| < 1, |λ| < 1.
2d) Likelihood factorization and variation independence together imply S-
ancillarity.
2e) Columns 1 and 2 correspond to two binomials with different n-values
but the same p-value, (1 − ψ)/2. Thus, they may be brought together in
one binomial statistic. Likewise for columns 3 and 4.
2f) The score function is

U(ψ) =
−y1.

1− ψ
+

y2.

1 + ψ
+
−y3.

2− ψ
+

y4.

2 + ψ
.

2g) The observed information is

J(ψ) =
y1.

(1− ψ)2
+

y2.

(1 + ψ)2
+

y3.

(2− ψ)2
+

y4.

(2 + ψ)2
.

Since none of the four terms is negative, the score function is strictly mono-
tone increasing from −∞ to +∞ and yields precisely one root.

8


