
Questions and Problems for the course

Statistical Models (Statistiska Modeller),

Exam August 21, 2012

Examinator: Rolf Sundberg

Part 1, 9.00 – between 10 and 11,
without literature.

Each of Q 1–5 can give 10 p. Required for passing this part is 25 p of the
maximal 50 p.

Question 1

Formulate the Factorization Criterion for sufficiency and the Sufficiency
Principle.

Question 2

Write down the score function and the Fisher information for a full expo-
nental family in canonical parameterization.

Question 3

Show that if the canonical statistic t in an exponential family is split in two
components, and one component is conditioned on, then the other compon-
ent has a particular exponential family conditional distribution.

Question 4

What is the Behrens–Fisher hypothesis testing problem, and why is it a
problem? (Connect with exponential family theory)
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Question 5

The Reparameterization Lemma tells how to calculate the information mat-
rix Iψ for a new parameter vector ψ in terms of the corresponding matrix Iθ
for the old parameter θ (assuming ψ and θ are one-to-one), as given here:

Iψ(ψ) =
(
∂θ

∂ψ

)T
Iθ(θ(ψ))

(
∂θ

∂ψ

)
where the information matrices refer to their respective parametrizations
and are calculated in points ψ and θ(ψ), respectively, and where

(
∂η
∂θ

)
is the

Jacobian transformation matrix for the reparameterization calculated in the
same point as the information matrix.

The question is, how does this translate to a useful large-sample result,
expressing the variance matrix of the MLE ψ̂ in terms of the variance matrix
for the MLE θ̂?
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Statistical Models, 21 August 2012, continued

Part 2, Starting not later than 11, until 14.00, with
literature.

Literature accepted: Lecture Notes, including handouts and your own an-
notations. Possible formula collections for other courses.
Required for passing this part is 25 p of the maximal 50 p.

Problem 1

Suppose y has a one-parametric distribution, parameter 0 < π < 1, with

f(y;π) =

(
y + k − 1
k − 1

)
πk(1− π)y =

Γ(y + k)
y! Γ(k)

πk(1− π)y.

When k is integer, y can be interpreted as the number of failures in Bernoulli
trials until k successes, with success probability π. However, k need not be
an integer, for this distribution to be a well-defined family. In a) – d) below
we assume k is some known positive number.

(1a) Find the relationship between π and the canonical parameter θ, and
find C(θ). (5 p.)

(1b) Use C(θ) to derive µ = E(y) and Var(y). Show that Var(y) = µ+µ2/k.

(10 p.)

(1c) Derive the MLE for π from the MLE for µ, given a sample y1,...,yn
from the distribution. (5 p.)

(1d) Show that this distribution (still with known k) satisfies the demands
for use as ingredient in a generalized linear model. Find the canonical link.
(5 p.)

Problem 2

Suppose x1, ..., xn1 and y1, ..., yn2 are two mutually independent normally
distributed samples with the same variance σ2, N(µ1, σ

2) and N(µ2, σ
2),

respectively. Construct the score test of the hypothesis µ1 = µ2. (Think
first, before calculating, to avoid clumsy calculations) (15 p.)
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Problem Part 21 August 2012, continued

Problem 3

Suppose wanted data xi form a sample of size n from some exponential family
distribution. However, these x-data are not observed. The corresponding
observed data are yi, i = 1, ..., n, related by yi = y(xi). Show that the
expected rate of convergence for the EM algorithm does not depend on the
sample size n. (10 p.)
(You may take the family to be one-parametric at the expense of a small
deduction of points)
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Solutions to “Statistical Models”, August 21, 2012

Problem 1

Remark: This is a family of negative binomial distributions.

(1a) (1 − π)y = eθy yields θ = log(1 − π), or π = 1 − eθ. Furthermore
C(θ) = π−k = (1− eθ)−k.

(1b) Differentiation once of logC(θ) yields µ = keθ/(1− eθ) = k(1− π)/π,
or 1/π = 1 + µ/k. Differentiation once more yields

V ar(y) = k eθ

(1−eθ)2
= k 1−π

π2 = µ+ µ2/k.

(1c) The likelihood equation is y = µ (= k(1− π)/π ). Solving for π yields
π̂ = k/(k+y). Remark: When k is an integer and we use the Bernoulli trials
interpretation, π̂ has the natural form of the relative frequency of successes
in a total of nk +

∑
yi trials.

(1c) The family is a one-parametric linear exponential family, since the
canonical statistic is y itself. This demand is enough for a generalized linear
model. Expressing θ in terms of µ yields the canonical link function,

η = θ = log
(

µ

µ+ k

)

Problem 2

Remark: This is the ordinary two-sample t-test situation, so it is not
difficult to guess what the large-sample test statistic should be.
Do not choose the canonical parameterization, unless you want to invert a
full 3×3 information matrix. The mixed parameterization is known to yield
information orthogonality, and is therefore preferable. Below, I use µ1 = µ,
µ2 = µ+ δ, and λ = 1/(2σ2) (but σ2 or 1σ2 makes no essential difference).
The hypothesis to be tested is then H0 : δ = 0. An equally good alternative
is to use µ1, µ2, and σ2, with H0 : µ1 − µ2 = 0. In this case the information
matrix becomes diagonal, which simplifies, but instead there are not one but
two nonzero components in the score vector appearing in the test statistic.

The log-likelihood is

logL = const + 0.5(n1 + n2) log λ− λ
{∑

(xi − µ)2 +
∑

(yi − µ− δ)2
}

We need the δ-component of the score vector, which is obtained by differ-
entiation as

Uδ = 2n2λ (y − µ− δ).
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With ML estimates under H0, in particular µ̂ = n1x+n2y
n1+n2

, this simplifies to
2λ̂ n1n2

n1+n2
(x− y). The rest of the score vector must be zero.

We also need one element of the inverse of the information matrix. Dif-
ferentiating logL twice with respect to δ and µ (we need not bother about
differentiation with respect to λ because of the information orthogonality
mentioned above) yields the corresponding 2 × 2 part of the information
matrix as

2λ

(
n2 n2

n2 n1 + n2

)
Inversion yields the upper left element as (2λ)−1 n1+n2

n1n2
. Squaring the δ-

component of the score vector and multiplying with this element from the
inverse information, we obtain the score test statistic

Wu = 2λ̂
n1n2

n1 + n2
(x− y)2 =

(x− y)2

σ̂2
(

1
n1

+ 1
n2

) .
Here σ̂2 is narurally the estimate under H0, which is the pooled variance, the
only difference to the usual pooled variance being that the pooling weights
are proportional to n1 and n2 instead of n1− 1 and n2− 1, but sample sizes
were assumed large so it will have small practical consequences.

Problem 3

The rate of convergence depends on the eigenvalues of a matrix product
whose expected value is

Var(t)−1E(Var(t|y))

see Prop. 8.3. As n changes both Var(t) and E(Var(t|y)) change propor-
tionally to n, and the matrix product will remain the same.
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