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Question part

The question part consists of 4 questions giving a total of 36 points. No literature help is allowed
for this part. As soon as you are done please hand in your answers to the question part to the
“Tentamenvakt” and you will in return get the problem part. The problem part consists of problems
giving 64 points in total. Note: Once you hand in the question part it is not possible to get it back
nor add any extra answers to it! Lycka till!

Question 1 (9 Points)

What is a pivot and how is it used? Give an example.

Question 2 (9 Points)

Consider a one-parameter parametric model f(y; θ). An iid. sample of size n has been observed from
the model. Motivate from the likelihood ratio test the construction of a (1−α) ·100% likelihood based
confidence interval for θ and describe how the interval is computed.

Question 3 (9 Points)

What is an exponential family (use text and equations in your answer)? Show that the MLE of the
canonical parameter θ in an exponential family is unique (if it exists).

Question 4 (9 Points)

Define what characterizes a univariate Generalized Linear Model (GLM). Give three examples of
generalized linear models (model names).
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Problem part

The problem part consists of 4 problems giving a total of 64 points. The following literature is allowed
while solving the problem part: lectures notes of the course, printout of the course slides, printout of the
Chapter 3 excerpt from Fahrmeir & Tutz provided on the webpage, your own handwritten annotations
from the course, the solution of the 2013 and 2014 statistical modelling exams and possible formula
collections from other courses. No additional books or literature photocopies are allowed. Lycka till!

Problem 1 (12 Points)

A city has a total of N , N > 1, taxis and these taxis are consecutively numbered from 1 to N . While
waiting at a taxi stand a tourist observes a random selection of n < N of these taxis. She records
their numbers as x1, . . . , xn with xi ∈ {1, . . . , N}. Furthermore, let y = max(x1, . . . , xn).

(a) Argue why the probability mass function of x = (x1, . . . , xn) is

f(x;N) =
(N − n)!

N !
· I(y ∈ {n, . . . , N}),

with I(·) denoting the indicator function which is one if y ∈ {n, . . . , N} and zero otherwise.

(b) Show that y is sufficient for N .

(c) Study the likelihood ratio L(N+1)/L(N) and use this to derive the ML estimator of N . Comment
on the usefulness of this estimator.

Problem 2 (19 Points)

The generalized Pareto distribution has density

f(y;ψ1, ψ2) =

(
1− ψ1

ψ2
y
) 1
ψ1

−1

ψ2
, ψ1 ∈ R, ψ2 > 0, (1)

and thus has support y > 0 if ψ1 < 0 and 0 < y < ψ2

ψ1
if ψ1 > 0.
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(a) Assume for simplicity in this sub-exercise (a) that ψ1 < 0. State the cumulative distribution
function (CDF) in this case.

(b) Let y = (y1, . . . , yn) be an iid. sample of size n from the distribution in (1). Write down the
log-likelihood function in this case using the parameters λ = ψ1/ψ2 and ψ2.

(c) Obtain the MLE for ψ2 for a fixed value of λ by manual derivations of the log-likelihood.

(d) Use the following alternative approach to determine the MLE:

(1) Show that a for fixed value of λ the PDF in (1) is on exponential family form. State the
canonical parameter and canonical statistic.

(2) Use this result to derive an expression for the MLE. Compare your result with the answer
from (c).

(e) Assume that you instead want to find the MLE for ψ2 for a fixed value of λ using numerical
optimization of the log-likelihood. State (pseudo) R code for how to perform such a numerical
optimization given that your sample is contained in the variable y, which is a vector of length n.
Note: Your code may use all available functions in R.

(f) Write down the profile log-likelihood function for λ.

Problem 3 (16 Points)

Suppose we have k > 1 Bernoulli sequences of length n1, . . . , nk recorded as primary data {yij}, i =
1, . . . , k, j = 1, . . . , ni, with potentially different sequence specific success probabilities πi, i = 1, . . . , k.

(a) Formulate a probability model for the above primary data.

(b) Consider the situation where we combine the primary data into one long sequence. We shall be
interested in the hypothesis that the success probability in this sequence is the same. Formulate
the appropriate hypothesis model and show that the exact test statistic for investigating this
model reducing hypothesis is (

n1
t1

)(
n2
t2

)
· · ·
(
nk
tk

)
(
n

u

) ,

where ti is the number of successes in sequence i, u is the total number of successes, and n =∑k
i=1 ni.

(c) Show that the corresponding score test statistic is

Wu =
k∑
i=1

(ti − niπ̂)2

niπ̂(1− π̂)
,

where π̂ is the MLE of the probability in the hypothesis model, i.e. π̂ = u/n.

(d) What asymptotic distribution (including its parameters) does Wu have?
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Problem 4 (17 Points)

Let Y be a random variable on exponential family form having support Y. Suppose that we restrict
the support of Y to a subset Z ⊂ Y.

(a) Show that such a truncated random variable based on Y is still a member of the exponential
family.

(b) Consider the following example of this kind of truncation: Suppose that we have count data Y
following a Poisson distribution with parameter µ. Now assume that a count of zero cannot be
observed, i.e. Z = Y |Y > 0. Show that the PMF of this truncated Poisson density is

fZ(z;µ) =
µz exp(−µ)

(1− exp(−µ))z!
.

(c) Derive an expression for the expectation of Z.

(d) The data in the table below shows the responses from a postal survey of 592 households, where
each household was asked about the number of occupants in its household.

Occupants Houses

1 436
2 133
3 19
4 2
5 1
6 0
7 1

Obviously, since households of size zero could not reply to the postal question, assuming the
number of occupants in a household to be a zero-truncated Poisson variable appears a good
model. State details in a GLM based procedure to estimate µ for the household data under such
a model. Besides formulating an appropriate model state also R code on how to fit it.

(e) The resulting value from this kind of estimation will be µ̂ = 0.577. The figure below shows the
observed frequencies (as circles) of the data as well as the expected numbers (as lines) under the
truncated Poisson model with this parameter. Comment on the fit of the model in general and
the fit for households of two occupants in particular.
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