
Questions and Problems for the course

Statistical Models (Statistiska Modeller),

Exam 30 May 2012

Examinator: Rolf Sundberg

Part 1, 9.00 – between 10 and 11,
without literature.

Required for passing this part is 30 p of the maximal 60 p. Each of Q 1–4
can give 10 p, whereas Q 5 can give 20 p.

Question 1

Express the Repeated Sampling Principle” as a basis for statistical inference.

Question 2

Show that

• a sample (iid) from an exponential family follows “essentially” the
same exponential family as the individual observation;

• the canonical statistic follows “essentially” the same exponential fam-
ily as the whole set of data.

Question 3

Motivate by likelihood factorization the use of n − 1 (instead of n) in the
denominator of the sample variance as estimator of σ2 when we have a
sample from a normal distribution.

Question 4

Give two examples of curved exponential families.
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Question 5

Consider a situation where data are modelled by a full exponential family
with a one-dimensional canonical statistic. Let θ (dim θ=1) be the canonical
parameter, and let ψ be an alternative parameterization, θ(ψ) being a one-
to-one and smooth (twice differentiable) function. Show for the observed
information J and expected information I that

(a) J(θ) = I(θ), for any data and any θ
(in the interior of the parameter space, at least)

(b) J(ψ̂) = I(ψ̂), where ψ̂ is the MLE of ψ
(ψ̂ assumed to exist for the data observed).
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Statistical Models, 30 May 2012, continued

Part 2, Starting between 10 and 11, until 14.00,
with literature.

Literature accepted: Lecture Notes, including handouts and your own an-
notations. Possible formula collections for other courses.
Required for passing this part is 30 p of the maximal 60 p.

Problem 1

Let {yij} be a rectangular table of counts, representing the number of re-
gistered accidents in a number of road sections (index i) during a number of
years (index j). As a model for these counts we take them to be mutually
independent and Poisson distributed with different mean values, yij being
Po(µij), say. The mean value µij is likely to differ between road sections
and between years, but also to depend on a numerical road standard char-
acteristic xij which varies somewhat irregularly between roads sections and
years, but which is known for each pair (i, j).

(1a) As a further model specification, choose to your own convenience one
of the following four forms, for the tasks to follow:

• µij = αi βj x
γ
ij

• µij = αi βj γ
xij

• µij = αi βj e
γ xij

• µij = αi βj + γ xij

(since we have no data to compare with, you may let convenience rule).
The first task is to show that the model is a generalized linear model, and
to fully characterize this generalized linear model. (10 p.)

(1b) Derive the likelihood equation system. Do not try to solve these equa-
tions, but express them as explicitely as possible. Discuss the need for
restrictions to achieve uniqueness of parameterization (10 p.)

(1c) Derive a large-sample type test statistic for testing if xij has influence
on µij . More specifically, however, this test statistic should be selected such
that it does not involve the MLE of γ.
If some matrix inversion is needed for an explicit answer, this inversion need
not be carried out, but the form of the matrix to be inverted should be made
clear, and also possible operations to be carried out after the inversion.
Tell also what reference distribution should be used to say if the test outcome
is statistically significant. (15 p.)
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Problem 2

Suppose y1 and y2 are both binomially distributed, and mutually independ-
ent, more specifically Bin(n1, p1) and Bin(n2, p2), say, with corresponding
canonical parameters θ1 and θ2. We will consider exact inference about
the parameters under one of two hypotheses, both hypotheses being of type
θ1 = c θ2 for some given c-value.

(2a) Consider the hypothesis c = 1. Select a nuisance parameter and

1. Derive the MLE of the nuisance parameter, assuming we are within
the hypothesis model.

2. Derive the exact test of c = 1 (that is the test statistic and its distri-
bution under H0)

(10 p.)

(2b) Consider the hypothesis c =
√

2 (or c =
√

3, or some other irrational
number). Select a nuisance parameter and

1. Derive the likelihood equation for the nuisance parameter, assuming
we are within the hypothesis model. Do not try to solve the equation,
which cannot be expected to have an explicit solution.

2. Consider the exact test of c =
√

2. In particular, specify the outcomes
possible in the conditional distribution to be considered. Discuss the
corresponding problems for a meaningful testing by the exact test in
this situation.

(15 p.)
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