
Questions and Problems for Statistical Models,

Exam 28 May 2010

Examinator: Rolf Sundberg

Part 1, 9.00 – between 10 and 11,
without literature.

Question 1

Write down Wald’s test statistic (the MLE test) for testing H0 : ψ = ψ0,
when there are nuisance parameters, and specify its large sample distribu-
tion.

Question 2

For a sample of size n from N(µ, σ2), motivate denominator n − 1 in the
sample variance by likelihood factorization.

Question 3

What are deviance residuals?

Question 4

For a full exponential family, show that the MLE is unique (when it exists).

Question 5

Suppose the canonical statistic t in a full exponential family is partitioned
in u and v. Show that f(v|u) is an exponential family for v

Question 6

Give two or three examples of incomplete data situations in relation to
exponential families.
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Statistical Models, 28 May 2010, continued

Part 2, Starting between 10 and 11, until 14.00,
with literature.

Literature accepted: Lecture Notes, including annotations and handouts.
Pawitan’s book for those who were registered last year.
Note: Problem 2 has three times as many tasks as Problem 1, and 2c) will
be given higher weight, too.

Problem 1

As an extension of the Gaussian distribution, the following three-parametric
so-called exponential power distribution family has been suggested. Let
(y1, ..., yn) be a sample from a distribution with density

f(y; α, β, γ) ∝ e−|y−α|γ/β . −∞ < y <∞,

The norming constant needed to make this a probability density has a closed
form only for a few special γ-values, but any γ > 0 is allowed.

(1a) With maximal parameter space, is this a full 3-parametric exponential
family? Give an answer with some motivation. Does the answer change if
we set α = 0?

(1b) For the particular specified value γ = 4, demonstrate that the resulting
2-parametric distribution family can be interpreted as a curved exponential
family, (k, l). In particular, what is the value of k?
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Problem 2

Suppose two series of Poisson variates have been simultaneously observed,
{xi} and {yi}, where i represents successive time periods, say years. As data
x and y we may for example think of the number of traffic accidents in two
differently designed road crossings with equal traffic intensity. All variates
{xi} and {yi} are assumed mutually independent, but observations from the
same year have a year effect in common,

xi ∼ Po(λi), yi ∼ Po(ψλi).

The parameter of main interest is ψ > 0, that tells how much larger the
y-variables are than the x-variables, per year. Thus, parameters λi > 0 are
nuisance parameters.

(2a) Is this an exponential family? If so, in what sense? Full? Regular?
What is a canonical statistic and the corresponding canonical parameter
vector, in that case?

(2b) Irrespective of the answer in (2a), calculate the profile log-likelihood
function for the parameter ψ, and find its maximizing ψ-value and a 95%
profile likelihood-based confidence interval for ψ.

(2c) Derive a score test statistic for testing H0 : ψ = 1. Since the number
of nuisance parameters increases with n, it is not obvious that this statistic
is asymptotically (as n → ∞) χ2 distributed with the presumed degrees
of freedom, so show that this is actually the case (assume

∑n
1 λi → ∞).

As help in deriving the explicit form of the score test statistic it might be
useful to remember that there is a lemma in the Lecture Notes that deals
with inversion of partitioned matrices.

(2d) Show that by conditioning on a suitable canonical statistics vector we
get a conditional distribution for data that depends only on the parameter
ψ.

(2e) In the conditional model of (2d), find the MLEs for ψ and for ψ/(1+ψ).
Check that this conditional MLE for ψ is the same as the MLE found in (b).

(2f) Identify the conditional distribution for the MLE of ψ/(1+ψ), and use
this to show that the MLE for ψ/(1 + ψ) is conditionally unbiased.
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Brief solutions, May 28, 2010

1a) With γ in the exponent of the exponent, this is not an exponential
family, not even if α is specified to be zero.
1b)

|y − α|4 = (1/β)y4 − 4(α/β)y3 + 6(α2/β)y2 − 4(α3/β)y + const

shows that we have a curved family (k, l) with k = 4, l = 2.

