
Statistical Models vt2014
Michael Höhle

Re-Exam Statistical Models

21 August 2014

Question part

The question part consists of 4 questions giving a total of 36 points. No literature help is allowed
for this part. As soon as you are done please hand in your answers to the question part to the
“Tentamenvakt” and you will in return get the problem part. The problem part consists of problems
giving 64 points in total. Note: Once you hand in the question part it is not possible to get it back
nor add any extra answers to it! Lycka till!

Question 1 (9 Points)

What is an exponential family (use text and equations in your answer)? What basic properties does
the norming constant have? (C(θ) or logC(θ))

Question 2 (9 points)

Derive or give an expression for the observed information stated in the canonical parameters of an
exponential family. What simple special property does the observed information have in canonical
parametrization?

Question 3 (9 Points)

Define what characterizes a univariate Generalized Linear Model (GLM). Give three examples of
generalized linear models (model names).

Question 4 (9 Points)

What is a Cox model/proportional hazard model and how does partial likelihood inference relate to
likelihood concepts from the course?
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Problem part

The problem part consists of 4 problems giving a total of 64 points. The following literature is allowed
while solving the problem part: lectures notes of the course, printout of the course slides, printout of the
Chapter 3 excerpt from Fahrmeir & Tutz provided on the webpage, your own handwritten annotations
from the course, the solution of the 2013 and 2014 statistical modelling exams and possible formula
collections from other courses. No additional books or literature photocopies are allowed. Lycka till!

Problem 1 (15 Points)

Let Y1, . . . , Yn be a sequence of independent Poisson random variables such that:

Yi ∼ Po(λi), i = 1, . . . , n.

For example, Yi could be the weekly number of reported cases of a specific infectious disease. A
possible clustering of cases from time t ∈ {2, . . . , n} on could be described by the following model:

λi =

{
λN for i = 1, . . . t− 1
λA for i = t, . . . n

,

typically with λN < λA.

(a) (6 Points) Assume that t is known. Determine an expression for the MLE of λ̂N and λ̂A when the
data are y1, . . . , yn. Calculate the two estimators in case of t = 6 and data

(y1, . . . , y10) = (6, 7, 3, 8, 5, 9, 11, 8, 13, 12).

(b) (6 Points) For the situation in part (a) one is to investigate the model reducing hypothesis H0 :
λN = λA. State an expression for the likelihood ratio statistic for this test and compute its value
for the above data.

(c) (3 Points) Which asymptotic distribution does twice the loglikelihood ratio statistic have under
the null-hypothesis? Is the null-hypothesis rejected for the above data at the α = 0.05 significance
level?
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Problem 2 (14 Points)

Let Y1 ∼ Exp(λ1) and Y2 ∼ Exp(λ2) be two independent exponential random variables each having
parameter λi, i = 1, 2, and expectation E(Yi) = 1/λi. Furthermore, λ1 is a function of λ2 such that

λ1(λ2) =
exp(−λ2)

λ2
.

(a) (3 Points) Write down the joint probability density of the two variables. Note: Be aware of the
different possibilities of parameterizing the PDF of the exponential distribution.

(b) (3 Points) What type of exponential family does this distribution belong to? Write down the
canonical parameters.

(c) (5 Points) Let the observed data be y = {(y1i, y2i)}ni=1. State an expression involving d
dλ2

λ1(λ2)
which the maximum likelihood estimator (MLE) for λ2 has to fulfill. Note: the MLE is not
available in closed form.

(d) (3 Points) Below is the R output from a numerical maximization using the R function optim on
a dataset y consisting of n = 10 observations and using the log-likelihood function with header

ll <- function(lambda2,y).

Use the output below to compute the MLE of λ2 and a corresponding 95% Wald confidence interval
for λ2 when using this specific sample y.

R> (mle <- optim(par=1, fn=ll, control=list(fnscale=-1), y=y, hessian=TRUE))

$par

[1] 4.6375

$value

[1] -65.38166

$counts

function gradient

28 NA

$convergence

[1] 0

$message

NULL

$hessian

[,1]

[1,] -15.03838
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Problem 3 (20 Points)

Let Y be a random variable with density

f(y;α) =

{
α(2y)α−1 if y ≤ 1

2

α(2(1− y))α−1 if y > 1
2

, (1)

with 0 ≤ y ≤ 1 and α > 0.

(a) (3 Points) Show that the above density is of exponential family form with canonical parameter
θ = −α and canonical statistic

t(y) = −
[
I

(
y ≤ 1

2

)
log(2y) + I

(
y >

1

2

)
log(2(1− y))

]
,

where I(·) is the indicator function. Also state the other components constituting the exponential
family.

(b) (3 Points) Derive expressions for Eθ(t(y)) and Varθ(t(y)).

