
Answer to Question 6

The purpose of this question is to see if you have understood the implications
of the sufficiency principle: The conditional distribution of the maximum
given the sufficient statistic (that is, the sample mean) is free of parameters
and can therefore be used to check the Poisson model, see Sec A.5. The
computational problem to find this distribution is left aside.
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1a) Under H0: λ1 = λ2, = λ0, say, we have a Poisson family Po(λ0) with
canonical statistic u = y1 + y2 for the nuisance parameter λ0. Take for
example v = y1 as complement to u. Under H0, conditioning on u yields a
distribution that is free of the parameter λ0. More precisely, simple calcula-
tions show that given u = y1 + y2, v = y1 is distributed as Bin(y1 + y2; 0.5).
The exact test rejects when the binomial probability at the observed y1 is
so small that the binomial tail probability is small.

1b) The standard large sample tests are based on a normal approximation,
yielding a χ2(1) approximation for the test statistic. The most trivial of
them to write down is the log likelihood ratio test (the deviance). In the
basic model we have the log likelihood

logL(λ1, λ2) = y1 log λ1 + y2 log λ2 − λ1 − λ2 − log y1!− log y2!

assuming that λ is the mean value parameter. Here we insert the MLEs
λ̂i = yi, and under H0 the common value λ̂0 = (y1 + y2)/2, to obtain

logLR = y1 log y1 + y2 log y2 − (y1 + y2) log{(y1 + y2)/2},

or the deviance expressed as twice that expression.

1c) The score test is constructed by differentiation of logL above, to find
the score. Here we select the canonical parameters θi = log λi:

Ui(θ) = Dthetai
logL(θ1, θ2) = yi − eθi = yi − λi,

and continued differentiation yields the (wellknown) information matrix

I(θ1, θ2) =

(
λ1 0
0 λ2

)

Inserting the common value λ̂0 = (y1 +y2)/2 for λi, we obtain the score test
statistic as

WU = UT I−1U =
(y1 − y2)2

2λ̂0

.

Note that the denominator is simply the estimated variance of y1 − y2.
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1d) For λ0 large, the normal approximation of the Po(λ0) is known to be
good. Large values of y1 and y2 indicate that λ0 is large.

1e) When we have two samples of Poisson observations, their Poisson means
are estimated by their sample averages. The essential difference is that λ̂0

is a weighted average of the sample means, λ̂0 = (mȳ1 + nȳ2)/(m+ n), and
that the information matrix has m and n as factors in the diagonal. The
binomial distribution for the first sample total in the exact test does now
have probability m/(m+ n) instead of 1/2.

2a) The multinomial probability for the table is

f({yij}, {pij}) ∝ exp{
∑
ij

log pij}

∝ exp{y00 log(1 + ψ) + y01 log(1− ψ) + y10 log(2− ψ) + y11 log(2 + ψ)}.

The full multinomial family is 3-dimensional, because
∑

ij yij = n (corres-
ponding to

∑
ij pij = 1). This family cannot be reduced by log-linear para-

meter restrictions and still incorporate the particular nonlinear multinomial
ψ-model, so the curved model is a (3,1) model.

The parameter space for ψ is |ψ| < 1. to keep all probabilities between
0 and 1.

2b) Any of the two row sums can be taken as an ancillary statistic, because
they are functions of the minimal sufficient statistic, and they are distributed
as Bin(n; 1/3) and Bin(n; 2/3), respectively (and trivially related, since they
sum to n). Likewise, any of the two column sums can be taken as ancillary
statistic, distributed as Bin(n; 1/2).
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