2a) Full and regular exponential family with canonical parameters {log λi}n
1

together with logψ. The corresponding canonical statistic consists of {xi +
yi}n

1 together with
∑
yi.

2b) We have

logL({λi}, ψ) =
∑

(xi + yi) log λi + (
∑

yi) logψ − (1 + ψ)
∑

λi + const

For given ψ, the likelihood equations for {λi} are xi + yi = E(xi + yi) =
(1+ψ)λi, yielding λ̂i = (xi +yi)/(1+ψ). Insertion of λ̂i(ψ) into logL above
yields the profile log-L for ψ,

logLp(ψ) = − log(1 + ψ)
∑

(xi + yi) + logψ
∑

yi + const,

Maximization yields the MLE ψ̂ = ȳ/x̄. The corresponding maximum of
logLp is

logLp(ψ̂) = n(x̄ log x̄+ ȳ log ȳ − (x̄+ ȳ) log(x̄+ ȳ))

The Lp-based 95% confidence interval is the set of ψ-values satisfying logLp(ψ) >
logLp(ψ̂)− 1.962/2
2c) We may either use original parameters, with H0 : ψ = 1, or the canonical
parameters, which are on log-scale, with H0 : logψ = 0. We choose the
former here. The score vector U({λi}, ψ) has components (xi + yi)/λi −
(1 + ψ), i = 1, ..., n, and

∑
yi/ψ −

∑
λi. Under H0, the ψ-component of

U({λi}, ψ = 1), with inserted λ̂i = (xi + yi)/(1 + ψ) = (xi + yi)/2 (see e.g.
task b), is

∑
yi −

∑
λ̂i = n(ȳ − x̄)/2. It remains to find the large sample

variance via the information matrix, or even better, the exact variance. The
latter is V ar(n(ȳ− x̄)/2) = (1/4)

∑
(V ar(yi)+V ar(xi)) = (1/2)

∑
λi under

H0. Alternatively, the expected information matrix for ({λi}, ψ), inserted
ψ = 1, is

I({λi}, ψ = 1) =


2/λ1 0 ... 0 1
... ... ... ... ...
0 0 ... 2/λn 1
1 1 ... 1

∑
λi


4



We only need the lower right corner of the inverse of this matrix. This is
provided by the inversion property for partitioned matrices as

I22 = (I22−I21I
−1
11 I12)−1 =

(∑
λi − (1 1...1)Diag(λi/2)(1 1...1)T

)−1
= 2/(nλ̄) .

Note that this is the same result for the variance of n(ȳ − x̄)/2 calculated
above. The resulting score test statistic is

Wu = (n(ȳ − x̄)/2)22/(nλ̄) =
n(ȳ − x̄)2

2λ̄

It remains to choose λ̂i. Most natural is to use the MLE under H0, that is
λ̂i = (xi + yi)/2
2d-2f) The conditional distribution of data, given the sums {xi + yi}, which
is all of the canonical statistics vector, except

∑
yi, is an exponential family

for {yi}. The yi are conditionally independent and binomially distributed,
Bin(xi + yi;ψ/(1 +ψ)) Note that the probability parameter is the same for
all i, so the conditional distribution of

∑
yi is Bin(

∑
(xi + yi);ψ/(1 + ψ)).

The binomial distribution immedeiately yields the MLE of ψ/(1 + ψ) as∑
yi/(

∑
xi +

∑
yi) from which also follows the MLE of ψ, ψ̂ =

∑
yi/

∑
xi =

ȳ/x̄. In particular, given
∑
yi/

∑
xi, the MLE of ψ/(1 +ψ) unbiased, being

distributed as the relative frequency of successes in
∑
xi +

∑
yi trials with

success probability p = ψ/(1 + ψ).
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