(c) (4 Points) Assume one has a sample of size n from the above distribution, i.e. y = (y1, . . . , yn).
Derive an expression for the MLE α̂ when using y for the estimation. State the asymptotic
distribution that α̂ will have (including its parameters).

(d) (6 Points) Derive the saddlepoint approximation for α̂. In a specific inference situation using a
sample y, what expansion point α0 would you pick (argue for your choice)?

(e) (4 Points) For the above distribution it is actually possible to show that the exact distribution of
α̂ is the inverse gamma distribution InvGa(n, nα), i.e.

1

α̂
∼ Ga(n, nα).

Assuming the PDF and CDF of the inverse gamma distribution are available and given a size n
sample, y, from the distribution in (1), how can this be used to perform an exact test for the
model reducing hypothesis H0 : α = 1 at the 5% significance level? Which distribution does
setting α = 1 in the density of (1) correspond to?

Problem 4 (15 Points)

An alternative method to estimate the parameters of an exponential family model from an iid. sample
of size n available in grouped form is by using a multinomial type likelihood. Let Y be a univariate
continuous random variable belonging to the exponential family, i.e. with density

f(y; θ) =
1

C(θ)
h(y) exp(θT t(y)).

Let τ0, τ1, . . . , τk be a partition of the support of Y . For the present problem of the exam we shall
assume that all τi’s are finite. For a sample of size n from this distribution let ni, i = 1, . . . , k, be the
number of observations which fall within the interval (τi−1, τi], i.e.

∑k
i=1 ni = n.

(a) (3 Points) Argue that the logarithm of the probability to fall within each of the intervals can be
approximated as follows

log πi(θ) = logP (τi−1 < Y ≤ τi) ≈ log(τi − τi−1)− logC(θ) + log h(mi) + θT t(mi),

i = 1, . . . , k and where mi = (τi−1 + τi)/2 is the midpoint of the i’th interval.
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(b) (3 Points) Overall, the likelihood of the observed grouped data y = (n1, . . . , nk) can be described
by a multinomial likelihood. Write down this likelihood and show that this can equivalently be
described by a Poisson likelihood corresponding to the model ni ∼ Po(λi(θ)), where λi = nπi(θ).

(c) (5 Points) A Poisson log-linear GLM approach for inference about θ in the above setup is to use

log λi(θ) = θT t(mi)− logC(θ) + log h(mi) + log(n(τi − τi−1)). (2)

We observe that the term log h(mi) + log(n(τi − τi−1)) does not depend on the parameters to be
estimated and hence can be included as offset in the modelling. Furthermore, − logC(θ) is the
intercept in the model. Actually, retaining an intercept in the Poisson model ensures that the
marginal total is fixed to be n. A consequence of this is that we do not have to know the analytic
form of − logC(θ) in order to fit the model – we just need to include an intercept.

Consider the following grouped data about the income and wealth distribution in 1816 Danish
individuals.

income \ wealth 0-1 1-50 50-150 150-300 300+
∑

0-40 292 126 22 5 4 449
40-60 216 120 21 7 3 367
60-80 172 133 40 7 7 359
80-110 177 120 54 7 4 362
110+ 91 87 52 24 25 279∑

948 586 189 50 43 1816

Assume that the above table uses the partition τ0 = 0, τ1 = 1, τ2 = 50, τ3 = 150, τ4 = 300, τ5 = 600
for the wealth variable and the partitioning κ0 = 0, κ1 = 40, κ2 = 60, κ3 = 80, κ4 = 110, κ5 = 290
for the income variable. We hence ignore any mass above 600 and 290 for the wealth and income
variable, respectively (the probabily for getting such values is negligible).

As a starting point consider modelling just the wealth marginal, i.e. the frequencies

n1 = 948, n2 = 586, n3 = 189, n4 = 50, n5 = 43,

with a Gamma distribution having parameters α > 0 for shape and β > 0 for rate, i.e.

f(y;α, β) =
βα

Γ(α)
yα−1 exp(−βy), y > 0.

Note: The canonical parameters and canonical statistic for this distribution are θ = (−β, α− 1)T

and (y, log(y))T , respectively.

State how the data and corresponding call to the R function glm should look in order to fit the
wealth frequencies using the above described Poisson log-linear GLM approach.

(d) (4 Points) The so called Arnold and Strauss’ bivariate gamma distribution with parameters r >
0, s > 0, α > 0, β > 0 and γ > 0 is defined as follows:

fX,Y (x, y) ∝ xr−1ys−1 exp(−(αx+ βy + γxy)), x, y > 0.

Sketch how the above described Poisson log-linear GLM approach can be extended such that it
can fit this bivariate distribution to the above bivariate table.
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